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PREFACE 

The aim of this book is to provide a course of Algebra suitable for 
those who continue to study mathematics beyond O level of the 
General Certificate of Education. 

The contents should satisfy the needs of all intending to take A 
level in the G.C.E. with the exception of those who are preparing 
for Mathematical Scholarships to the University, who will need to 
supplement the later chapters, and of those wlio wish to offer 
Statistics in the G.C.E. for whom the authors feel that a separate 
text-book dealing exclusively with Statistics is needed. 

The first few chapreis provide revision of elementary parts of the 
subject and include methods and items not usually met in prepara¬ 
tion for O level ; two-row determinants are introduced in solving 
simultaneous equations, the quadratic function is given very full 
treatment and graphs of functions involving the modulus sign are 
discussed. 

The reports, prepared for the Mathematical Association on 
Algebra and Analysis (parts of both of which subjects are included 
in School Algebra) have been consulted and many valuable sug¬ 
gestions adopted, especially in the treatment of Partial Fractions and 
in dealing with the Standard Series. 

It is hoped that the chapter on Complex Numbers will be found 
sufficiently complete for those Science students who need an intro¬ 
duction to the subject ; also that the final chapters on Inequalities, 
Determinants and Theory of Numbers will not only cover the 
demands of those Examining Boards which include these subjects 
in their syllabuses, but will also be found a useful reservoir of 
material for those carrj’ing on with the subject after taking their 
A level examinations. 

Almost every section of the text is followed by a batch of examples, 
and a large number of miscellaneous examples and test papers are 
included. 

The authors have to thank the authorities of Bristol University, 
London University, the Northern Joint Board and the Oxford and 
Cambridge Joint Board for permission to include questions (marked 
B, L, N, O. &, C. respectively) from papers set by them. 
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C. O. T. 
W. A. 
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CHAPTER T 


REVISION AND SOME EXTENSIONS 

The revision of a number of familiar processes in algebra, with some¬ 
what harder examples, and extension of these processes to cases 
often excluded from the elementary course are the purposes of this 
chapter and the next. 

Chapters III and IV are also partly revision. 

Some specimen examples are worked first. 

Simple equations 

Example I. Solve the equation : 

3x + a 2,v - I X 

The L.c.M. of 5, 3, 18 is 90 ; multiply both sides of the equation by 90. 

. 90(3.r + 2) 9o(2x-i) 90 •. 

•■5 3 18 ’ 

i8(3Ar + 2)-30(2x-i) = 5.v; 

54JC + 36 - 60X + 30 =5x\ 

- II.V» - 66 ; 

x = 6. 

, 20 II 21 

Check: If » 6 l.h.s. --= 4 “ 3 :: = "5 

5 3 3 3 

6 I 

R.H.S. = - - - . 

18 3 

Example 11 . Solve for x the equation a(x -a)=b{x-b) where a, b are 
unequal constants. 

ax-a^—bx-b^; 
ax -bx^a^ -b^ 

{a-b)x = {a-b)(a-i-b)\ 
x^a+b. 

Check: l.h.s. =a(A) = <i^>; R.H.s.=b{a)=ab. 


Examples i. Solve the equations : 

_ 2{x+i) o 2X . 

X* ““ o — ^ I • 

5 *6 

AT + I I 2* - I 

3.-= A-• 

**2 4 3 


2 . 4 (a - 2) - i (x + 2) = I (x - 3), 

X X — I 

4. H-^ + I = O* 

7 2 


1 
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6 . 


x+ $ 1 — 6 x ^ 


^ 8 II 12 5 

7- (i) 3(^-I‘8) + 2(^‘ + 2-4) = 5-9 ; (ii) 5(7-3 -ar) = 26 + 9(a: + 7). 


8 . (i) 


^-5 

2X “ 11 


(ii) 


X + I 2 X — 6 

X X 


9. Solve for A-, (i) 2a (x - <z) - A (jc - 26) = 30^ ; (u)- + ^ = i. 


10. Ifx=-—^ , prove that = + 

c — a 

11. Solve ax - b^d ~ cx. 


12. The two equations 


px +q = rx+p 


qx +p=px + r 
that unless ^ = r it is necessary that P — l{q + r). 


give the same value of x ; show 


Siniuliajieous simple equations 

To find the values of two letters x and_)’ there must be two equa¬ 
tions satisfied simultaneously. 


Example I. Solve 5 a -2_v = 7, .(i) 

3.f + sy = 29.(U) 

ist Method. 


hlultiply both sides of (i) by 5 : 25.V — lov - 35. 
Multiply both sides of (ii) by 2 : 6.v + loy = 58. 

Add : 3 lA- = 93 ; 

^ =3. 

Substitute in (i) : i5-2y«7; /. y = 4. 

CliLck in(ii): L.ii.s. =9*20=29 R.H.S, ; 

-v- 3 .d' = 4 - 


znd Method. 

From (j) x = , an from (ii) x = ~^ ; 

5 3 

• 7 + 2y 29 - 5y 

♦ • 

5 3 

Multiply by 15 : 21 4-6y=i45 25y ; 

3 iy=i 24 ; 

V 4 ; 

.V^ ^ > i.c. .V = 3. 


A- y 

3 2 


I, 


A 


1 1 


I 1 


Example II. Solve 


4 


■(i) 

(ii) 
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REVISION AND SOME EXTENSIONS 

Clearing each equation of fractions (multiplication by 6 and by 44 )* 

2jc-3>' = 6, 

43'= 484 - II*. 

To get izy in each equation, multiply by 4 and by 3 : 

8 * - I2>» = 24, 

123'= 1452-33*. 

Add: 8 *=i 476 - 33 *; 

41**1476; 

/. * = 36. 


Substituting in (i) : 12 

-- = 1 ; >' = 22. 

2 

Check in (ii): ^ = 2 ; 

' II 

X 

11-= 11-9 = 2. 

4 

x = 36, 3'* 22. 

Examples 2. Solve the simultaneous equations : 

1. 6*+ 83* *35. 

2. 2* + 53'*-3, 3 - 2*+.v*-i2, 

23* — 4* = 6. 

7 *-i 03 '=i 7 . x~ 7 y= 9 - 

4. 8* + 123* * 20, 

5. 4 (*- 2 ) = 3 ( 3 ' + 2), 6. s*- 63 -=i 7 , 

183' - 5JC* - 16. 

3(* + 2) = 7 ( 3 ' + i). 3 -=*- 10. 

7. = — 

8. 2* + 33’ = 2= io*- 93 '. 

9 - h{x+y) = 4 h 

10. *+ 3 ' = 3 , • 3 ^ + ‘S>'=” 23 . 

X 

- - 3 ' = i. 

-+v = o. 6* + 53>*2-6. 

4 

7 

X 2x-y 

X2. 3* + 23* *= 9-29, 

3- 4 

• 

• 

II 

1 

H 

5 -a( 5 y-*). 

x-y 2x , 

2 5 y- 

IS- ■ 3 ( 7 * + 23 ')-*o 8 = - 7 (* + s), 
3 '-- 2 * = 3 ( 3 '- i). 

16. ex -by ^ac. 

17. <2* + 63' * ac. 

X +y = a +b +c. 

bx - ay =bc -a^ - 


Examples 3. Practice in simple problems : 

1. How old is a man if his age 12 years hence will be double what his age 
was 15 years ago? 

2. When a son will be as old as his father is now, the father will be four 
times as old as the son is now. What is the ratio of their present ages? 

3. Four subtracted from a quarter of a number gives the same result as 
subtracting the number from two and then dividing by three ; find the 
number. 



4 REVISION AND SOME EXTENSIONS 

4. A boy is a minute late if he walks to school at the rate of 11 yards in 
9 seconds. If he had walked at the rate of 22 yards in 15 seconds he 
would have been i minute too early. How far had he to walk? 

5. A pint of water weighs 1-25 lb. and a pint of milk weighs 1*29 lb, A 
sample from a 14-galIon can full of supposed milk was found to weigh 
I‘285 lb. per pint. How many pints of water were in the 14-galIon can? 

6. Interest on ^^650 at x% together w’ith interest on £400 at totals 
£^o. If X and^ are interchanged, the total is only £2^ * 5 ®- Find x 
and y. 

7. Two railway passengers have to pay 2s. iid. and 2s. id. excess on their 
respective luggage. The total weight of the luggage was 320 lb., and 
if it had belonged to one passenger the excess charge would have been 
9s. 2d. What weight of luggage is a passenger allowed free of charge? 

8. A man walked from A to IS at 2 m.p.h. and rode from B to C at 20 
m.p.h., taking altogether i hr. 39 min. for the journey from A to C. 
If he had ridden from A to B and walked from B to C, the rate being 
the same for walking and riding as before, he would have taken 2 hr. 
6 min. for the whole journey. Find the distance from A to C. 

9. It is now 9 a.m., and if I cycle to the station at 12 m.p.h. I shall be 
22^ minutes early for my train, while if I walk at 4 m.p.h. I shall be 
2I minutes late. How far is it to the station and what time is the 
train? 


The General Case for Two Linear Equations 

Solve fli.v ' 6, -r r, =0 . 


a^x 


+ c.^ — o 


(1) 

(2) 


l«i, h^, ^2. ^2* ^2 constants ; the use of suffices in this way 

extends the alphabet to any desired extent,] 


Solution : 
Subtract 


Subtract 


( 1 ) xAj: aj)^x Cxh., — 0. 

(2) ^61: 2/»,.V r6i*2_V + f./>,=0. 

: ' fyb^ - aJ>y)x + — 


' a,L- 
(2) - rt, : 
(i) > a. : 


^ (see N.B. below) 

rtjaj-V -I-fljfa = 0. 
o-ia^v =0. 



' aj).. - * 

The student should notice the cyclic order b, c ; c, a ; a, b which 
perhaps has been noticed in formulae in Trigonometry. 
i\.B. This assumes that is not zero. 
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If = then -=77; suppose each of these fractions=A, 

Oz Oz 

and so ai = kazy b^ = kb2> 

Hence the equations are ka^ + kbzy + Cy^^o 

and a^-\r b2y-^Cz = o. 

Consequently if c^=kcz the equations are the same 

while if Ci^kcz the equations are inconsistent, 

and so in neither case is it possible to determine a: and >». 

It is useful to learn to write down at once the solution of (i) and 
(2) by using the following scheme for the coefficients : 

XKKX;.<« 

Multiply as indicated by the arrows, and write the result as 

X y _ I 


byCz - CxQ% - CzAi a^bz - a^b^ 

cover up the first column of (A) and take 


(B) 


to mean 




{b^Cz-bzC^) \ then covering up the first two columns gives 
which is read as (c^az - ^2^1), and covering the first three columns 

gives y\_. i.e. (ai6j - ajOj). 




This use of the array of coefficients (A) suggests the notation 


^ ' for (biCz-bzCi), and introduces the determinant notation 


bx 

,bz . . 

which is of great importance in Algebra. 

We define the 2-row or 2 x 2 determinant 

{ad-be) and so the result (B) may be written as 

r. y I 


a 

c 


b 

d 


to mean 


bi Cl 

■ 

Cl fli 



bx 

b% Cj 


Ct 


02 

b2 


(C) 


Note. To solve equations in this way, they must be written with zero 
on the R.H.S. 






6 


REVISION AND SOME EXTENSIONS 


Some teachers prefer, and some students find it easier, to write 
is result as x _ -y i 


as 

X 


■y 


I 



bi Cl 


Cl 



9 


^2 


C2 

02 

62 



obtaining the 2x2 determinants in the denominators from the array 

of coefficients ^ k ^ 

“1 

(2 n ^2 ^2 

and merely covering up the columns in turn. 

If (D) is adopted, then care must be exercised in inserting the 
minus sign ; it would be as well to choose one of the methods and 
stick to it so as to avoid confusion. 

Applying the solution (C) to the equations in Example I, we 
rewrite the equations as 

5^-23-- 7 = 0, 

3.v^ 5jy-29 = o, 

and get x y 1 


i.e. 


X 

y _ ' 

1 

2-7 

-75 5-2 

5 -29 

- 29 3 3 5 

X 

3 ^ . I . 

58 -35 ~ - 

• 21 + 145 25 + 6 ’ 

• • ^ 

and 3; = -^*^^4. 


31 


Tltc extension from the two-row or 2 x 2 determinant to the three- 
rejw or 3x3 determinant is given in Chapter XIV’ ; some may prefer 
to take parts of that chapter at an early stage. 


Examples 4 

1. Work out the determinants : 


(i) 3 2 ; (ii) 2 10 ; (iii) 

-1 -4 ; (iv )!3 

-7 

: 4 5 12 7 

Solve the equations : 

26 i 4 

-8 

2. (i)2.v+ 33'-37 =o, 

(ii) 2.V+ 5 >'= - 3 . 


a; - 133- 4 = 0; 

7 x- 103= 17 ; 


(iii) 6^: + 23-15=0, 

(iv) 1ZX+ 73=59, 


- 4t -f 113 + 9 = 0; 

8a: + 133 = SI. 


3. Work out (i) j .r y (ii) 

3rt za (iii) x 

.V 

i 23 3 -^ ; ! 

3 -'^ 2a: ; , y 

« . 


and prove that (a-b) (n+h) j = - i -r 

i (a + 6^) (a- yb) | 
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4. Find the ratio x : y : z U 

a^x +b^y + e^z = o and +b2y =0. 

5. Find the ratios jc* : x : i if 

fljX* + b^x + C| = o and + b^ — 

[Since x* : x must equal x : 1, a relation between the constants can 
be obtained.] 

In Examples 6, 7, 8 find x and y by solving any nvo of the equations 
and show that these values satisfy the third. 


6. 2X - 3>» + 7 = 0. 

7. 5x + zy - 

11=0, 

8. 6x - 7>’ + 13 =0, 

3x + 5y - 6 = 0. 

3 x- 5 y + 

4 = 0, 

5x + Sy - 2 = 0, 

yx- y + S^o. 

19X - 1 - 

lOsO. 

8 Jc- 37 y + 43 =o. 


Elimination 

In solving a pair of equations in two unknown quantities, it is 
usual to begin by using some device which will result in an equation 
involving one of the quantities and not the other one. The device 
used eliminates one of the quantities. For example, the first method 
on p. 2 begins by eliminating y while the second method eliminates 

X. 

When told to eliminate one or more letters from some equations 
it is necessary to produce a relation which does not involve those 
letters. 

One letter can be eliminated from nvo equations, two letters from 
three equations, and so on. 

Example I. Eliminate t between the equations x = at*, y = zaU 

Here y* = i.e. ^ = (at*) ; 

y* = 4ax, which is the eliminant. 


Example IL Eliminate x and y between the equations 

ax+by +c *0, 

X + >'+1=0, 
a*x +b*y + c*=o. 


b -c 


c ~ a 


From the first pair of equations x = ^ ~ a b' substituting 

in the third equation gives 

a*(b — c) +6*(c - a) +c*(a -i) = 0, 


which is the eliminant. 

[It has been assumed that a^b, for if a=b it would be necessary for c 
to equal a if the first two equations were true ; this would make the first 
two equations the same and the elimination impossible.] 
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Example HI. Eliminate x bet\veen the equations 

ax* +bx + c — o, 
px-+qx+r^o. 

Solution. As suggested in Examples 4, No. 5, we solve for x* : .x: 1 as 
though X* and x were independent quantities. Using the determi n a n t 
notation, 

X* X I X* X I , 

16 c ~ c a ~ a Al br'-cq cp-ar aq-bp 


x* 

X 

I 

b c 

1 

c a 


a b 

9 

i 

^ P 


P 9 


o . X- X ^ br-cq cp-ar 

But - = - ; .. -7— - = —— • 

X I cp - ar aq ~ bp 

Clearing fractions {br — cq) {aq - bp) = (cp - ar)*. 

This is the required eliminant. 

Example FV. Eliminate x from 

a cos X + 6 sin x + c = o, 
p cos x-¥q sin x + r = o. 

Solution. Solving for cos x and sin x as though they were independent: 


cos X 

sin X 

1 

b e 

1 

a b 

9 ^ 

r p 

P 9 


cos X sin X I 

or I -* --=-r- • 

or -cq cp - ar aq - bp 

But cos* .V + sin* x = i ; 

{br-cq)- + {cp-arf = {aq-bpY. 

Examples 5 

II- , . r-.v i) 

X. LUminutc / between (i) x*=a?, y/=o ; (u) x = —».y ~ ^ ^ * 

2. Find a from (i) .x* + y* = axn’; x+_v = 5, 2x —3y = o; 

(ii) X = 3y, X* - 4y* = So, x* + 3y* = a* - 4. 

3. From the equations ?•= K^ = w; + \a/* eliminate (i) M ; (ii) h 

4. From the equations t = s c, + prove that i/o* — 

5. idiminate x from the equations 2.x + 3yasii, x*+y* = 30. 

6. Fliniinatc y from the equations 4X - 3y = 7 ; x* — x>' +y* = 13. 

7. Fliminate 0 between a cos a sin 6 =q, cos* d + sin* 6=1, 

8. Fliminate -v from ax* + aZi.v + 31-= 0. bx--r 2ax + ^ = o. 

9. Fliminate .v and y between 

ax i- by +g = o, bx + ^>y +/= o, gx +fy + e = o. 

10. If a cos .V+6 sin X + c =0 and also 5 cos x + 3 sin x + 2 =0, show 
that 5a* + 216* —34c* + izbc + 2oca - 300^ = 0. 
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11. Use sec* x - tan* i to eliminate x from 

a sec * - b tan i, 

8 sec X — 12 tan x= i. 

12. If cos X + sin x = a and cos* x — sin* x=b, show that (o* — i)* +A* «= i. 

13. If a sec * + 6 tan x=J and b sec x + a tan x ^g, show that 

Simultaneous Equations in Three Unknowns 

Three equations of the first degree in three unknowns are solved 
by a method essentially the same as that used for two equations in 
two unknowns. 

Example I. Solve x+ y+ a=i3... (i), 

3 X+ S ••• 

x-2>' + 4a«io ... (iii), 

[We eliminate z /u'tce.] 

Multiplying (i) by 3 and adding to (ii), 

6x + 4y = 44. 

Multiplying (i) by 4 and subtracting (iii), 

3x + 6y « 42 . 

From these two equations (doubling the last and subtracting the other), 

8y = 4o; .\y = 5 ' 

Substituting gives 3X + 30 = 42 ; x*=4. 

Substituting both these values in (i) gives a = 4. 

Checking in (ii), 12+ 5-12 = 5; 

in (iii), 4-10 + 16=10. 

The answer is x = 4, y = 5, a = 4. 

[No/e. It will do equally well to eliminate x, or y, instead of z. 

If X is chosen, multiply (i) by 3 and subtracting (ii), 2y+ 6^ = 34, 

(iii) by 3 and subtracting (ii) -7^+ 15^ = 25, 
and these equations give y 5, a = 4.] 

Example II. Solve 4x+y + a“2.-. (i), 

X + 2y = I ... (ii), 
a-x-5y = 5 ... (iii). 

Since (ii) does not contain a, eliminating a from (i) and (iii) gives the 
two equations in two unknowns which are needed. 

Subtract (iii) from (i): 5x + 6y = - 3 

This with X + 2y= i gives x= — 3, y = 2 
Substitution in (i) gives - i2 + 2+a = 2; a=i2. 

Check in (iii) I2+3-10 — 5. 

[The method is similar if there are more unknowns.) 
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Example m. Solve x+y + z+w = 12 ... (i), 

X~y+z= 9 ... (ii), 

2 x^y= 8 ... (iii), 
y-^= 5 ... (iv). 

Multiply (ii) by 4 and add (iv), -3^*!4i. 

Take this with (iii) ; multiply (iii) by 3 and add to get lo.v 
x = 6l-, whence >»= - 5, z— - aJ, 13. 


= 65 . 


Examples 6. Solve the simultaneous equations : 


1. 2x~y +z= 3 
X + 2y + z= 12 
4x-2y + s^ i 


2. 


1 


JC - 3>» + 3r= 10 
2^ - 73 ' - 5 = - - 2 j- 


x + 


3'-22 = 5 


2. x+y= 2^ 

4 - 

x- 3 ^ = 3 1 

v+2= -2 > 


3’-2 = 5 f 

2+X= 12 J 


2 + x=g J 

5. .V +_>- + 2 = 6 1 

6. 

X +y +z + w = J2 

23- + 2 = q > 


x-y-j-z = 9 

z -2y= 1 J 


2x +y = 8 



3 '- 4 ^ = 5 



8 . 


} 


10. 


II 
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.V ♦ 2 Z Si I 

Show tliat the ccjuatioos 

have no solution. 

Show that llic ci'juiuions 


3(2-i)*2(jv-i) 
4 (>^+^)= 9--4 

2V=7(5-r-35r)+9y 
7 .r - 1+ 25 '« I o 
- lo.v 4-3^55 ® - 15 
12.V- >'-62*31 


AT - 2 .>' - 42 = 3 

2.x - V + 5 s = 4 
- 5 .V - 3 ^ = 5 


*3 


a:-27-+2= 3 

2X — V -r 52 = 4 
4 .v- 5 v- 32 «io 

are satisficil hy .r = ^(5 - 142), v= —i(2 + 132) for all values of 2; 
explain how these equations are obtained. 

Show that the e«.juations a: —v+ 2=i'l 

3.V+.V-22-0/ 

are satished by x = * (s + i), 1 (52 - 3) for all values of z. 


Linear Equations and Graphs 

If some work has been done on graphs it will be known how to 
mark points on graph paper when pairs of numbers, usually called 
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the X and the y of the points, are given ; also that a first degree (or 
simple) equation connecting x and y will give a straight line graph, 
which is the reason for calling first degree equations linear equations. 

When one linear equation in x and y is given, any value of x may 
be chosen and the corresponding value of y found from the equation. 

There is no limit to the number of pairs of values which satisfy 
the equation, just as there is no limit to the number of points on a 
straight line. 

But if two linear equations are given, there is only one pair of 
values of x and y which satisfy both of them, namely the coordinates 
of the point at which the two lines meet. 

Example I. Draw the graph of 4y —3x= la and show that the points 
(lo, 102) and (“6, — li) He on it, both from the graph and from the 
equation. 

What is the gradient of the line? 



Writing the equation a8y = 2 x + 3 and taking values of x so as to avoid 
fractions we get the table 


X 

0 

4 

8 

12 

y 

3 

6 

9 

12 


giving line (i) in the diagram. 
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Since y increases by 3 whenever x increases by 4, the gradient, defined 
as jv-step/x-step is f. 

The points {10, 10^), ( - 6, -1|) are shown on the line (i) at A and B. 
For (10, loi), 4>'-3 a:= 42-30 = 12. 

For (-6, - ig), 4>'-3^—-6 +i 3 = 12. 

So both points lie on the line. 


Examples 7 

1. Solve the following pairs of equations. In each case verify the 
solution by drawing the graphs. 

(i) 4V-3.v= 12, (ii) 2-^+3; = 5, (iii) .t - 2v + 4 *= o, 

4_v-7.r=i. JC = 33' + 9, x+y-S =0. 

[Tlie graphs for (i) are shown in Fig. i. 

Graphical solution of linear equations is of little use. It is much 
simpler to check the solutions othersvise.] 

2. Draw the graph of .v+v = 5 and show that (0,0) and (4, 2) are 
on opposite sides of the line. 

3. Draw the graph of 2v + 3.v = 4 and see which of the points {6, -7), 
(1, i), ( - 2, 5) are on the line. 

Prove that the point (3J, -3) should be on the line, and mark 
the point on vour graph. 

4. Draw with the same origin and axes the graphs of (i) y=^Y 

(ii) ,v = 2'54.r. How could these graphs be used as ready reckoners? 

5. A -set ot marks ot which the lowest is 63 and the highest 126 is to be 
adjusted so that the highest mark becomes too and the lowest o. 
.Sliow hou a graph can be used to do this. What does a mark of 87 
become.^ 


Findinc Equations for lines 
JCxainple I 


■^ii that the table .v i 5 

y 2 9 


9 ' gives points on a graph which lie on 

16 


:-’r. ^' 1 .; !me ; find the gradient of the line and its equation. [Shown as 

iiin ill, I iy. 1.] 

ri r quantity by which x increases (the .r-step) between one entr>' and 
the nr \t is 4 ; in each case the corresponding increase in v (the y-step) is 
7. This shows that the points lie on a line whose gradient (defined as 
v-step v-step) is 7 4. The equation of the line will be y = lx + c where c 
IS a number found by using one of the given points. Putting a.-= i, y = 2 , 
we get 2~l+c, so c i. 


the equation is v = ^.v + \ or 4V - JX = i. 

.\s a check, note that 4 • 9 - 7.5 = 1 and 4.16-7.9 = 1. 
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Another method is to suppose the equation of the line to be ax +by = i ; 
substituting two pairs of values for x and y we get two equations for 
a and b. Using (i, 2) and (5, 9) we get <1+26=1, 5<2 + 96=i, and these 
give a= -7, 6 = 4. Substituting x = <), y=ib in -7 a:+4^=i we find 
— 63 + 64 = I, as it should be. 


Example II. Find the equation of the line given by x ! <2 I 6 | 

y \ c , d\' 

The gradient, ^-step/x-step, is ^ ~ • 

The equation is y{b — a)=x(d-c)-\-e where to find e we put x 
y^c. 


c{b-a)=^a{d-€)-¥e\ 
e^bc — ad\ 

the equation y(b - a)^ x{d - c) -^-bc - ad. 

Check for (6, d), l.h.s. =d(6 -<») = <* -da, 

R.H.s. =6(d —c) +bc-ad = bd -Jft+bc - ad = 

General expressions may be found for the coordinates of points which 
lie on a line whose equation is given as in the following example. 

Example HI. Find three pairs of whole numbers for x and y satisfying 
the equation 3* - 2jy= 13 ; also find general expressions for such values. 

Solution. If X is a whole number it must be odd, since 13 is odd ; 
trial gives x = 5, >/ = 1 as a solution. Also since 3X - zy does not change, 
y must change by 3 if x changes by 2. 

two other pairs of values are (5 + 2, i + 3) ; (5 + 4, i + 6) 

or (7. 4)5 (9. 7)- 

Again, if x changes by zt, y changes by 3/. 

ar = 5 + 2?, >> = I + 3/ arc general expressions for x and y. 

These are whole numbers if / is a whole number, but for all values of / 
they satisfy the equation. 


Example IV. Find the equation of the line given by x=\-^t, 

^--2 + 3 ?. 

Solution. Eliminate t by multiplying the first equation by 3 and the 
second by 5 and then adding the equations. 

Adding 3^ = 3 - 15/ to 5>»= - 10+15/ we get 3x + 5^= - 7. 

This is the required equation. 

[The letter / which occurs in Examples III, IV, and which may be 
given any value whatever, is called a parameter. The equations containing 
/ are called the parametric equations of the line.] 
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Example V. Discuss the solution of the equations 


2x + 2y -5 = °^ 


for vailing values of a. 
The solution is 


The solution is —-— =- - = - - —- • 

2i+5<2 14 + 20 2a-12 

for all values of a except a = 6 we have 

21+5^ . -34 /.V 

but if a = 6 there is no solution. 

Consider the graphs : 

2x + 3y - 5 * o is the line of gradient - | through the point y^o,x^ 

4.V + aj>' + 7 = o is the line of gradient - ^ through the point y — o, x^ - 

4 

Through this point, one line can be drawn parallel to the first line; 
this is gi\en by a* 6 so that tor a = 6, the lines do not meet and there is 
no solution. 

Innumerable other lines can be drawn through (-5,0), all of which 
will meet the tirst line and the point <jf meeting is given by (i). 

Examples 8 

1. In the following cases a linear equation connects .v and v. Find 
the gradient ot the line obtained by plotting the points ; also tind 
the linear ec|uation : 


(i) .v = 

* 2 3 

(ii) A-= 1 

0 

N 

1 

:»’ = 

3.5 7 

y= 

3 , 6 i 12 


2. Select from the following two tables the one which gives points in 
a straight line, and tind the equation of that line. 


(i) A- 

I 

4 

6 1 

1 (ii) ^ 

1 I 

4 . 

10 

1 

V ' 

1 j 

1 3 1 

5 

y 

2 

3 

7 


3. .4 is (4, 2). Z? is (4, 4), O is the origin (o, o). Find the gradient of 
the median drawn from O of the triangle OAB ; find also the 
gradient of the median drawn from B. 

4. If the equation ax + by + c^o is satisfied by (^, - 1) and by (2, §) 

22c 

prove that b and find a. 

>9 
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5. Find 3 pairs of values of x and y satisfying the equation in each of 
the following ; also find general expressions for x and y. 

(i) 4^~3y = 7'. (i>)2^+:v = 5; (“0 7-^-4J=>5- 

6. Find the equations whose solutions in terms of parameter t are 

(i) * = i = 5 ; (ii) x = 5 - 2 t,y= - 

7. Find the equations of the lines (i) and (ii) 

(i) from the table x a c 

y b d ; 

(ii) from the general parametric equations x = a+bt, y^c + dt, 
from which t has to be eliminated. 

8. The parametric equations 

f ”1 as the equations ^ 

“ 7 + 2/J ^ \.y = ^+ 2t 

Explain this statement and give the equation of the line. 

9. Show that the equations Jf = 2 + rcos 0 , y^ -i+rsin 0 give the 
line of gradient tan d through jc = 2 , y= - i. Find 6 if the line 
passes through x = 5, >> = 3, and the value of r needed to give this 
point. 

10. Show that (>*->'i)(x2 - jCj) *(jr-^j) is the equation of the 
Une joining (x^, jy,) to {x^, y^). 

Also show that (j+>'t)(jr2-:«,) = (Ar + x,)(jy2->-0 is the equation 
of the line joining (-jci, -yi)xo(-Xi, -y^). 

zi. Discuss the solution of the equations —3=0, a.x + 2_>' + 4 = o 

for varying values of a. 

Show that it is possible to choose a value for a so that the lines 
given by the equations meet at the point (1,2). 

12. Show that the equation (3+2A)x + (2 - 5A)>; - 19 «o is satisfied by 
x = s, y — 2 whatever the value of A. 

Also show that with a particular value of A the equation has no 
solution common to itself and 3X - lyy + 2—0. 

Using Equal Fractions 

so that a=bk and c = dk, then whatever the values of 

p and q each fraction ; for 

pb +qd 

pa qc _pbk + qdk 
pb-vqd pb+qd ~ 
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In exactly the same way, if - = , each of these fractions is 


equal to 


pa + qc + le + mg 


pb qd + If + mh * 

The first result may be used to find where a line through the 
origin meets another line. 

A V 

Thus if _ and 3.V + 5j= i, 

each fraction = —= — 

3 • 7 + 5 • 2 31 

so that x — -~ and y = — . 

3 * 31 

This is perhaps shorter and certainly more elegant than writing 


2 .Y 


3 ’=—; 


y • 


2 .V 

3.x ^ 5 . — = I ; 


21 .r + I OAT —7. 


Whence .r=:- and y = ^.v = —. 


31 


31 


T7 1 T T f + ~ A- + V 2.V - ■I’ + a ^ . 

Example I. If * - =- 2 -find at : v : s 


*4 


5 11 

3 .v+y - 55 

« . « 

A- - 2\- + 7:: 

I f ^ ^ each = ~ - .y) 


and the value of 


11 


- 5 


that is 


5 T I I 

_ - -y 

16 6 

, A y (2.v-y ^ c-)-2A-+y ^ 

. . n “ — — - » - • 

^3 14 ’ 3 I 

.Y : y : c = S : 3 : 1. 

Wrilino .V S/-. ihci v = and c = a-; 

■ y 5 -- '' 2zk 22 

A- 2 .72 .SA • uk -i- 7A i)k 9 

Examples 9 

i. li a a.id ,■ an- in a ron^ant ratio, complete the following table: 

-o , 95 ,25 . 


T I 


' ^4 . 


I J47 
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Z, Complete the following : 

y x+y _x-y _ 4 x + :^ y 
'^92 


(ii) 


a+b~c b+c — a c + a~b a+b + c za zb zc 


10 


H 


..... a c e . za +b 
(m) lf i = -j = y, then^ 

If f = ^ = >— k show that 
oaf 


ze^J 




. pac ^qceArrea 

pb"^ + qd^ + r/* » ( ) pijfj ^ ^ yfp » 


pbd + qdf + rfb 


o. 


(iii) ^? 1 ±/- * (fl+c + f)^+(fe-f</+/)g 

a+b c + d e-¥f (a + c + e)+( 6 +</+/) 

^ y ^ 

4 * a:+^ + 2=o and ojr+fty+ca* 

5. Find X : : .r if = ^3>‘- ^ ^ 

43 38 27 

6. Show that the line “ = j meets the line ^=24 at a point twice 
as far from the origin as where it meets x+y= 18. 

7. Find X, y and z if x : y : z = 2 • 5'7 and 2x ->> + 4.C = 58. 




X-’ - v2 


8. If X : >» = 4 : 3 find the value of (i) ^ ; (ii) 

' ■' Sx + 4 ^ ’ ' x^+y^ 

Tr , 

9. li , = - show 

o c 


(i) 

(iii) 


.... a-b b-c 

(») 


<2+6 6 + c’ b 

Hill'll?* Pf+?f. _ 

ra+sb rb-k-sc ' ’ -i-b^ a*-c* 


a 


d^-b^ 


10. If X : ; I = a(i -I 2 ) ; 2^/ . (i A^x* + 


Miscellaneous Examples xo [a, b, c, d are constants.] 

1. Solve the equations : 

(i)ix-Jx=i2; (ii) Ja;_J;c = a ; (iii)^_-=rf. 

b c 

z. If and v^Ba2u - at find t in terms of u and a so that 

V, =^2. Also find / if it is given that r, 

3. Solve the pairs of equations (i) ix +y * 7, (ii) ix + .Jjy = 5, 

X + i>' = 9 ; X+>' = I 2 . 
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4. (i) Solve a{x-a)+b(x-b)+c{x-‘c)=o; 

(ii) Show that any value of x will satisfy the equation 
(a-b)(x-c)+{b-c){x-a) + (c-a){x-b)=o ; 
in other words, prove the equation to be an identity. 

5. If a=6=c then and a = c; use this fact to solve the equations 

2.r+^ + i =sje-33»-6 = 4^ + 9. 

6. Solve for*: (i) 3 (S+*) =4(7*+10) : (ii) +^) =c(2aA:+ 36). 

7« liy — ax+b find a and6 from the pairs of values 

(i) 


X 

-3 

2 

; (ii) X 

1 

-3 

1 

y 1 

“4 

I I 

y 

I 


5 I 


- cd 


8. From ^ -*a prove that x={2a-c)d. 

9. If s = \{u-^v)t: 

(i) find u if r = 3oo, /»= 12, t; = 35 ; 

(ii) find i if -22, «= 16, «>= -27. 

10. Of two nuinbers twice the larger is less by six than five times the 
smaller, while twice the smaller is less than the larger by one; 
find the numbers. 

11. Solve the equations 

(i)9-i(*-3) = i(* + 3); 

(*0 i(* + t)-i(.v-i) = i. 

12. Find the point of intersection of each of the following pairs of lines : 

{i)y = 2x + s (ii)4.v + 3j-7 = o (iii) >.x + \y=i 

= 5* “ * I bar —y + 6 = 0; 2_y — 3.V = 2. 

X ^345 between A, B a- d C so that B and C each get /15 less 
than twice what A gets. 

If s -=141 + la ;'': 

(i) find a given s * 164, u = 35, / = 4 ; 

(u) find u given ^ = 28, /=3i,'£;= i6. 

* 5 * I-'‘duatc tlic determinants : 

w 5 2|: (ii) , 9 7 ; (iii) a+b h 

'“44 a-b za - b ^ 

16. Find the equation of the line joining the points (i, 7), (-i 4), 

W hat is the gradient of this line? 

Show that the point (5, o) lies on the line through (1, 6) of the 
same gradient. o \ / 

17. Find two pairs of numbers such that they differ by 40 and one of 
tliern is double the other. 


*3 


14 
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18 . At what point does the line “ ^ ~ * intersect the line zay —bx = a^i 

19 . Solve the equations : x +>• + « = 29, 

2,x-zy =24, 
je -8 = 2(i7 -ir). 

20. Prove that 



! ^2 

Co 

+61 ' 

^2 


+ c, 1 

! 

h 





<^3 

O3 

1 1 

1 "a 


+ «2 


1 

‘■j 

1 +b.. 



+ c.. 


i’ 1 

1 ^8 

C3 


1 

1 ^3 



1 ^3 

*31 
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FACTORS AND QUADRATICS 


Factors 

Revision. Trinomials : Difference of Squares 

Example I. Factorise (i) zx^-^x -2 ; (ii) - gbK 

(i) 2Ar2-5j;-3=(2;c+i)(Ar-3) 


(ii) 4^^’- 9*2 = ( 2 a) 2 -( 36)2 

^(2a + 2b)(2a-2b). 


2 X + I 

* - 3 


Examples 11 . Factorise 
I. .V--11.V + 30. 

4. 2.V- + 5.V + 2. 

7. 144^^- - 1696-. 

10. 2.V- +9.V-35. 

13* 5^" - 265/ (- 5/2. 

16. ( a + by ^~ c ^. 


2. x* — I ij: - 12. 
5. 3x2+JC- 14. 

8. I - 225 A-^. 

3 >'“- 4 >'~ 4 - 
14. 2 - i9_v+^35 v-. 
17. 1552-a--2^2, 


3. x 2 - IT.r-2IO. 
6. 3A-2 + 2X - 5. 

9 - 3 - 5 >'“- 2 \'*. 
12. 15.V + 2 - 8 x 2 . 

15. 4-8x-2ix 2. 
18. 72 - 17X - 72x2. 


Factors itivnlving square roots 

Just as the equation .^^ = 9 giving x = +3 or - 3 is associated with the 
tK <jr^ 0 .V (), namely (.v - 3) (a: + 3), so the equation .v^ ® 5 piving 
*' ^ “'.5 IS associated with the factors of x^ - 5, namely 

~tacfo!- ^ ^ liictors arc of a ?iezv type, not hitherto thought of 

19- I ‘.K rorise : (I) .v^ - 3 ; (iij (,,.)■. _ „ . 

20. I'acionse : (i) (.v - i)^ - 3 ; (ii) (,,v _ 5)^ _ 

('■anf-i: (he square 

Example H. What must be added in the following cases to complete 
:-l..ue^^ W.He the result as a square: (i) .V2-32.V; (ii) .v^ g.v; 

L ) h. pr.-c.-.s nf completing (he square depends on the identities 
(.V />)-:-A-* + a/..v^p 2 and {.v_ ap.v+/>=.] 

(0 Add tlu- square of I.alf the coeflicient of .v, i.e. add 16^ or 2.6 
Result : A- - 32.V , 256 - (.V - 1 0 ) 2 . ^ ' 


20 
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(ii) Similarly, result is + 9X + (|)^ = (.v + ?)-. 

(iii) Since 9^^ = (3-v)”, take 24^: as 8.3A; and add 4- or 16. 

Result: 9:^“ — 24JC + 16 = (3^ - 4)^. 

Examples 12 

What must be added in the following cases to complete the square? 
Write the result as a square. 

1. (i)jc-+i 4 A'; (ii)x*-i 3 x; (iii) i 6 a:-- 40 x. 

2. (i) y~ + sy \ (ii) ~ iiab \ (iii) 9V'- 6 oa:c. 

Quadratic Equations 

Quadratic equations, those involving a- and having two answers, 
are usually written in the form aA'-+6.v-tc = o, a quadratic expression 
equal to zero. 

If the quadratic expression has simple factors, it is best to use 
these factors to get the solutions, or roots as they are often called. 

Thus 2x^ — 11A + 4 = 0 can be written (a- - 2)(2a* - 7) = 0 ; 

either a - 2 = o or 2x -y — o. 

So the equation is satisfied if a = 2 and also if A = 3l. 

In such a case the roots are rational numbers, that is integers or 
the ratio of two integers. 

Any number which cannot be expressed as the ratio of two 
integers is called an irrational number, and quadratic equations often 
have irrational numbers as roots, numbers involving surds such as 
•JZ or n/ 7 * Approximate values of these are given in the square-root 
tables.* 

In this case the equations are best solved by using the formula 
or by “ completing the square ”, which is the process by wliich the 
formula is proved. 

Either this process or the formula can be used if the roots arc 
rational, so do not labour to find factors if they do not come easily. 

The general solution 
Given ax^ +bx + c = o. 

Divide by a and transpose the eja : 

a a 

* See p. 43 for a discussion about surds and some methods which simplify work 
with thcriw 
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Complete the square on the left by adding each side : 


, b 

X-\ -=-; 

a 


c _b~ — qac 
a 


r2 


4/2*' 4<2" a 4i2 

Take the square root of both sides, not forgetting that either 
+ d or - d has as its square. 


2a 2a 


.’.ifax “ + bx + c = o, x = ^ —4^^ 

2a 


(I) 


This is the formula for the solutions. 

Notice that the sum of the roots is —bja ; this is a valuable check. 

There is another version of this formula which is recommended 
to technical students * who are liable to meet equations with awkward 
coefficients. It will usually be necessary to reduce the equation first 
to the form in which the coefficient of X' is i. 


W rite + - a: + - = o as a:* + 2px +9 = 0; (notice the 2). 

The square is completed by adding p~ so as to get 

x-^2px+p-=p^-q^ 

and we get x^p= ±^‘{p^-^q); 

ifx-N 2 px + q=o, x=-p±V(p=-q). 


( 11 ) 


Here the sum of the roots is — 2p. 

Either (I) or (II) should be selected and memorised. 

Ao attempt should be made to learn both. 

Example I. Solve the equations (i) 2 .y= + 5.V + 2 = o ; ^- + 48 = 26*. 
« _ 2.v--.5-v + 3 = o; (ii) 3^=+4S = 26 .v; 

.. t-vf i)(y + 2)=o ; Y-- 26.V + 4S =0 ; 

either 2.V+1=0 /. (y 24)(.y- 2) = 0 ; 

orY-f2 = o; either Y - 24 = 0 or Y - 2 

X « — i or — 2 

- • ♦ X = 24 or 2, 

* M.A. report: The Teaching of Mathematics in Technical Colleges, p. lo. 


= 0 , 
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Example II. Solve the equations 

(i) 3X-+ I2X-10 = 0; 
(i) 3.r^ + i2x - 10 = 0 ; 

. - 12 ±n/i44 + 120 

• • " — 

6 

~ 12 ±s/264 

” 6 


[using 4-figure tables] 
- 12 ±16*25 


4'2? —28*2? 

= 6 

= •71 or —4*7* to 2 d.p. 
Check : Sum of roots = — 4. 


Note, (i) reduces to 

x=+ 4 r = 3 - 33 . 

Completing the square : 

^+ 4^^+4 = 7 - 33 . 

x + 2= ± 77*33 
= ± 2 * 7 *. 
or -4*71, 

or at once by the second formula, 
*= -2 ±74+3*33. 


(ii) + io.v= 15*2 
(ii) J-n-A.*® + lOAT =s 15*2. 

Taking 7r = 22/7 and mult, by 7, 

I lA.** +70A: - io6*4 = 0. 
Working to 2 d.p. this is 
a:* +6*36Ar — 9*67 =0. 

a;= -3*18 ±73-18-+ 9*67 

= -3*18 ± 7 lo-i t + 9*67 

= -3*18 ± 7 19*78 

= -3-j8± 4-45 

■* 1*27 or - 7*63 to 2 d.p. 

Check : Sum of roots =» — 6*36. 


Examples 13 

1. Solve, using factors : 

(i) 2 x 2 + z8«i5x; (fi) 2 a.**+ 9.V - 35 = o; 

(iii) 3 .v*=.iox- 8 ; (iv) a*(a.* + i) * 8 .v. 

2. Solve, using the formula or by completing the square : 

(i) 3 a2-4a:-2=o; (ii) jc(jc - 8) « 1 ; 

(iii) 9 a;(jc + i) = 3 A.*+ I ; (iv) 4 v(jc + 5) = 47. 

Solve the following equations ; 

3. (i) AT*+2 a: = 6 ; (ii) a:* + 34? = 7/4. 

4. (i) x(a; + i) - (a; - i)(.v + 2)«2 ; (ii) Jc(Ar+ 1) +(a* - i)(a* + 2) = 2. 

5. (i) tta;* + 6a* = 30 ; 00 *'(■* + *) +2TrAr = 30. 

6. (i) 7Ar*+9A; = 4; (ii) 6 a*+ 7JC - 20 = o. 

7. (i) 2** - iiA + 9 = 0 ; (ii) 2A* - iiA + 3 = 0. 

8. (i) a* + 62*2a + 248*6=o ; (ii) 3A* + 50*4* + 819*6 *0. 

9. From the formula - 16/* find / (i) if f = 6, tt = 50 ; (ii)5 = ioo 

u <== 160. 


B 


T.A.A. 
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10. Given x-+y^ = 6 x + ^y, find (i) the values of ^ if x = i ; (u) the 
values of X if >» = I. 

11. Find 2 values of the ratio of x to 3/ from : 

(i) 6x2 - 29xy + 28^ = o ; (U) x® + 2xy - 8^ = o. 

12. Solve for a/b from : 

(i) 2a2 - 906 - 562 = o ; (ii) i - 1706 = yb\ 

13. Solve for x (i) -3) = 40 ; (ii) x(2: + 5) = i. 

Solve the equations: 


14. 

15- 


16. 

17* 

x8. 



20. 


2 X. 


22 . 


(1) ^±4 ^ . (ii) ? = 3 ±£ . 

'*^x-2 3 (x-8)’ ^ ^x x2-5 


(i) 


3 _ 51 . 


(ii)H±7^_^. 

^ ' x2 3X + 2 


9 *-7 

(i) x(x+ i) + (x- i)(x + 2)«= - 2 ; (ii) x(x + i)+(x - i)(x + 2) *0. 
The sum of the squares of t\vo consecutive numbers is 2813 ; find 
them. 

The sum of the squares of two consecutive even numbers is 7444 ; 
find them. 

The sum of the squares of two consecutive odd numbers is 3202; 
find them. 

The sum of the reciprocals of tw'o consecutive even numbers is 9/40 ; 
find them. 

The difference of the reciprocals of two numbers which differ by 3 
is 1/60 ; find the numbers. 

The length of a rectangle is half as much again as its breadth. If 
the area is 1176 sq. ft., what is the length? 


The Discriminant 

7 'he expression b-— ^ac which occurs in formula (I) for the 
solution of a quadratic -quation is called the discriminant, for it 
decides the nature of the t^'Ots. 

Let D = b-- 4flc ; the possible cases are : 

(i) D> ^. there are two distinct roots, which are rational if D is 

a perfect square and irrational if D is not a perfect 
square. Corresponding to each root there is a 
factor of the quadratic expression, as explained 
below. 

(ii) Z)=o : the same value for the root is obtained whether the 

plus or minus sign is used ; i.e. the equation has two 
equal roots, and the two factors of the quadratic 
expression are identical. 
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(iii) D<.o : there are no roots, for a negative number has no square 

root since all squares are positive.* 

The discriminant for x^ + 2px+q=o is 4C/>“ -q), but (/>• -q) may be 
considered instead. 


Factors 

If D is positive, factors may always be found for ax- +bx +c, 
though unless Z) is a perfect square, the factors are of the new type, 
not hitherto thought of as factors, since they involve irrational 
numbers. 


ax"^ + 




b JD 
x-\ -+ — 

2a 2a 


b JD 

X +- 

2a 2a 


For example, 3^^ —5X+1 for which £>=13 has the factors 

i^{6A:-5 + Vi3){6A:-5-Vi3>- 

These are factors of the new type. 

If £> is a perfect square the factors can be found in this way. 
Thus 3x^ - 5x + 2, for which D—i has the factors 

but it is far easier to find these factors by inspection. 


Sum and Product of Roots 

Suppose that a and ^ are the roots of ax^+bx+c 


= 0, that is of 


Then 


x* + - x + -=o. 
a a 

*2 + - x + -=(x-o)(x-m 
a a r-/ 

= x^ - {a+^)x-i- ap ; 

.*. a+^= -, a8 — -. ... 

a ^ a 




(III) 


These results are usually called the formulae for the sum of the roots 
and \k\e. product of the roots of the quadratic equation ax"^ ■\-bx + c = o. 

Many results can be deduced by using these formulae (see 
Examples 10 to 14 below). 

• The desire to say that in this case a!so there arc two roots has led to a most 
important development in the idea of ** number for which see Chap. XI. 
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Examples 14 

1. Find the discriminant for each of the following equations : 

(i) 7^2 + 9;^ + 2 = o ; (ii) + 

(iii) 6^- + "jbx - 20*2 = o ; (iv) + 2,^abx + 356= »= o. 

Which of these equations will have rational roots? 

2. Show that the discriminant of the equation {x — 4)^ + i6x* = o is zero 
and solve the equation. 

3. By examining the discriminant state the character of the roots of 
the following equations : 

(i) 2Jr®-i9Ar + 42 = o ; (ii) 2A.® - lox + 11 =0; 

(iii) 8 a:-+ i2:v + 29 = 0 ; (iv) 4x2 -44^:+ 121—0. 

4. Find the value of p for which each of the following has the dis¬ 
criminant equal to zero. Why is the second expression not then a 
perfect square? 

(i) 4X-* - 2/).v + 49 ; (ii) iSx- + 2px + 32. 

5. Give the factors (containing surds) of 

(i)x2-8x + 9; (ii) x2 + 4a--I. 

6. Show that there are no factors for 


(i) X- + 2.x + 27 ; (ii) 3X* + lar +12. 

7. Which of the following can be factorised? Find the factors. 

(i)x 2 +x-i ; (ii)A -2 + x+i ; 

(iii) x^~x + 1 ; (iv) .v- -x - i. 

8. In the equation x(x + i) + (.v - i)(.v + 2) = o show that if 20=-5 
there arc equal roots and that if — 5 there are no roots. 

9. hich of tlie following equations has roots? Solve it and show 
that the other has no roots. 

(i) .V" f- 20.V + 50 = o ; (ii) x- + 2 o.r 4150 = o. 

[Calling the routs of (he quadratic equation a and /S.] 

10. I'or each of the follov ing equations find the values of a 4 -/ 8 , a^, 

a- + 8 - and {x - / 3 ) 2 . [Note that 4- = (a 4- - 2 a/ 3 .] 

(i) x~ -f- .V - 56 =» c ; (ii) x- - 4.V 4- 2 = o ; 

(iii) 2.V- + 7.V 4 - 4 = o ; (iv) x^ + x - 3 = o. 

11. I-ind the value of a" 4 -/ 3 “ and of (a —/S)- for the equations 

(i) a.\ ' - 3 i.v 4- 4(: * o ; (ii) 4a-.v- 4 - 36flAx + Sib-^ o. 

12. If .V' 4- 2/>.v 4 <7 = 0 has roots «, show that a 4-^= - zp, «/3 = g, and 
express ui terms of p and q 

(i)a2+/S2; (n)a*+<x^ir~+p\ 

[Hint. The second expression is (a“ 4-/S-)^ - 

13. If I 4/’.Y-* ^.\" = (i — a.v){i -/Sx) express in terms of p and ^ 

(i)a 4 -^; (ii) ; (iii) a-- a /3 4-/8-; (iv)a'* 4 -j 8 h 


27 


FACTORS AND QUADRATICS 

M* If ^ are the roots of +A.tr+ r = o, prove that 

a® + ^ = (*2 _ zac)la^ and a*+^* = (b* - ^ab^c + 2a~(^)/a*. 

15. If Xi, .Vo are the roots of ~px +q = o, show that 

(i) + V/ =/.3 _ ^pg . ^^3 _ .^^3 ^(^2 _ g)j^p2 __ 

16. If x''--px+q = o show that v"-pv"-*+^v '-2 =0, and hence, if Vj 
and Vj are the roots, find A and B so that 

Vi" + V2" = ^ + B (Vi"-2 + Vo"- 2 ). 

Use this to obtain (Vj^ +Jf2^) in terms of p and q. 


Equations from Roots 

Example I. Form the equation whose roots are I and J. 

The equation is (x-|)(v-- 5 ) = o which gives 

(3-'^ - 2 )( 4 -'^- 3 ) = o or i 2 v 2 - i7.v + 6 =o. 

Example 11 . Form the equation whose roots are 3 v 17. 

The equation is (a; - 3 - ^i7)(v - 3 + ^17) = o or (x-3)^ - 17=0 

i.e. v* - 6v -8 «o. 

Examples 15 

I. Form the equations whose roots are 

(i) 2j', -3J : (ii) - 6 ± 723 . 
z. Find equations whose roots are 

(0 3^,26; (u)a±^p. 

3. What is the equation whose roots are the squares of the roots of 
Af^-4^' + 2 = o? [See Examples 14, No. 10 (ii).] 

4. If v^+pv s (v-a)(v -^) form the equation whose roots are i/a 
and 11 ^. 

5. \\ ith the data of No. 4 form the equations whose roots are fi) a* 

and ^ ; (ii) a//S and ' 

(i) Form the equation whose roots are « and 3a. 

(ii) Oi^ of the roots of v*+pv+j = o is three times the other root. 
Show 3^^^= ibq. 

If a and ^ are the roou of av* + 6v + c = o, show that 


6 . 




and find the equation whose roots are a + * and S + - • 

8 . Form the equation whose roots are each one more than the roots 
of ‘^px +<7 = 0. 

9. Solve the following equations, being given in each case that one 
root js the cube of the other ; also find p in (iii). 

(i) V® - 68v + 256 = o, (ii) x^ - 222V + 1 296 = o ; 

(iii) 625 v^ +pv + 81 = o. 
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lo. If a and p are the roots o{ x^-px+q = o, form the equation whose 

a B 

roots are (i) 2a, 2^, (li) (iii) ^ ^ 

Functions and Graphs 

When an expression involving A%forexamp]e2Ar2-5x + 7, is chosen 
and the question is not to find when it is zero, but what values it 
takes as a is given different values, the expression is being considered 
as 2i function of a: and the way the function varies as a; varies is being 

examined. 

The student knows that first-degree functions are called Iwear 
functions because their graphs are straight lines. Also he has pre¬ 
sumably drawn the graph of (or oiy = x'^) and knows that a curve, 
the curve of squares, is obtained. 

That the graph of the more general quadratic function + 6.v + r 
is of a shape similar to that of a;- will be seen if the following examples 
(Fig. 2) are worked. 

It is not intended that a large part of each graph should be drawn ; 
the diagrams below show the sort of thing wanted. 

In each of these diagrams the cun.-e is a parabola, with its line of 
symmetrv (its axis) parallel to the r-axis. The point at which the 
curve changes from going down to going up (or vice versa) is called 





Fig. 2 
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the vertex. At this point the tangent is parallel to the Ar-axis, at 
right-angles to the axis of the parabola. 

Examples x6 

1. Draw the graphs for 

(>)>’= --v-; = (iii)>' = (.v-1)2 + 2 ; 

(iv)>-*2x2; (v) jv = 3(.r-2)2 - I , (vi) + 5. 

[Several of these can be drawn on the same sheet of graph paper.] 

2. Draw the graphs for y = and jy = 2 (a; - i))^ + J- on the same paper 

and verify by measurement that they are congruent curves, the 
latter being the former moved a distance li units to the right and 
'2 unit up. 

Why do the graphs cut when .^ = 5/6? 

3. To get the graph of = a -2 - 4A: + 5 rewrite the equation as 

_>* = (a- - 2)2 + I. 

Hence the graph is that which would be obtained by mo\ lng the 
graph ofy' = A:2 to the right 2 units and upwards i unit. Take new 
axes for A', Y through (2, i), parallel to the original axes, and 
plot i’on these axes (Fig. 3). 

Deal similarly with 

y=x^~2x + 

[As squares increase so much 
more rapidly than the numbers 
which are squared, it is often 
convenient to take the >--80216 
much smaller than the x-scale.] 

4. Taking i inch as unit for x and J 
inch as unit lor^y draw the graph 
of 

y = 2x-+^, i.c. >» = 2(r+i)2-2 

for values of x from -3 to +3. 3 

Read from the graph the negative value of .v for which 

5. If 1 inch is the unit on the A-axis and inch that on the y-axis, what 
is the equation of the line drawn to bisect the angle between the axes 
in the quadrant in which x and y are both positive. 

Show that the graph of>- = 8(A - cuts this line where a = 2 and 

x = .i. 

The Graph of the General Quadratic Function 

I. U y=x~ + 2px + q, then y = (xp)^ - {p^ - q) or 

y + {p^~q) = {x+pf. 
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Hence the graph oiy=x^ + 2px-\‘q may be obtained from the graph 
of by : 

(i) moving it parallel to the a:-axis through —p so as to give the 

graph oi y — {x+pY, followed by 

(ii) moving it parallel to the>’-axis through -(/>*-?). 

This means that the vertex of the parabolic graph is at ( -/>, -/>“-?)• 
II. If_y=:<2A- + 6.v + <:, then 


r A cl f/ by b^-^ac 

y = + -X'+- < {.v + —-^ 

■^ \ a a\ V 20/ . 


In this case the graph may be obtained by starting with the graph of 
y = ax-, and then 

(i) moving it parallel to the a:-axis through so as to give the 


( ^ \ 2 

, followed by 




(ii) moving it parallel to the y-axis through- - — . 

T T 1 • f 

Hence the vertex is at ( — ,-) . 

\ 20 40 / 

Assuming a to be positive, the parabola will cut the A*-axis if the 
vertex is below that line, i.e. if A* —40c is positive. 

If A--40c is negative, the equation has no roots and the graph of 
o.V“ + A.v-rr must be entirely on one side of the a;-axis, above if o is 
positive and below if a is negative. 

If A--40c is positive, the equation has roots ; the graph crosses 
the .v-a\is and oa:-- i- A.v + c is sometimes positive and sometimes 
negative. 

As stated on p. 24, the expression A* — 40c is called the t/ijrr/;/ifwo7i/. 


Examples 17 

1. Draw rough graphs of each of the following, indicating clearly the 
pt)siti»in of the vertex in each case. 

(i) .V = .v= - 3.V -f- 7 ; (ii) y = Z-v^ - 6 .v - 3 ; (iii) y = 5.v= + 4.Y - 11 ; 

(iv) y = 6- 4.V - X- ; (v) y = 5 — 3.V — 2.v“ ; (vi) y = 15 + q-v - 5A.-*. 

2. Show that 3.V- - 5.r 1-4 is positi.e for all values of x, and determine 
for what integral values of k the same is true of 3 a;--/c.v + 4. 

3. Erovc that tliere is nt) value of .v for which 7.V - 1 — 14.Y” is positive, 
anvl find the greatest value of c so that no \alue of x will make 

c + Sat - 3.V- 


positne. 
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4. Prove that for all values of x the expression —8x+io is never 
less than 2 and that the expression i — 4.V - x~ is never greater than 5. 
Compare with the diagrams 2 and 5 above, explaining how they 
illustrate the results. 

5. For what range of values of x is the expression zx"^—1^ + 20 
negative? Prove that zx^ — 14^ + 25 is never negative. 

6. Prove that the greatest integral value of k for which k+yx-x^ is 
never positive is — 13. For what range of values of x is the expres¬ 
sion positive when A is — 12? 

Maximum and Minimum Values 

Note that a — {x—b)- is maximum if x = b and that the maximum 
value is a ; this is because the square term must be positive unless 
it is zero. Also for the same reason (x — c^ + d is minimum H ^ — c 
and its minimum value is d. 

Thus completing the square in x and writing a quadratic function 
as the sum or difference of a constant and a perfect square shows 
that the function has either a maximum value or a minimum value 
(but not both) and what that value is. The graph shows this also, 
the maximum or minimum being at the vertex of the parabola. 

Example I. Decide whether x* + 3^1? — 7 has a maximum or minimum 
value and hnd this value, and its position. 

Solution. X- + 3x -7 = x’^ + 3x + (i))- -9I =(a-+ -9^. 

the function has a minimum value -9i when x= - i). 

Example II. Repeat Example I for the expression 8 + i2x - 3.V*. 
Solution. 8 + I 2a: - 3X* = - 3 - 4.V) + 8 = - 3 (x* - 4.x + 4) + 20 

*= 20 - 3(x - 2)*. 

the function has a maximum value 20 when x = 2. 

Examples 18. Arrange each of the following functions in the form 
p{x +g)^ +r find the maximum or minimum value and the value 
of X giving this value : 

X. x® + 4a:+7. 2. x®-8x+i. 3. - x ' + ^ x . 

4. 3 - * + X*. 5. 8 - 4Jf - 4a;*. 6. 2x2 _ J2X + 23. 

7. 3^2 + 6x — 1. 8. *2 + 2hx + k. 9. ax^ + zbx + c. 

10. Is the maximum value of greater or less than the minimum value 
of where 

jVi = - 2*2 + I2X - 13 and >'2 = 3a:2 _ 12^ + 17? 

XI. Show that a :2 + 2a: - 3 is zero when Je= -3 and ; that it is 

negative between these values and minimum half-way between 
them. For what range of values is iox-21 -x^ positive? where 
and what is its ma ximum value? 


B2 


T.A.A. 
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12. Find k so that the graph of 3 a:2 + 4x + i - A may cut the 

[If it does not, the equation 3a:- + 4-v + i = A is said to have no 

real roots ”.] 

The General Case 

Note that since ax^-\-hx-^c~a -decision 

as to a maximum or a minimum depends on the sign of a, minimum 
if a is positive, maximum if a is negative. 

The vertex of the curve is the point where 

-bjza and — (6-- 4«c)/4.«, 

and this point gives the position and value of the maximum or 
minimum, or, as it is called in either case, “ the ttirniiig point 

The Functional Notation 

It is often very convenient to use the notation f{x) for the “ func¬ 
tion of X which is being considered ”, with tlie understanding liiat 
f{P) stand for the result of replacing .v by p in the function. 
Thus if /(a-) = ax~ -t- bx + c, then /(p) = ap~ +bp^c, 

f (.V + h) = a (a 4 - h)- + 6 {.V /:) -!- c, 

/■(3) = 9a-r36 + c, and so on. 

F{x)y ^(.v), etc. arc used in the same way. 

Examples 19 

X. If f(x) -L 3.V- + 5.V write down f{x + a) and f{x - a) and siiow that their 
sum is 6 a:- + lo.v + 6a" ; also show that f(.v + a) -J{x - a) = izax + loa. 

2. If /'’(.v) = 8.V-- 15.V + 2 show that F(i)= -5 and tind the value of 

3. If «M-v) =a-v- +bx +c show that <i>{p) - 4 >{ ~P) — ^^P- 

4. Given that /^.v) = .v‘+ 3.V” — x - 3 show that three of /"(i), /( — i), 
/(o)./( ~ 3) zero and find the value of the fourth. 

5. It /(x) = px-+qx + r find the value of f(x + h)-f{x). 

6. Whnt powers of x can occur in /(.v) if /(x) =/( — a;), and what powers 
can occur if /{ —.v) = - /(.v)? 

7. It / (-y) — fl.v" +bx + c find the value of/(.v) +/( - .v) and of/(.v) x). 

8. If /"(.v) = ' show that /(x +n) +/(.v - a) = —• 

9. If /(.Y, 3') = 3.V- 4- 5.YV + 2y- + 7x + 9V 4 - 5 , find the values of 

/(■'■. V) +/( - -v, ~y) and of/(.V, y) -/( - a, -y). 
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Gradient 

At an early stage in the Calculus course it is shown that the gradient 
of a curve, which is the gradient of the tangent to the curve, is found 
by taking the limit of the gradient of a short chord. If the curve is 

is the value of ^ at the point concerned 

and the process of differentiating gives 

dy , 

dx 

Using the functional notation, which has just been explained, if 


y — ax^ +bx + c, the gradient 



Fig. 4 


the curve is y=/(x) and if at A and P (Fig. 4) x = x^ and .Vj+A 
respectively, the gradient of the chord AP is 

PN^ f{x,+h ) -fix,) 

AN h 


and the limit of this as A->o gives the gradient at A, which is denoted 

the value of ^ in genera! being denoted by /'(at). 

The function 2ax-\-b may also be called the derived function or 
derivative of ax"^ +bx + c. 


Example I. For the curve y = ‘7X find the gradient where .v= i ; 
also find the coordinates of the point where the gradient is zero and the 
gradient of the line joining this point to the point where x = 2. 
dy 

~ > the value of this when a = r is i. 

= o if jf = J ; at this point y = ^? • 

dx 6 ^ 6 36 12 

Between this point and the point where a* = 2 and >'=14-12=2, the 

A-step is ^ and the y-step is - . 

o 12 

So the gradient of the chord is - §•, 
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Example H. For the curve y=f{x) = 'jx^~()x + -2. find the value of 
fix + h) and show that fix + h) -/{x) = A (14Je - 9) + 7^“. 

Verify that ^ = the coefficient of h m/(* + A)—/(x). 

fix + h) = yix + hf-<)ix-^h)+z 

= 7** - 9x + 2 + 14XA - 9A + 7A® ; 

/(;c + A)-/(^) = ACi+*-9) + 7*^- 

Also by the rule, i4*-9, and so is the coefficient of A in 

fix+ h)-fix). 

Example m. If/(x) = fljir® + 6j;+c show that 

2A 

Interpret this result by completing the sentence " the tangent where 
x — x^ is parallel to . . 

/(at, + A) -/(A'l - A) = a{ (.r 1 + A)^ - (atj - A)^} + b {(jcj + A) - -h)} + c~c 

= ^axyh + zbh. 

This proves the first result. 

At x‘=x^. has the value zax^+h, and 

^ dx ^ zh 

is the gradient of the chord joining the points where x^x^ + h and 

- A. 

the tangent where x=>Xi is parallel to tlris chord. 



fio. 5 
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Applications of Gradient 

Fig. 5 shows the graphs of (i) y-zx- and {W) y = 2-¥2x-x'^. 

For 2x2 grjjj 2-\-2x~x^ the gradient-functions or derivatives are 
4x and 2 - 2x respectively. 

On curve (i) at the point A where = i, the gradient (4.V) is 4. 

Now if T is the point o) the line TA rises 2 units while moving 
\ unit hori2ontally ; thus its gradient is 4 and TA touches the curve 
at A. 

On curve (ii) at B since .v=so the gradient is 2, 

at C since x=i the gradient is o, 
at D since x — ^ the gradient is -4. 

Notice first that the zero gradient at C corresponds to the maximum 
value of y ; the tangent is horizontal. 

A zero gradient and horizontal tangent may, however, indicate a 
mimmum value of y as in curve (i) where the gradient 4.V is zero when 
X is o, that is at the origin. 

Thus, for a quadratic, a zero gradient means that the function 
is maximum or minimum. 

Again, since the gradient is 2 at B, the tangent could be got by 
joining B to the point ( - i, o). 

Examples 20 

X. Copy curve (i), Fig. 5, and find the gradient at A\ ( - i, 2). Draw 
the tangents at A and A' accurately and show both by drawing and 
by calculation that they meet at the point (o, -2). 

2. Show both by the use of the gradient and by the process of com¬ 
pleting the square that the maximum value of 1 +4X-X2 is 5 and 
is obtained by making x equal to 2. 

3. Show that the minimum value of -px is obtained by putting 
X = \p and is - ip*. 

4. Given that F(a:) =4^* - izx + 27, 

4 (x) = g+ I2x-4x2, 

prove that the minimum value of F{x) is equal to the maximum 
value of ^(x) and that the curves >'=/’’{x) and y=<^{x) touch each 
other. 

5. For the curve y = 2 + 2X - x® shown in Fig. 5 find the gradient at 
the point (2, 2). Hence find where the tangent at this point cuts 
the axes. Show that the equation of this line is y + 2x = 6. 

6. Find the minimum value of X2 + 3X + 3 and sketch its graph from 
x~ -3 to .v = o. Find the gradients of the graph at the points 
where it cro.sses y = i and show that the tangents at these points 
are the diagonals of a square. 
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7. The height in feet of a body projected vertically from the ground 
with a velocity of 80 feet per second / sec. after projection js given 
by the formula A = 80/-16^2. Find the greatest height attained 
and the time taken to reach that height. What is the meaning of 
the derived function? 

8. In Fig. 6 show that +PB2 = 2.1" - iojf +30 and find the value 
of X so that AP^ +PB- should have its least value. 



Fig. 6 

9. A piece of string is 36 inches long and is placed so as to enclose 
a rectangle. Show that the area of the rectangle will be a maxi¬ 
mum when it is a square. 

10. A rectangular block of wood has a square section and its girth (the 
distance round the section) plus its length is 6 feet. Find the 
length when the product of girth and length is a maximim. 

Factors of Other Types 

So far the factors considered have as a rule been bifwmials (of tsvo 
terms) whose product, the expression to be factorised, has been a 
trinainiul (of thict terms). 

I'or ijuddi iiiowiafs or expressions of 4 terms, there is more variety 
in the tvpes of factors possible. 

(iroupbr^ 

Example I. + a"h + ah- = a-{a +b) +b-(a +b) = (a~ +b-){a +b). 

Example 11 . bx - ab -i a- - rt.v = b (.v — a) + a(a - x) 

= b{x — a) — a(.v - a) = (i - a)(:r - d). 

'Fhe factors have two terms each. This grouping in pairs should 
alv..lys be tried first, unless the factors are seen at once. 

Example III. x--y-+ a{x - \')~{x+y)(x -y) + a{x—y) 

= ( v+y + fl) (.V - y). 

One factor has three terms, the other two. 
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Difference of squares 

Example IV. - zyz 

= iy'^ - zyz + z^) - 4x~ = (y 
Example V. — b^ — + zbc 

= a- — (b- — zbc + f-) = a^ — 
Each factor has three terms. 

Examples 21. Factorise: 

I. - a^b + ab'^-b^. 

3. bx-ab -a"^ ■¥ ax. 

5. 3a:“ + 6x + 2jy + 

7. a~ -b^ -za-r zb. 

9, x-~xz-y^-yz. 

II. X- -^-zbx ~ c"^ +b‘^. 

13. X* - a* -b* ■¥ za-b^. 

15. y*- i6 + x^-zxy-. 


zf - {zxY={y - z + zx){y - 2 - zx). 
- cy — {a -rb ~ c){a -b -r c). 


2. prx- -psxy - qsy^ + rqxy. 
4. al^ - aim — /n + mn. 

6 . a^ +a-b —a—b. 

8. 4.V- -y"^ + ^ - zy. 

10. x^ -b^ —c^ ■¥ zbc. 

12. O'- -zb(za + c)lb-. 
14. ^{a+bf - (a-by^. 


Sum or Difference of Two Cubes 

The multiplications below show that the sum of two cubes and the 
difference of two cubes can be factorised. 


~ ah +b^ 
a +b 

a'-^ - a^b + ab^ 

a^b - ab- + b^ 
a^ +b^ 


d^-^ab +A" 
a -b 
a^ + a^b + fl/>® 

— a '^b — ah - - b^ 
a^ — 6 ® 


Neither a'^ ~ ab + 6® nor a^ ■i-ab + b^ has factors. 


Examples 22. Using the results 

a® + b® * (a + b) (a* ~ ab + b*) 
and a®-b'* = (a - b) (a^ + ab + b^) 

factorise the following : 

1. (i) x^ +y^ ; (ii) - Sy ; (iii) + zyy^. 

2. (i)8a=* + i; (ii) 1250^^® + 64c® ; (iii) yjry - 

3. (i) .r"+ a« ; (ii)x«-a«; (iii) 4 C^a;^ - 32ry. 

4. (i) (rai + + (a - ^)^ ; (ii) (a + 6)^ - (a - 6 ) 3 . 

Factorise : 

5. 7 ^^ - 34 -yy - Sy* 6. ix^ - iix^-+ $6. 

7. ac^+bd'^+bc- + ad^. 8. ac^+bd^-bc^ - ad^. 

9. x^ + 2bx - c^ +b^. 10. x^ + zbc-c^~b-. 

II. Work out (a + 6)3 and (a -6)® ; hence factorise 

(i) 8 a 3 + iza^b + 6ab^ +6“ ; (ii) Sat® - 36 a; 3 ^ + - ^yy*. 
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12. Express as difference of two squares and factorise 

(i) a* + : (ii) + b*. 

[Solution, (ii) — a^b^ + 6* = ar* + 2a^b^ -i-b* — 30^6® 

= (a-+b^+j2 . ab){ar+b^~j3 . ab)]. 

13. Verify that 

a*+b^ = (a^ +b^ — abjz) {a^ + 6® + ab^z). 

14. Verify that 

(i) + *« = + (b^Y = (a= + b^) {a* - a^b^ +b*) ; 

(ii) = (a=')2 - (b^f ^ {a +b)ia ~b)ia* + aW +b% 

Factorise each of the brackets containing 3 terms as in No. 12. 

Note that though or ■vb'^ = {a ^■b - J{2ab)){a+b ■\-J{zab)} these cannot 
be regarded as factors, because of the J{ab), though if it were only the 
2 under the root sign they could be thought of as factors as in No. 13. 


Simultaneous Quadratics 

Given two equations in x and^, one equation linear and the other 
quadratic, a quadratic equation in one of the letters can be formed 
and the solution completed. 


Example I. Solve 3X-- 2.vy - 3.r+ 4>» - 6 = 0. 

2x-y = 5 . 

From (ii) ^ = 2.v - 5 and substitution in (i) gives 

^ 3.v2 - 2.V (2x - s) - 3.V + 4 (2x - 5) - 6 = o. 
i.e. 3x- - 4.*:“ + lo.v - 3.>; + 8x — 20 — 6 = o, 
i.e. - A'-+ 15.V - 26 =0, 
and so ( -x + 2){.v - 13) =0 ; 
either a* = 2 or .v =13. 

Substitution in (ii) gives the corresponding values of as — i and 


.(i)\ 

(ii)/ 


21; 


• 4 


.V = 2 


or 


.v=i3\ 
y = 2i) 


v= -ij y 

Those solutions can be checked in equation (i). 

Example II. Stjhe .t--f_v’-=74. 

4 v - 3 y + I =0. 

[A'_-a 5 n wc substitute frfun the linear equation into the quadratic.] 
Fintr; (ii) }.v - \y i, .v= 'i {3 v - 1). 

Subbiuutu i!i u; i\. (3v - O'+y- = 74 : 

9_>- -6_>'+1 + i6y^= 1184, 

253---6>-- 1183 =0. 

[There are factors, but they are not easy to guess.] 

By the lorinub -J .,' 6 v^36 + 118300} 


( 


(i)) 


0 
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The table gives ^1183 =34'39. 

It seems worth while to try 344^, which turns out to be 118336. 

:>' = 5 V{ 6 ± 344 ) 


— 50 


3 3 8 
” 60 


— nr — 

— 7 or — 25 


[The factors thus are {y -7) (253'+ 169).] 
If>> = 7, j: = i(2i - i) = 5. 


The solutions are 


¥6® or 

-i- 52 , jc = i( - 20-28 


= -5-32. 

*= 5 '\ 

x = - 5 " 32 A 
- or ? > 

y = 7 } 

3= -6-76./ 


Check. *2^^2 — 25+49 or *2+>*2 = 28*30 + 45-70 from tables, 

= 74 =74-0 


Examples 23. Solve the simultaneous equations : 


I. *2 =>* + 3 

>-=.v + 3 

3. x-=<)y-2 
2* = 3y + I. 

5. *+>' = 0 

3x2++cy = 8>--33. 
7. r3y-4**=ii 

- ixy - 2y^ 22. 


z. •y- 3 v = 7 

*2 - 4>''' + 1= 9- 
4. 2X - 3J = I 

3.V3' + 6 .V - 423' = 84. 
6. X- - 23-2 = 7* - 14 
2*-3; = 7. 

8 . 23 ' - 9 .V = i 

*2 +y- + * + 33’ = 250 . 


Show that the following equations (Nos. 9, 10) have no solutions. 

9. *2 _ 23^2 =7*+14 10. *+3^=20 

2x-y = 7. *3=102. 

XI. A rectangular field is i acre in area and its perimeter is 322 vards ; 
find its length and breadth. 

12. The diagonal of a rectangle is 17 yards and its area is 120 square 
yards ; find the length of its sides. 

13. The sum of the areas of two squares is 1898 sq. feet. The peri¬ 
meters of the squares differ by 56 ft. Find the side of the larger 
one. 

14. The square on the diagonal of a rectangle is greater than twice the 
area of the rectangle by 4 square yards. Show that the sides differ 
by 2 yards, and if the sides and the diagonal are cacii a whole 
number, find them. 


Symmetric Equations 

If x+y and xy are given, all wc know about * and y is that they 
are roots of a certain quadratic, taken in either order. 
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Thus — and Ary'= 12, x and^are the roots of ix® — 72:+ 12 = 0, 

that is X and y are 3 and 4 in either order. 

This may be a convenient idea to use in such questions as those in 
Examples 24, but these can also be done by substituting in the usual 
way. 

[Remember that x- +y^ = (jc +y)^ - 2xy ; (x ~y)- «(jc + y)- - ^y.] 


Examples 24 

1. The product of two numbers is 15 and the sum of their reciprocals 
is 8/15 ; find them. 

2. The sum of uvo numbers is 20 and the sum of their squares 202 ; 
find them. 

3. The sum of the squares of two numbers is 65 and the product of 
the numbers is 28 ; show that the numbers are the roots of 

XT-:i: I ix; + 28 = o. 

4. If the sum of the squares of two numbers is 34 and the sum of their 
reciprocals is 8/15, prove that the sum of the numbers is either 8 or 
- 17/4, and in the latter case find the value of their product, and of 
their difference. 

5. If .v+y= 13 and A:^+>’® = 55g, find xy by using the factors for the 
sum of two cubes. Hence find x and y, 

6. Solve the equations a.*® — ary + V" = • 

x~+xy+y^^'jj ^ 

(i) by proving that yjx « 2 or and completing the solution ; 

(ii) by proving that .xy = 2 and (.v +y)~ = 9 and completing the solution. 

Simultaneous Equations, both Quadratic 

II each of a pair of simultaneous equations is a quadratic, elimina¬ 
tion of one letter will normally give a fourth degree equation. 

1 luis given y- -f 2.v = 13 and + + 3;)c _ c;jy = i, we get 

which contains nv ! is of the fourth degree. 

Such equations c, not readily be solved “ by quadratics 

T here is, however, a special type which can readily be solved. 

Simultaneous quadratics which arc unaltered if the signs of both x 
and y are changed give a quadratic for tlie ratio : x. 

Put ///.V and solve for /n. 

Example I. S.,lvc .v^ + 2.vv=-. iz\ 

vv 2\-- . I j 

Putting =///A, thci,c become 
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Eliminate the numbers on the R.H.s. by multiplying (ii) by 12 and 
subtracting 

;ic- + 2mx^ — \2mx^ + 24m^x‘^ = o. 

We reject x^ = o, which does not give a solution of the original equations 
and get 

I - low + 24»i* = o or (1 - 6w)(i - 4 m) —o. 

= x^ + lx‘^=i 2 , x^ = g, j: = 3or-3; 

>*= 2 or - i. 

= x^+lx~=i 2 . x2 = 8, x = 2^'2or -2^''2; 

y=lj2 or -IJ2. 

There are four answers : 

‘V = 3.1 ^=-3.\ *= 272.1 *=-272.‘l 

y = 2r! y=-l'>} y=ij2\j y=‘-\j2.j 

[It is not necessary to introduce a third letter ; we can solve for x : y.] 

Example n. Solve x^ + 2 xy = 2 . 

V*-xv = 4 .(“) 


Example n. Solve x^ + 2xy = 2 . 

y^-xy = 4 . 

Multiply (i) by 4 and (ii) by 3 and subtract : we get 

4A-- + I ixy — 3_y- = o ; . 

(4* - j) (* + 3 >’) = o 
^ = 4* or ^ = - lx. 

If _y s=4v, equation (i) reads x® + Sat® = 3 

so that 3x= ±73. 


(iii) 


giving 


x = ^, or x=-^^ 

3 3 3 


y= ' 


473 


If^= — Jat, equation (i), on multiplication by 3, reads 

3*® - 2x® =9, so that a:= ±3, 
giving a: = 3,>'= -I, or x=-3.>'=i. 

Thus there are four solutions, but since there are only two values of 
y : X the solutions are reached by solving quadratics. 


It is interesting to note the graphical interpretation of the original 
equations and of the equation (iii) obtained from them. 

The equation (i) is the equation of the curve (hyperbola) marked 
(i) in Fig. 7, while equation (ii) represents the curve (hyperbola) 
marked (ii). 

Equation (iii) represents the pair of straight lines joining the inter¬ 
sections of the groups of (i) and (ii) to the origin. 

Although the identification of the curves represented by equations 
(i) and (ii) is a problem of Co-ordinate Geometry rather than of 
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Algebra, yet it is important to realise the significance of the various 
steps in the solution. 

The equations y = 4.v and x = —-^y are the equations of two straight 
lines on which the intersections of the curves represented by equa- 
tions (i) and (ii) lie. 
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Fig. 7 


Puttm- y = 4,v in equation (i) we obtain the values of .v at the points 
of inter.seetDu ot y=4.v and .v^ + 2.x:v = 3. To obtain the values ofy 
we put ,v - ^ V3 m the equation y = 4.v. It would be harder to 
sul>.tiiuu> in ,v—>,vv = 3. but this would cive the same result. It 
\Nould. however, be nroz/a to substitute in v 2 -.vv = 4 as there are 

4 on tins curve for which .v = -;-y3/3; and'only two of them 

arc al tiu pinin'^ of iiucr'^cction with curve (i). 

Examples 25 . S -Ivc the simultaneous equations : [Surds may be left 

tlic ^ :r) \ J to - J ^ 


in 


•> 


3 

5 

7 ' 


i \ - 
V ’ v* • 
{ 


2 \ \ 




<> 




•» - 




I \'- 

V' I • 

p 

|In 
show that 


1 ‘i. 


2. +y-'=« 25, 

;>.v\--2.v'’= 18. 
4 - •vv = u. 

' " 4 .v- = 36 . 

6. 4-vy*9, 

•v- - y- = 20. 

8. .v"* - y'» =* 124, 


.\o. •• 


.r-y= 4 . 

; P"""’'*'’ d'.at ^■'v, which must he positive, fs - 2 : 
s y -- s 5 - ‘Old give the ans‘.\ cr in decimals.! 
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9. Show that if 5 = ax^ + zhxy -^by^, then 

aS = (ax + hy)- + (ab - h^)y^, 
and that the coefficient of y^ may be written a h 

\ h b . 

10. If 5 | s 7;c® + I2x;y+ 5jy2 and Sg s 3Ar* - 14.x:;)-+ 17^2 exhibit ySj and 
35 j as either the sum or difference of squares. 

Zi. Show that the result of eliminating z between the equations 

3 x 2 + 2^= 

3x* - 14;*^' + 3>’2 * - 20C®, 

can be written in the form (39A' — 2 \yY +ky^ = o where A » 39 21 

21 29 . 

Hence deduce that there are no values of x'.y:z satisfying the 
given equations. 

Z2. Show’ that the simultaneous equations 

0x2 + 2hxy + by- = 1, 

only have real solutions if r^h^^(ar^ - i)(br‘^ - i). 

Surds 

Surds, of which J2 and are the simplest examples, have been 
used in solving many of the previous quadratic equations. I'hey are 
found to be a necessary extension of the numbers discussed in 
algebra, and arc needed to express lengths such as those in I- ig. 8. 


1 


(i) 

Fig. 8 

Approximations to Jz can be found by showing that 

i-42<2, I'52>2 ; i-4i2<2, i- 422>2; and so on. 

This only involves the simple, though laborious, process of working 
out various squares, and w'e get 1*41 

Any who may have learnt the rule for square root can find approxi¬ 
mations to 5 or 6 places of decimals without much trouble and, for 
instance, show tliat 1*41421 <j2<.i-^i^22. 
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It can be proved that Jz is not a rational number, i.e. is not the 
ratio of two integers. (The proof dates back to Pythagoras.) 


a 


Suppose that Jz = ^ where a, b are integers without a common 

factor ; this is not a limitation, for any common factor could be 

divided out.(H) 

Then a- — zb~. 

Hence a-, being divisible by 2, must be even and so a is even. 
(The square of an odd number is odd.) 

Since a is even, let a = zc \ 

2b- = ^c^ and so b^ = zc-. 
b- is even, and hence b is even. 

Thus a and b have a common factor 2, contrary to hypothesis (H). 


it is not possible for ^'2 to be of the form 


a 


Jz is not rational and is said to be irrational. 

It is to be understood that :— 

(i) Jz, and any other surd like it, obeys all the ordinary laws of 

algebra. 

(ii) (../2)^ = 2. 

(iii) Jz . J'^ —J(^, since the square of each side is 6. 

Similarly for other surds. 

1 hus for ■^•'2, which is read as “ the cube root of 2 we have 
(\^'2)=* = 2 and -^2 . ^6 ; and again 

Rationalising the Denominator 

In finding decimal approximations to fractions containing surds, 
it is usually a(.l\antageous to make the denominator rational so as to 
avoid ili\ iMicjn by a decimal, as in the following : 


(i) 1 = 


5s - 


5 ‘-414 

, -3‘.*)3a 


(ii) 


3 

2 — 1 


3 


2 - 1 


s 2 - I 3 {^ 2-^ i) 

.2-f-i=-2-, ^7--'’.42. 


Ifi (ii) the fraction is multiplied above and below by Jz + i which 
IS called the coniplcmentory {or conjugate) surd of s 2 - 1. It is con¬ 
venient to give the name “ surds ”\o such expressions as ^/2 + i. 

hen a quadratic equation with rational coeflicicnts has roots which 
involve surds, the two roots are complemeittarv surds. 
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3^^^- 4 

3-^2 


(3^'2 - 4)(3 + s^2)_(9-4)^' 2-6- 12 

(3-v2)U + ^/2) 9-2 

7 7 


Examples 26 

1. Express in the form ^/N: (i) 3v^2, (ii) (iii) 2^/15. (iv) 5^.''2 . Jy. 

2. Express with the smallest possible number under the ^ sign : 
(i) J2j, (ii) V162, (iii) ^784, (iv) ^ 432- 

3. Find the value, correct to 2 decimal places, of: 


(i) 


8 


(ii) 


s/5’ ' U-76’ 


(iii) 


s' 3+2 . 


(iv) 


2v^5 +s'3 

3s/5 - 2^3 


v 7 +s /2 


(Vi) 


2s/3 +3s/2 

4. Prove that (i) ; (ii) (n''^)(C^^) = s ("^’)* 

5. Give the proof that ,^3 is not rational. 

6. Prove that (^a)(^6) = and express (^’ 2 )( 4 ' 3 ) the twelfth 

root of an integer. 

7. Show that the ratios of the roots of .v^ - 3.V + 1 *0 are the roots ol 
;c 2 _- 7 x+i=o, and that the ratios of the roots of 25.V-- 2o.v + 1 =0 
arc the roots of - 14.V + i * o. 

8 . Show that if ^ 0 +^$ 's multiplied by ^'' 3 ^> " s 3 ® + s'25 •’vsiili 
is rational, and state by what expression +^b must be multiplied 
to give a rational result. 


Forward reference 

At this stage some teachers and students may like to discuss 
equations containing surds such as Jzx i-1 ; two worked soluiioi^s 
and equations to be solved will be found in E.xainplcs 27, Nos. Oo- 
72. 

Miscellaneous Examples 27 

1. Solve the following equations, by factors : 

(i) i5x^ + 25*= 140 ; (ii) x + a = x(jc + «) ; 

(iii) 3a-x* - loac.v + 7c* = 0 ; (iv) x- - 6 px +9/)^ -7-. 

2. Solve the following equations. Surds may be left in the answers. 

(i) x2 - 5x-7=o ; (ii) + yx + 2 =0 ; 

(iii) 5 x 2 - i6x+ 10 = 0 ; (iv) Si.v^ - 234 .V+ 169 = 0 ; 

(v) 9 rt^x 2 + 36ax = I ; (vi) i36a'*x- - i03«i»x - 146'^ =-o. 

3. Form the quadratic equations whose roots are 

(i) 2±s/3 ; (“) i(-5±*y*3)- 
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4. Solve the equation 4X* +4X — 15 = — <2(43:* - 9) if 

{i)a=i; (ii)a = 2; (ui)a = 3. 

Why is one solution the same for all three cases? 

5. Simplify (4^2+ 4jc - i5)-r (4X* —9) and prove that the result is 
greater than i if x is positive and also if — i^<x<o. 

6. Solve the general quadratic ax^+bx-\-c = o by (i) multiplying by 
40, (ii) shifting ^ac to the r.h.s. and adding to each side. 

[This is the Hindu method : the usual one is that of Omar 
Khayam, the Arabian astronomer-poet.] 

7. Solve the equations : (i) 3 (a; + i) = 8 - i (x - i), 

(ii) i (2x2 - i) - ^ (3x + i) = g/io. 

8. A bill of 5s. 6d. is paid in half-crowns and shillings, there being 
8 more shillings than half-crowns : how many are there of each? 

9. Factorise: (i)x2-5x + 4; (ii) x^ + 5x2+4 ; (iii) x^ + 3x2+4. 

10. Draw the graph of 3’ =x2 — 3.x — 5 and hence solve approximately the 
equation x^ - 3X - 5 = o ; solve this equation also by the formula, 
n. Solve the equations ; (i) x+3'«=3, (ii) x + 23' = 2, 

X- +3-2 = 17 ; 4x2 ^ 

12. A man buys 60 tons of coal and 71 tons of coke for £70$ 12s. For 
/90 he gets 13 more tons of coke than coal. Find the price of each 
per ton. 

13. (i) Form the equation whose roots are 4 and -5. 

(ii) Solve the equations obtained from that in (i) 

{a) by changing the sign of the term in .x, 

(/') by changing the sign of the absolute term. 

14. Tlie perimeter of a rectangular field is 4,400 vds. and its area is 
240 acres, hind its length and breadth. [Work in chains.] 

15. W rite 3 + 6 .V - in the form a ~(b - x)2. 

l or what \ aluc of x is it greatest and what is this greatest value? 

.Answer the corresponding questions for 3 +6x-i-.x2. 

16. A hotly vseit'hs 16-2 gmms in air and 13-6 grams when immersed in 
\\ater. hint! its volume and specific gravity. 

J7. A iiiimljcr tji two digits is equal to 7 times the sum of the digits; 
the diticrencf between the squares ot tile digits is equal to 4/7 of the 
nunilier. \\ luu is the number? 

[ 1 ake lo.v-r-V as the number.] 

18. l iiid .V to the nearest liundredth from 


19 


*7 14 

(ii) 2 x 2 -^ 5.V- II *--o. 

A man ^oes a journey at an average speed of 24 m.p.h. If he had 
iiu reasetl his average s[Ued by 0 ni.p.h. he would have taken 2 hours 
less ; how far did lie go? 
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20. (i) Form the equation whose roots are -5^, 3 ; also that whose 

roots are 2 ±v^3. 

(ii) Find .r : ^ if 2x^ — "jxy + 6 y^ = o. 

21. Factorise (i) yxy — \ab — yay + ^x ; (ii) 40^ - + 9M. 


22. Solve the equation 1 

X a 


a b b c 


h c 


c a: 1 ax 


23. A and B sell too sheep. If A sold his per head for twice as many 
shillings as B sold sheep and vice versa they would have between 
them received 5^480. How many sheep did each sell? 

24. If I is added to the denominator of a fraction it is diminished by 

If I is added to the numerator of the same fraction it becomes 
unity. Find the fraction. 

25. Prove the identity (tii^ + 

[Taking any integers for m and n, this identity gives a rule for 
integral Pythagorean triangles; e.g. tn = 2, ri=i gives 3, 4, 5 for 
all sides.] 

26. Prove that ^ + 2 and + 2 arc such that the sum of their squares is 

o a 

an exact square, and that the same is true of a(<i + 2b) and 2b(b + a). 

['I'aking any integers for a and b this gives a rule for rational 
Pythagorean triangles. R. S. W illiamson, Malhematicut Gazette^ 
Dec. 1953.] 

27. If X and y are sides of a triangle and they contain a right angle and 
if (x - 4)(^ - 4) = 8, prove that there arc as many square units in 
the area as units in the perimeter of the triangle. 

If X and y arc integers, show that there are two solutions and 
find them. 

[Ibid.] 

28. If work out s(s-fl) and (f- 5 )(f-c) and show that if 

=.b^ + the results arc equal, and that if a, b, c are also the sides 
of a triangle, each is the area of the triangle. 

['The area of a triangle is always the square root of the product 
of these expressions.] 

29. Draw tw’o lines at right angles, ABCD and AEFG, such that 
AB = AE — a, BC =EF = b, CD ^FG = c ; complete the square hav¬ 
ing these lines as adjacent sides and draw lines parallel to the sides 
through B, C,E,F. Use this diagram to evolve the expanded form 
of (a +6 +t)*. 

30. If fl+6+r and Q = a+b —c write out the expanded forms of 
P* and of Q'^ and find the %'alue of P- - Q'^. Identify tliis with the 
product oi P + Q and P - Q, If a+b = iPc, w hat is the square root 
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31. The sum of the digits of a number less than 100 is 17, and the square 
of the ten’s digit is less than the square of the unit’s digit by 17 also. 
What is the number? 

32. The difference between the squares of the two digits of a number is 
equal to their sum, which is itself one-fifth of the number. Find 
it. 

33. Two men row a time race over a course of 1’ miles and one wins 
by 10 seconds, his average speed being to that of the other as 45 : 44. 
Find the average speed of each in yards per second. 

34. Find four consecutive numbers such that the product of the first 
and last is less by 19 than the number which has the two middle 
ones for its digits. 

35. One side of a rectangle is 9 inches shorter than the diagonal and 
9 inches longer than the other side. Find the area of the rectangle. 

36. In Fig. 9, the curve labelled (i) is the graph oiy = ax^ ; what is tlte 
value of a} 



37. In Fig. 9, tlu* cut^'e labelled (ii) is the graph of ^’= <7 (.y+ 3 )^ + e; 
what are tlie \ aliKS of a, h, c? 

38. In Fig. 9 show that the equation 4V + S = 0 should be satisfied where 
the curves meet (so that the apparent result .y = -2 is exact, not 
approximate). 

39. (i) Draw ou the same diagram from .y= - ^ to .v= q the graphs of 

v=.v- andy=2.v-, taking i" as unit for .v and I” as unit for y. 

(ii) In the diagram of (i) insert the graph of y = 2.v- + .v + i. 

W'h.it is the axis of symmetry of the new curve? What is the 
position of its vertex? 

Check the results by writing 2.v=+a;+ 1 in the form 2(.v + a)-+6. 
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40. Find the values of a, b, c in order that the graph of y — ax--\-bx+c 
might pass through the points ( - i, 10), {o, 5), (1, 6); also find the 
position of its vertex. 

41. Find the vertex of the curve >’ = 

Show that for var)'ing a, all the cunes touch the same line at 
the origin, and that their vertices lie on the line>’ = :] . x. 

Solve the equations (Nos. 42 to 50): 


42. 

3* = 43’ + 80, 

43 - 

X->>= I, 


44. 

3 ’ = X + 2 , 


xy = s6y. 


xy = 56. 



X 3' 40 

45 - 

x^ —y^= ib, 

46. 

^--y= 9 . 


47 - 

XV = 1 0, 


2x~2y=i. 


2X2 _ 3 ^^, 4. 

23-2 = 

= 22. 

y- - <)X' = 11 

48. 

jc.+y = 73 , 

49. 

X2 + = 

73. 




^"“^ = 55 - 

I 

1x2 _ 623’2 = 

146. 



50 - 

■v“+>'2 = 73 . 







(X +yY - + 

>’) + S5 

= 0. 




51 - 

If a and /S arc the roots 

of x- + 2X - 

5 = 0 

, form 

the equations 


roots are (i) a® + 

(ii) 

1 I a p 

- > 0 > (hi) 0 > • 

a p P ^ 



52 - 

Find the value 

of c in 

order that 

the 

equation (3X+c)2 — 

may have equal 

roots. 






53. Repeat Example 52 with the equation .v-+ (w.r + r)-= rt-. 

54. If one root ol x-+ px+q — o is five times the other root, prove that 

55. If the roots of .v^j = o are a and /S, prove that 

(i) (a2 + ^)+/i(a+j 3 ) + 2^ = 0. 

(ii) {«=» + ^•’) + p (a* + ^) + 9 (a + /?) « o, 

(iii) «"+/?'»= -p(«"->+jS«-i)-g(a’‘-2+/S"-2). 

56. Show that the square of Jx + Jy will be a + zjb if 

x-¥y = a and xy=b. 

Hence find the square roots of 8 + 2v^i5 and 8 + 2.,,/7. 

57. Find the square roots of (i) 11 + 2J2S, (ii) 15 - 2.,, 54, (iii) 10 - s/84. 

58. If = l(s/5 - i) prove that i -2x- = i(s''S + 0 - 

59. I f AT = 3 - prove that x^ + ^^ — 24. 

[In solving equations containing surds it is necessary to remove the surd 
by squaring, an operation which may produce other solutions ; conse¬ 
quently it is essential to test by substitution which of the solutions satisfy 
the original equation. It is understood that the sign means the positive 
square root.] 
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Solve equations 60-71. (See note at end of p. 49.) 

60. (i) ;c = \/5x- 6 ; (ii) V2A: + 6-*y4c + 4«i. 

[(i) Solution. Squaring both sides gives ^x — 6 . 
a,"-5a;+6 = o; (*-3)(a;-2) = 0. 

:v = 3 or j: = 2. 

If AT = 3, L.n.s. = 3, R.H.s. = ^^15 - 6 = s/9 = 3; x = 2 satisfies. 

If a: = 2, L.H.s. =2, R.H.s. = s/ io — 6 =‘J^ = 2 ; /. x = 2 satisfies. 

either a: = 3 or x = 2. 

(ii) Solution, s/zx + 6 = 1+ -Jx + 4 ; by squaring both sides 

2.v + 6=i +2'/A: + 4+Ar + 4. 

.*. A + I = 2 s A’ + 4 which when squared gives 

+ 2Ar + I = 4 (.X + 4). 

[s^I^ + s/FT 4 = 1 would also have yielded this equation.] 

X- - 2x - 15 = 0, giving A = 5 or AT* -3. 

If •■'='= 5 » =^/l6 - s/q = 4 - 3 = I = R.H.S. x = 5 satisfies. 



II 

- 3, L.H.S. = 

= Jo - 

V 

I = — I 

; R.H.S. = I. x= -3 

does 


not 

satisfy. 









^ = S 

is 

the sol 

ution.] 


61. 

Jx- - - 

S A / - 

■■-7 ~x. 



62. 

2 X -‘J 2 X - 1 = X + 2 . 


63- 

S 3A- r 10 

- n/ 2 .V - I = 

2. 


64. 

S/5.V - I 4 - Jyx - 6 s= sizox 

-25. 

6s- 

V 3 -V+ I - 

-v'2.V = 9. 



66. 

v/ 2 .V -s/x 4-1 = 1. 


67. 

■v'ax - I + V 3A' + I = 7 

• 


68. 

n'^3.v 4 -1 - ‘Jzx -1=7. 


69. 

V 4V + 4 - 

-n/.V + 1 = 3. 



70. 

n/S-V 4 - 9 - s/3.V 4 - I = v' 2 .V - 

12. 

7 '- 

2 {a - 

2.v)-5s'(rf- 

X)(h- 

1 

- ,v 

). 



72. 

Show th 

at the equation 

v/.; 

+ 9 = •/5.V 4-1—2 has only one 

root, 


which is 

the same as 

that of • 

v' .V 4 - 9 i 

= s'X -34-2. 



Also show that the equation v 5.V + i - 2 = v'^.v - 3 + 2 has a dif¬ 
ferent root. 


Reciprocal Equations 

I^I.i-iiiations such as Nos. 73 to 76 below, which are unaltered if x is 

n pl.ieed by ^ arc called reciprocal equations. Try to solve for x + ^ J . 

StiK e the equations ; 

73. A * - A^ - 4V- - .V + t = o. 

j^SoIution. Divide by .v“ and arrange as .v- + - 4 = o. 



FACTORS AND QUADRATICS 


If x + - =y, this is ~ 2 -y - 4 = 0 or ~y -6 = 0, 


giving >> = 3 or - 2 ; 

, I 

X IS given by ar + - = 3 or — 2, 
i.e. - 3X+I =0 or jc* + 2a- + i =* o. 

The answers are Jc = ^( 3 ±V 5 ) or - 1 repeated.J 

74. + 4A-® + + 4x + I = o. 

75. 4x^-8x® + 3x“-8x + 4 = o. 

76. X* - 2 X^ + 4^2 - 3 X + I = o. 

77. By putting x-\=y solve the equation 

X* — 2jf® - 5^;* + 2JC + I = o. 

Symmetrical Equations 

78. By putting x+y=p and xy=q show that the equations 

A:2+y*“4(A:+y) + 9, x* - sxy+y2 = .v+y, 
give/) =7. 5 = 6 or/>= -9/5, 5=18/25. 

Hence find x andy. 

79. Solve, as in No. 72, | 

x 2 -Ay+y 2 =x 9 , Ay- 3 *=x+y. 

80. Solve (x+y)* + x 2 y-= 37 ; x+y = A,y + 5. 

81. Find X, y, z given 

bcx = cay^abz and ayz+bzxcxy i. 

State the condition a, b, c must satisfy for your solutions to exist. 

82. Given pq^o find x, y, z if x{y+z)^y{z+x)=p and z(x ■t-y)=q. 

Some examination examples : 

83. Show that for all (real) values of k, the equation 

4x* - 4 (/t + 3 )x + 5 A + 8 = o 

has (real) roots. (L.) 

84. Find the values of a for which the expression (2a + 3)x* - 6.v + 4 - a 

is a perfect square. (L.) 




is a perfect square. 

85. If each of the equations 

X®+ (2a-A)x+<2i = o and x*+ (4^1-6)x += 0 
has equal roots, express k in terms of a. 

86. Determine the values of k for which the expression 

k (x* + 2x) - 4X + 3^ 

is greater than 2 for all (real) values of x. 


(L.) 


(L.) 
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87. If a, are the roots of the equation ax- +bx + c = o construct the 

quadratic equation whose roots are zee , 2^ + - ; and prove that 

when c is equal to —a this quadratic is the same as the original 
quadratic. (N.) 

88. If the sum of the squares of the roots of x- -^bx +c = o is and the 
sum of the reciprocals of the root is i/^, prove that b- + zbq -p‘^=o. 

(L.) 

89. If the equations x- +px + r = o and x® + rx +p =* o, where p^r, have 
a common root and the other root of the first equation is k times the 

other root of the second, prove that p = — ^ . ( 3 -..) 

01 u • (i -x)® (1 -a )2 

go. solve the equation --^ = --* 

^ 2 - X- 2 - <2- 

Prove that if x has a value not equal to a, then a cannot be equal 
to I or 2, (N.) 

91. If a, /? are the roots of the equation x^—px+q = o prove, without 

solving the equation, that ~ ^ 

Obtain the equation whose roots are <* + 3, ^ + 3 - (L-) 

92. If at, /9 arc the roots of the equation ax- +bx +c — o, find the condi¬ 
tion that a® = I, 

93. Prove that the expression 3X* + 8x + 6 is always positive and that its 
least value is j. 

2 2 

94. Find the equation whose roots arc a — , 5 — , where a, /3 are the 

P a 

roots of X- - 4.V + 8 = o, (N.) 

95. Show that there are two values of k for which the equation 


a k b 
— - f +-=0 

X + C X x-c 

has equal roots in x, that the product of these values of k is -6)* 
and that the product of the two corresponding values of x is c®. 

(O. & C.) 

96. Pro\e that the roots of the equation {x — a){x—b)—o are real 
and different. 

Show also that the squares of the roots of this equation are the 
roots of the equation - <2- - h-) {y -b^ - h-) = (u + b)-, (L.) 


CHAPTER III 


VARIATION. GRAPHS. 
NUMERICAL EQUATIONS 


Relations between Two Variables (Variation) 

To say that is a function of x ” means that x and v are both 
variables, and that the value of y is determined by the value of x. 

Some phrases used for special types of relation will now be given. 

(i) If_>; = <7.v where <2 is a constant, two phrases are in common use 
to describe the relation : y varies as x * and y is proportional to x. 

The symbolic notation yocx is also often used. 

For instance, if a series of sticks are placed upright, then the lengths 
of their shadows cast by the sun at the same moment will be propor¬ 
tional to the lengths of the sticks. 

Again y varies as x- or yozx^ implies that y=kx^ where k is a 
constant ; here y is proportional to the square of x. 

As examples : 

the circumference of a circle varies as its diameter (C = 7r<f), 
the area of a circle varies as the square of its diameter (A = Xrrd-). 

(ii) If y=ax-\^b where a and b are constants, we say there is a 
linear relation between a: and^ since the graph showing the relation¬ 
ship is a straight line. 

In this case, if two values of x are taken, the change in the value of 
y is proportional to the change in the value of x. 

For if Xi, yi and X2, y^ are pairs of values, 

yi=axi+b'\ , 

A relationship of this kind exists between corresponding Fahrenheit 
and Centigrade temperatures: F=^C + ^2. 

(iii) If y = -, y is said to vary inversely as a:, or to vary as - . 

Sometimes the phrase _y varies directly as A' is used forjy varies as x 
in order to make a more vivid contrast with the case of inverse 
variation. Thus, for a journey, the time taken varies directly as the 

• This is the shorter phrase, but it is liable to be confused with y varies as x 
varies which is true if > is any function of x. 
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distance for a given average speed, but varies inversely as the 
average speed for a given distance. 

(iv) If more than one independent variable is concerned, similar 
phrases are used : 

If y = axz, y varies as x and also varies as xr, or y may be said to 
vary jointly as x and s. 

\i y = , y is said to vary directly as x and inversely as the square 

of z. 

In Fig. lo, which is a rectangle of fixed length / and with variable 
width has ing semicircles described on its ends as diameters, 


I 



the |•'e^imete^ (/)) = 2/ — 277 r, 

i.e. f) is llie sum of a constant and a term which varies as r\ 
the area (.1) -ilr • tt; -, 

i.e. A is the sum of two terms, one of which varies as r and the 
other varies a.s r-. 


Ajfylica/ions 

The plirases just introduced are especially useful in mensuration 
and in pli\sics. 

It ni.iy he kiU)Wti from general considerations that one quantity 
inu-’i \arv as another, or as its S(.}uare, directly or inversely. 

1 he r».l.iti«)n betweeti them can then be written down in a form 
iiu'iliving an unkn<.»wn constant, and this constant determined by 
e\p..nini.r.t. 

1 T example, the weight (re gnt.) of a square of cardboard cut from 
a unitonn sheet will vary as the square of the side (.v cm.) of the 
siju.ire ; so tljat where k is a constant. 

.Now if a square of side 2 cm. is found to weigh 9 gm., it follows 
that C) r.k . 2- or /c-g 4, so that ce^g.v-,^. This will be the general 
i< l.iiion Iietwcen the weight and the side of any square cut from this 
sheet of cardboard. 
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When two constants are involved, as in the linear relation y = ax + b, 
two pairs of corresponding values must be known before a and b can 
be determined (two points fix a line). 

In examples, if we are given not only the general law but also a 
sufficient number of special results, we can 

(i) translate the general law into algebraic form, 

(ii) use the special results to determine the constants. 


Example I. The surface of a sphere is known to vary as the square of 
the diameter. 

Being given that a sphere of diameter 5 inches has a surface 78-54 
sq. inches find the general formula and calculate the surface of a sphere of 
diameter 9 inches. 

Solution. Surface varies as diameter squared or Socd“ ; 

.‘. S = kd’ where A is a constant. 

Substituting the given values, 78-54 = A . 25 ; 

* = 78-54-^25 
= 78-54 X4-M00 
= 3 * 14 * 6 . 


.*. the general formula is 5 = 3-1416^*. 

If J = 9, 5 = 3-1416 X 81 =254-47. 

Nole. If the general formula were not required the second answer 
could be found from 5 = A . 9® and . 52 which lead to 


S _ A . 92 8t 
78-54“*.52“^’ 

00 81 

i.c. S = 78-54 X — = 254-47. 

Example II. The number n of vibrations per second of a stretched 
string varies as the square root of its tension Tand inversely as its length /, 
Give a formula for this. 

For a special string the number of vibrations is 181. What is the rate 
of vibration if the length is halved and the tension reduced by one-third? 

Solution. The formula is n=aJTll where 181 =aJTIt for tlic given 
string. 


If X is the required number, 



Hence by division 


181“ r 


X— 181 X 2 X 

■ft 295 *6 approx. 


c 


T.A.A. 
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Examples aS 

I. Write down formulae (containing undetermined constants) corre¬ 
sponding to the following statements : 

(i) The volume ( K) of a sphere varies as the cube of its diameter 

(D): 

(ii) The attraction {A) between two bodies varies as the product 
of their masses {M, M’) and inversely as the square of the distance 
(Z)) between them. 

(iii) The light (L) received on a given area is proportional to the 
area (/i) and inversely proportional to the square of the distance 
(Z)) from the source of the light. 

(iv) The resistance (/?) to the motion of a train is the sum of a 
constant and a term proportional to the square of its velocity (V). 

(v) The electrical resistance (Z?) of a wire of given material varies 
directly as its length (/) and inversely as the square of its diameter 
(^)- 


2 . 






(vi) The surface (S’) of a cylinder varies as the product of the 
radius (r) of the base and the sum of this radius and the height (h). 
Determine the constants in the fonnulae given as answers to parts 
(*)» (•'’). (vi) of No. 1 being the following : 

for (i) that the volume of a sphere of radius 3 inches is 113*1 cubic 
inches, 

for (iv) that the resistance at 20 miles per hour is 1,300 lb., while 
the resistance at 60 miles per hour is 2,100 lb., 

for (vi) that the surface of a cylinder whose height is 3 inches and 
the radius of whose base is 4 inches is 175*9 square inches. 

If voi.t- and v is 6 when x is 1*2 find the formula connecting jy 


with .V and use it to find the value of y when .v is 3*6. Find the 
last result also directlv from tlie general statement without using 
the va! ue ol the constant in the formula. 

It V varies inversely as .v^ and when .vs=2, for what values of x 

is V less than unitv? 

• ^ 

It z varies jointly as x and y what is the effect on xr of (i) doubling 
.V and halving (ii) doubling v and halving .v? [The data mean 


yor.x.,, v.j 


State the types of variation by which the folloxx ing relations may be 


expressed : 

(i) the relation between the volume of a cone and the height (the 
radius of the base being given), 

(ii) the relation between the volunte of a cone and the radius of 

Its base (the height being given), 

(iii) the relation benveen the time taken on a journey and the 

average speed. 
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7 » Are the following values consistent with the “ law of the inverse 
square , i.e. with the statement that jj' varies inversely as 



If not, alter one or more of the values of y so that they may be 
consistent with that law. 

8 . What law of variation is suggested by the table below? 



State the law with y as the subject of the sentence, and also with 
X as the subject of the sentence, 
rind ar if ^ is 22. 

9. The electrical resistance of a wire of given material varies directly 
as its length and inversely as the square of its radius. 

Find (i) the length of wire of radius 0-25 mm. having the same 
resistance as 100 metres of wire of the same material and of radius 


0*5 mm. 

(ii) the radius of a wire having the same length and twice the 
resistance of wire of the same material of radius 0-2 mm. 

10. A number of circular discs of different diameters are cut from a 
thin sheet of metal of uniform thickness. What kind of relation 
exists between the weights {w oz.) and the diameters {d in.)? 

If the disc of diameter 2 inches weighs 12 oz., find 


(а) the weight of a disc of diameter (i) 3 in., (ii) 3-5 in. ; 

(б) the diameter of a disc weighing (i) 75 oz., (ii) 119 07 oz. 
II. Coils of copper wire each 100 metres long and of circular section 

have different diameters. The weight of the coil of wire with 
diameter 2 mm. is 2*83 kg. 

(а) What would be the weight of the coil of wire having diameter 

(i) 3 mm.? (ii) 1 mm.? (Give answer to 2 decimal places.) 

(б) What would be the diameter of the wire in a coil weighing 

5'66 kg.? 


12. A piece of elastic is suspended vertically from one end and various 


weights are attached to the other end, extending the elastic. The 
length (/ cm.) and the weight (to gm.) are connected by a relation 
of the form l=a+btu, where a and b arc constants. \Vhen 7t’ = 3, 
/= 13-2, and when to^g, /= 15-6. Find a and b and the value of to 


which will make 1 = i6‘8. 
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13. The weight of water a cubical tank will hold varies as the cube of 
its length, while the weight of zinc required to line the tank varies 
as the square of its length. State the relation between the weight 
of water (IV lb.) and the weight of the zinc (Z lb.). 

14. The value of a diamond varies as the square of its weight. What 
percentage of its value is lost if a diamond of weight (6+r) units is 
cut into two parts of weight b and c units respectively? 

15. The force of attraction (F) which the sun exerts on one of its planets 
varies directly as the mass (w) of the planet and inversely as the 
square of the planet’s distance (d) from the sun. 

Alternatively the force (/•’) varies directly as the distance (d) and 
in\crscly as the square of the time (<) which the satellite takes to 
go round the sun. Show that mccd'jt-. 

16. A number of circular cylinders of differing radius (r cm.) and 
differing length (/ cm.) are made of the same metal. If the weight 
of a cylinder is 7 V gm., what kind of relation exists between zv, r, 
and /? 

One of the cylinders has radius 1-5 cm., length 4 cm., and 
weight 81 gm. Find : 

(i) the weight of a cylinder of radius i cm. and length 6 cm. ; 

(ii) the length of a cylinder of radius 2 cm. and weight ro8 gm.; 

(iii) the radius of a cylinder of length 5 cm. and weight ii5’2 gm. 

Laws from Experimental Data 

In an experiment designed to discover the relation (if any) between 
two variables .v and y, the following readings were obtained : 


' 1 

A" Q ' 

1 

11 ^ 14 17' 19 

! ! 

1 

24 

i 28 : 

1 

31 

^ ' i 

|v; 23 . 

-9 3 ^^' 1 43 1 48 1 

5 ^ , 

63 

71 

79 


The points plotted in Fig. ii suggest that a linear relation exists 
between the variables .v and y since a line can be drawn such that, 
while it does not pass through all the points, yet making allowance 
lor e xperimental errors, it can be said to fit the readings. 

In this case, the line passes through the origin, so y = kx for some 
value ol k. Using the point P on the line (P given by .v = 19, v =48), 
4S —A’. 19 and so A=4S 19 = 2*53 approx. Therefore the relation 
between the variables is appro.ximately y = 2-53x. 

In I-ig, T2 showing points fixed by pairs of values of JV and .v, 
the line which the points suggest does not pass through the origin. 
Here, the increase in x is proportional to the increase in IF, and so 





VARIATION. GRAPHS. NUMERICAL EQUATIONS 59 

using the point L (o, 1-2), x— 1*2 = A . W where k is some constant 
number. 






Now using the point M (15, 3-4) 

3*4- i-2 = /e. 15, whence /< = 2-2/15 =0*15 approx. 

T hcTcforc the relation between the variables is x - 1-2 - o- 15 

Sometimes a straight line graph will be given by plotting lunctions 
of the variables against each oilier, as in the following instances : 

Law xy = k, then = and a straight line will be given by 

f • -I 

plotting jy- against - . 

2C 


6o 
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Law = then = and a straight line will be given by 


* Law 


* I^aw 


plotting y against — 


y = kx”, then logjy —loglog a: and a straight line will 
be given by plotting Iogj>' against log x. Denoting 
log y by Y and log x by X the relation becomes 
y = «A’-r a constant number, i.e. the relation is 
linear in X and Y. 

y = /ca*, then log y = log A 4 * .v log and a straight line will be 
given by plotting Iogj>' against x. 


Examples 29 

1. State how straight-Hne graphs may be obtained from sets of figures 
obes ing the following laws : 

(i) T=- 4 J/; (ii) i2r; (ni) m^ = 2 y; 

= (V) >■ = S - : (vi)y= = x=. 

[Solution (i). Plot T against Jl. 

Alternatively, since log 7 "= log (-4) + | log/, plot log 7 against 
l(.g /.] 

2. State the law independent of logarithms in each of the following 
cases : 


■* Tt 
al tlus 


{') logy--30i --2log.v; (ii) logy=2-logx; 

(u!) logy=.v; (iv) 3 log y == 2 log .r ; 

y - 1 - .V log 2 : (vi) 2 log y = 4 - 3 log .r. 

3. I-or tliL- lehitifMi .vv =■ 40 make a table of values of x and y for x = 2, 
4, 5, 8, 10 aful plot V apainst .v. 

Now make a table ol values of - and y ; taking 5 small squares 

.X 

to represent -i unit along the ^^^-axis and 5 units along they-axis, 
plot y aiiainst \ to give points in a straight line. 

•V 

Also make a table of values of log .v and logy for the same values 
ol A ; taking 5 small squares to represent -i along each of the axes, 
pl<n loL't .luainst log .v to give points in a straight line. 

lic.c assutiu-J thAt the reader is familiar with Uic use of logarithmic 
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4. The variables x and^’ have the pairs of values given in the followine 
table: ® 


X = 

• 

I 

2 

1 

3 

4 

5 

! 6 

f 

3.= j 

32 , 

16 

, 8 

4 

2 

1 

1 


First plot V and a: ; next plot log v against .v and obtain a straight 
line graph. What relation exists between a: and 3’? 

5. The \ariablcs t and i have the pairs of values given in the following 
table : 


t = 

1 

! ^ 

[ 3 

4 

^ 5 

6 

S « 

2 

i 7 1 

.5| 

, 

i 

45 1 

65 


Plot r against f- to give an approximate straight-line graph, and find 
a law which the pairs of numbers obey approximately. 

6, A metre rule was suspended symmetrically by two vertical threads 
of the same length from two points at the same level. The rod 
was then twisted through a small angle and released so as to per¬ 
form small oscillations about the vertical through its mid-point. 
The distance apart (</ cm.) of the points of attachment and the 

time of oscillation {T sec.) were recorded to give the following 
table : 


d cm. 

07 ' 

1 80 ' 

1 

70 i 60 

50 

40 

— 

30 

20 

10 

1 

T sec. 

•8if) , 

1 

000 1 

'■^24 j 1-334 1 

1 

I-600 \ 

f 

1 

2-02 1 

2 ' 5 ‘» , 

390 1 

j 7-69 


Show that T plotted against ^ gives a straight-line graph. 

7. A metal ball was rolled down an inclined plane and the time taken 
for it to travel varying distances were measured b^ means of a 
\sater clock. 1 he following tabic resulted : 


Distance rolled (r cm.) 

1 80 

120 

* 160 

1 

200 1 

240 

280 

1 

1 3 »o 

Time taken {v cc.) 

45 1 

' 55 1 

65 

74 

8.i 

89 

93 -i 


First plot 5 against v” and then log v against log s ; deduce from 
each that there is a relation of the form s = hv^. 
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8 . A long flat spring was clamped at vai^'ing distances from the free 
end and the time for horizontal vibrations recorded to give the 
following table : 


Length vibrating 
(/ cm.) 

35 i 

40 

45 

50 

1 

55 

60 

1 

65 

70 

Time of a vibra¬ 
tion (T sec.) 

*35 

*44 

*57 

•67 

■85 

•99 

I-I 2 1 

1 

1 1*32 


Test whether Toe/" by plotting log T against log /. 

9 « A deflection magnetometer experiment was designed to confirm 

the inverse square law. Use the following table to show tan • 


d cm. 

13 

15 , 

17 

19 

21 

23 

1 

25 

0 degrees 

70 

64 

58 

52 

45 , 

40 

35 


10. Show that the following table confirms that when the temperature 
of a quantity of gas is kept constant its pressure varies inversely as 
its volume. 


Pressure (cm. of llg.) 

go-4 ' 

93-8 

95*2 

99*5 

102 

Volume cc. 

23-8 

22-8 

1 

22*4 

m 


Pressure (cm. of Ilg.) 

103-6 

105*5 

107-2 

109 -S' 

1 

m 

\’olume cc. 

1 

20*7 

20*4 

1 


19-6 

^^3 


II. A thin strip of metal is held horizontally and then one end is 
clamped. Weights are hung from the free end and the consequent 
depression measured. Determine the law connecting depression 
with w eight from the following table ; 


IF (gm.) 

^ 1 

5 i 

1 

10 

1 

1 

IS 

: 20 1 

1 

25 ; 

30 

1 

IJ (cm.) 

•47 

•74 

I 

1 

1-26 1 

1 

1-52 

I-So 


12. The electrical resistance {/? ohms) of an iron w'ire w'as measured at 
\ arying temperature (T^ C.). Find the linear relation which exists 
between 7 ? and 7 ' from the table : 


T 

37*5 

44*5 ! 

■ 50 

52 

57 

61 

70 

79 

R 

m 

IS 

I I 

ii-i ! 

i..-a 

BB 

BB 

11-9 
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13. Variables x and y are related by a law of the form y = Approxi¬ 
mate values of y for various values of x are given by the table : 


X 

3 


5 " 

8 

10 

I I 

1 

12 

y 

1 

22 1 

26 

30 

36 

40 

42 

‘ 44 


From the graph of log^ against log x, deduce the values of the 
constants k and n. 

14. The speed of an electric train during the first two minutes after 
start is given by : 


Time in sec. (/) 

0 

10 

25 

45 

70 

95 

120 

Speed in ml./hr. («;) 

0 

15 

25 

37 

47 

54-5 ' 

1 -7.7 


If these figures are represented approximately by the formula 
(a -1)- =b{c -v), find the best values of a, b, c. 

15. A weight was hung by a light string of length I cm. from a fixed 
point and allowed to perform small swings about the vertical. The 
time for 20 complete swings was recorded and so the time ( 7 “ sec.) 
for I swing calculated. Find whether the following table supports 
the theory that T^ozL 


i 

158 1 

110 

9 * 

f f 1 1 

55 a 

34 

T 

2-54 1 

214 

*•95 

*■54 

1-24 


Cubic Functions 


Graphs 

The general cubic function of x is given by 

y = -^cx + d 

in which, for the present, a will be assumed to be positive. 

The graph of this function has the following properties : 

(i) If X is large and positive, y is large and positive. 

If X is large and negative, y is large and negative. 

(ii) Hence the graph must cross the x-axis at least once ; if this is 

where x=p, then x -/> is a factor of y. 

(iii) The other factor of_y must be a quadratic, which may or may 

not have real factors ; 


CJ 


y = a{x-p){x-q){x-r), 
y = a{x-p){ {x-sy+t^}. 


or else 


T.A.A. 
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In the former case if p<iq<r the graph crosses the axis 
going upwards where x=p, downwards where x=q and 
upwards again where x = r. 

The graph is therefore of the type (i) shown in Fig. 13. 
It must have a maximum between x=p and x—q and a 
mimimum between x—q and x = r. 

(iv) The gradient function (or derivative) of y is quadratic given 

by ^ = jax^ + zbx + c. 

This may or may not give real turning points. 

In the functional notation, if f{x)—ax^+bx- -^cx-hd 

then r (a*) = ^ax- zbx + c. 

(v) There will in all cases be a real point of inflexion (see P'ii? 13) 

(l^y 

given by = o ; i.e. where -^/3a. 

If a is negative the curve will run from high up on the left to low 
down on the right, instead of the other way round. 

Since the curve can be written ■' .v- -t-^ x + ^ there is no 

a a a a 

loss of generality other tlian a change of scale if the leading term for 
y is taken to be x'-^ instead of ax'-^. 

Notation 

The property (i) is often expressed thus : 

As .v->-co then :-co ; as .v-> — 00 then v—>• — =0. 

The first of those sentences is read " As x tends to infinitv then y 
tends to infinity ” and means that as .v is i^ivcn ever increasing values, 
so the values of increase more and more. 

1 lie symbol -->0 is used in the same way. 

1 bus as .V .'CC , * -o. 

.V 



Fig. 13 
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The graphs, Fig. 13, (i). (ii), (iii), show the case^, of 

(i) three real roots and two real turning points, 

(ii) one real root and two real turning points, 

(iii) one real root and no turning points. 

These curves are called “ cubical parabolas 

Note that straight lines can always be drawn to cut any such 
curves in three (real) points. 

In each case there is a point of inflexion (marked by a cross in 
the figures) ; a striking property of such cun-es is that the point of 
inflexion is the centre of the curve and the curve is symmetrical 
about it, an instance of which is that the point of inflexion is the 
mid-point of the line joining the two turning points. An indication 
of this is given by the fact that the sum of the roots of the equation 
determining the ^-coordinates of the turning points is -zh. -^a and 
the point of inflexion is at x= —bj'^a. (See Examples 30, No. 5.) 

A special case of such curves is _y=jc=*, in which the turning points 
and the point of inflexion coincide. (Fig. 14.) 




t4 Flo. 15 

Curves given by = ax^hx- i-r.v will 

(i) be symmetrical about the .v-axis since ( ~y)’ - v=, 

(ii) lie only in those parts of the plane where the curve given by 

y = ax^+bx^-i-cx + d is above the jc-axis. 

These curves are called “ semi-cubical parabolas 

Graphs of cur\'es of higher degree than the cubic may be con¬ 
sidered in the same way, though they become increasinelv more 
diflicult. 




66 


VARIATION. GRAPHS. NUMERICAL EQUATIONS 


The general function of the fourth degree y — o.r* + bx^ + cx^ + dx-\-e 
with a positive may have the form y=a{x -p){x - q){x — r){x — s) 
with a graph as shown in Fig. 15 ; it has three (real) turning points 
and two points of inflexion. 

Moving the curve downwards parallel to the j-axis (a change of e 
in y) will give a curve which meets the jc-axis at least twice and 
perhaps four times (as in the figure), while moving it upwards will 
ultimately give a curve which does not cross the x-axis, indicating 
that an equation of the fourth degree may not have any real roots. 

^ will be a cubic in x, and so the graph of such a quartic must 

have at least one real turning point ; again will be quadratic, 

which shows tliat there are either two real or two coincident or no 
points of inflexion. 

In the case of y=f{x) where f{x) is a polynomial in x of odd 
power, then the cui^'e will always cross the x-axis at least once, but 
if the degree of /{.v) is even, then the curve may not cross the axis at 
all, or else it crosses it an even number of times. 


Examples 30 

1. Draw the gmphs of : 

(i) y = .V (.V - 2) (X - 3) ; (ii) y = (.v + 1) (.v® + i) ; 

(iii) y = (.V -1- 1) (A- - I ; (iv) y = a- (x - 2). 

2. Draw witli 2 inches as unit on each axis, tlie graphs between — i 
and A'= + I of y = X“, y = x^ and y =.V‘. 

3. Find the x-coordinate of the point of inflexion for the cur\'e 

y = (A'-/>)(A--9){A--r). 

4. Wliich of the following cuix-es has real turning points? 

(i) y = 2.v‘ - I5A-- + 24.V + 6 ; (ii) y = zx^ — i5x“ + 45 a- -h 12. 

5. Show that by writing x = x’-p and y=y’-q the general cubic 
curve’s equation (given on p. 63) can be put in the form 

f tt 9 

=ax ^ - rx 

provideJ p = ^ and q = — (26^ - <^abc + z-^a-d^jzqa^. 

Find tlie value of r. 

[The shape of the curve Is settled bv the value of ^ . The new 

<1 

origin is the centre of the curve, and is the point of inflexion.] 
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6. Draw the graphs of : 

(i) y = (x +i){x- 2) (.v2 + i). (ii) y=x^(x-2); 
(i\i)y=x^(x-2)ix-^)\ (iv)jv = .v 3 (x 2 - i); 

(v) y=^x^{x- 2f ix - 3); (vi) y = X‘ (x - 2)- (x - 3)2. 

7. Show that the graphs (iii) and (iv) in No. 6 each have two real turn¬ 
ing points. 

8. Draw the graphs of : 

(i)3'2 = :v(.s:-2){x-3) : (ii) j2=(j:+ i)(jc- i)= ; 

9. Draw the graphs of : 

^ »(x - I) (- 2) and of >-2 = x (x - i) (x - 2) 
and show that the loop of the second curve between x = o and x = t 
goes above the first curve; also show that the line x = 2 is the 
tangent to the second curve where x = 2. 

10. Show that the tangent to y^s:(^x~ 2)® where x = 2 is the line y = o. 


Fractional Functions 


Curves of type 


If 


Quadratic in x 
Linear in x 


ax^ + bx-\-c 


then as hence 

the line px + q = o\s said to be a vertical asymptote to the graph. 

tc j- • • ax^ + bx->rc , n 

It on division-= Zx + m + 


px^q px + q' 

the line y = /x + wi is an asymptote to the graph since as 

x-^00, --K> and y approaches the value oi lx+ m. 

px + q 

The graph is a hyperbola, with one asymptote parallel to they-axis. 


Example i. Draw the graph of y = 


x^ + X - I 

^{x~i) ’ 


(i) 


By division y = lx + i + ... 

^ ^ 2(x-l) 

the asymptotes are x - i = o and y = ^x + i. 

The curve cuts the axis where x 2 +x-i=oorx = 

^ *62 or -1*62. 


(ii) 


- 1 ± 
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Also we have 


X i - I O 2 

y \ i 


Again, 



1 

2 




the turning p(hnts arc where (.v - i)- —i, i.e. x = 2 or o, and so are 
the points L (3, 2o) and M (o, A) in Fig. 16. 



Fig. 16 


3’. is a ntininunn value tor one branch and v* A a maximum 
value ior tlie 'aliei'. 

'1 }ui> iK'.ei Ik-s 1 i twccn A and ai. 

'l lns I'csuli ear. be louiul otherwise ; if v is pi\en, the equation for x is 

.V=-.V(2_>'-l)-r2_>'-I=0. 

’T'his has fre-ah rf'nt^■. if (j\’ i)- — 4 (2 v - 1) is positive, i.e. if (2_v - i)(2V - 5) 
is pusitiw, wliieh is so i>u' ail \ alues of v except those between and 2^. 

Examples 31. l')r ’\\ ilu graphs f)f the following functions, finding the 
asN Uipiotes and '.iu- iiui.Miiia and minima for jy : 

.1 - - 3,v *4 - X- 4 4.V - 6 

I. V -- ^ . 2 . v =- 7- —r— • 

v-2 ' 2.V-1) 


. -3.v^4 


Y - 2 


2 . V = 


3. V 


? 5 .\ • ,■> 
2 <\ • 2 ) 


5. V w 


X - I 


4* -v 


6 . y = 


I 2 -t- .V - .X' 
.V ■* I 

h - .V - .x-= 
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^ . Quadratic in x 

Curves of type -pr —^—;-. 

Quadratic m x 

These curves are of three kinds : 

(i) those in which y is always finite ; 

(ii) those in which y can take all values from - 00 to + 00 ; 

(iii) those in which y is restricted, in that there are two values 

between which it cannot lie but other^vise can take all values. 

An example of each of these kinds will be given. 

All of them have in common the following properties : 

(а) If X is given, there is one and only one value fory. 

(б) If y is given, the equation for jc is a quadratic, so that there 

are two points in general on each parallel to the x-axis. 

(r) The maximum and minimum values of y (if any) may be 
found by considering whether the equation for x has (real) 
roots. If this is done, the corresponding values of x can 

be found afterwards. 

dy 

Alternatively, if the values of x where ~ = o are found, 

the values of y can be found aftci^vards. 

, . (2X + i)(x - 3) 

Example I. Draw the graph of y»-— 

when x= -i and when x = 3, shown by points A and B in Fig. 17. 
When X = 0, y * - 3, sliown by C. 



There arc no values of x making the denominator {x~ + 1) zero, and so 
there are no “ infinities ”. 


Since 


2x2 - 5x - 3 


X-+ I 


^ x2-fr ^ 


2 as X 


±00. 


and 80 the graph has a (horizontal) asymptote y = 2 
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Moreover, when a; is large and positive 3^ is a little less than 2, while if 
X is large and negative 3^ is a little greater than 2. 

The curve meets 3' = 2 where 5 a: + 5 = o, i.e. where x = - i, shown by Z>. 
The equation may be written as (at +1)3'“ — 5* “ 3 » ^ 

*^0'-2)+s-*^+Cv+3)=o» 

and this has real roots in x providing 

25-40*-2) (3;+ 3)^0 ; i.e. if 43-*+43* - 49<o. 

This reduces to (y + iY^izl, and so the turning points given by the 
equality sign are or -4*04, and points on the curve must have 

3'-coordinates lying between these values. 

The AT-coordinates of the turning points are best given by equating the 
gradient to zero, and readers familiar with the calculus will readily obtain 
the equation at^ + 2.v - 1 =0, leading to a:=^ -2-41 or -41. The point £" is 
tlie maximum turning point and F is the minimum turning point. 


Example O. y — 
y^o when x — 2 


(x - 2) (x - 4 ) 

2(a- + 2)(a;-3) * 

and a; = 4 shown by A and B (Fig. 18) (the zeros are 


2 and 4). 

When .r = o, 3' «= 8/( - 12) « - shown by C. 

y—^00 as - 2 and as .v->3 (the infinities are - 2 and 3), and so 
a; = - 2 and .v = 3 are vertical asymptotes. 

In this case the zeros and the infinities interlace ; i.e. one of the zeros 
lies between the infinities. 



Fig. i8 





i.e. + 
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Consider the signs of y for the various ranges of jc as follows : 

- 00 <*< - 2, is — I . 

-2<*<2, y is , i.e. - . and in the same way we have : 

for 2<*<3, 3* is + ; for 3<.*<4, ^ is - ; for 4 <jc<co , jv is 4-. 

Since 

_ (l - 2 /-V )(l -4'^) 

^ 2(1 +2/;c)(l -3/a) ’ 

it is clear that for large x, jy—> a and so tliat y=2 is a horizontal asymptote, 
also when _y = 4 we have x* - 6x +8 “.V'^ - .v - 6, i.e. x=2’8 shown by D, 
and the cur\’e does not cross this asymptote at any other point. 

Again 2>'(x*-X-6) = x^ -6x + 8 ; i.e. 

)^{ 2 y- i) - x{2y - 6 ) - (i2y + 8 ) = o, 

which is the equation whose roots determine the x of points with a given v. 
This equation has real roots if (23-- 6)-+ 4(2j - i)(i2>-+ 8)^0. which 
reduces to 25>'* -2^+1 ^o. 

Therefore there will be points on the cui^’c corresponding to a gis enjy 
provided (sy - i)® + which is true for oil y ; this fact is seen from 

the graph, since it passes from - 00 to + oc between x = - 2 and x = 3. 

T. . ^ 2(x-2)(x-3) 

Example in. ) . 

In this case the zeros are 2, 3 shown by A, li and the infinities arc — i 
and 4, and so both zeros lie within the infinities, .v* - 1 and -^ = 4 ^^e 
vertical asymptotes; also y—>-2 as xco , and so y — 2 is a horizontal 



Fig. 19 
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When a: = o, = 12/( - 4) = - 3, shown by C. 

The signs of y passing along the ^-axis from left to right are ; 

from - 00 to - I positive, from - i to 2 negative, from 2 to 3 positive^ 
from 3 to 4 negative, and from 4 to + 00 positive. 

The curve meets the horizontal asymptote y = 2 where 

ar - 5.V + 6 = - 3x - 4, 

i.e. at .r=5 shown by D. 

Since y (x^ - 3.V - 4) = 2 (.v- - 5.Y + 6), 
i.e. .Y-(y - 2) - .v(3y ~ lo) - (43’ + 12) =0, 
there will be real x's corresponding to a given y providing 

(3_r - io)“ + 4(y-2)(4y + i2»o. 

which reduces to 253'* - 443'+ 4>o. Consequently y cannot lie between 
the routs of 25y-- 44v + 4 = o, which are sssi-y or •!. 

d\* 

The .v-coordinate of the turning points are given by putting zero, 

which mav he shown to gi\ e the equation .v® - lav + 19 = 0, and so .rs^7*45 
or 2 ?;. 'I'here is therefore a maximum turning point at E (2'55, *1) and 
a mimnuim turning point at/*’ (7*45, 1*7). 


Examples 32 

Diiiu the graphs of the following : 

'• 5(.v^ I)(,V - 3) • 

_(.V-f2)(.V 4) 

3 * “ “ ■ ' ♦ 


X (.Y - 2) 

2. V = 7 - ' 


5 - v = 


(.V- I){.v- 3) 
2.V 5 

.V (.V f 2) ' 


4. y = 


(.v+ I)(.V - 3) * 
^(-v-£)(.v 3) 

2 .V- + X + I 


/I “ 2 

6. V= - 


.V* + 2 


I n 

7. Show that , . -t assume all real \alues, when x is real, 

A’ t.v - 4.\^ 


+■' 

pli>\itl<;d I- /{ 7. 

a rt>u>jh graph of the function when k=i. 


(B.) 


A ‘ \ • I 

S. !l i- sliow that the quadratic equation to find x for a 

A - • A' • I 

. • • ’I (*| y lias real roots if 3V"- i03’ + 3 is negative or zero, 

'Ua! Sir wluit range of values of y this condition is 

s..ri: :AAi. (B.) 

f). the v'.’j'h < t th* (Aj'-cssion in Xo. 8. 

10. tlu V -uiiti-’iis satislied bv t.. A. r if the quadratic expression 

a.\' ■ />.\ • r IS p.isitivi ti>r all real values of-v. 

Show tliat if 3 =--^' ’ ^ then can assume anv real value 

tX - 2 

between - or aiul • >: lor real values of x. 
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Draw a rough graph of the function, indicating clearly how it 
behaves for numerically large values of x. (S.) 

II. If /( a -) = 4^ * ^ between -3 

A +4 

and + 3. 

1 

Draw the graph of >> = from x *= - 4 to x = 4. 

On the same diagram draw the graph ot >' = 4X -x* from .v = - i 
to x = 5. Hence show that the equation 

X® - 4x* + 4.r - 4 = o 


has only one root and find its approximate value. (L.) 

12. Prove that if v - ^^ — there are two real values of .v for each 

real value of y less than 1 and that these values are equidistant 
from I. 

Sketch the general form of the graph. (L.) 

13. For the curve given by 

_>>g( x - x,)^ + h yi (x - .v ^)° 
y (x-x,)- + A(x-X2)- 


where Vi>>’2 show that if k is positive y lies between y^ and y^, 
while if k is negative y cannot lie between yi and >’5. 

Show further that the turning points are (Xj, >>1) and (Xj, y-g), 
and explain which of these points is the maximum point for y.* 

14. Show that plotting values of {x, y) determined by the values of x 
suggested gives an insufficient guide to the shape of the curve in 
the following cases : 

(i) >' = x® using x = o, ±1; 

(ii) >’ = A-'*{io-A-*) using x*o, ±1, ±3; 

(iii) 4^ = (x + 3) (x^ - 5) using x = - 3, i i, ± 1, ±2. 


Graphs of Expressions involving the Modulus Sign 

The notation 1 x | is used to mean the numerical value of x ; for 
instance, if x is 5 or - 5, the value of 1 x ] is 5. It is called the 
modulus of X. 

The graph of an expression such as | x | or } (x - i) (x - 3) 1 , when 
the modulus sign is applied to a single function of .r, is not appreci¬ 
ably more difficult than the graphs without the modulus sign, viz. 
those of X and (x - i) (x - 3). 

• In Mathematical Gazette, Dec. igSS. C. V. Gregg gives other properties of 
thcfte curves. 
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All that is needed for these two graphs is to draw the graphs of x 
and (.V- i)(x-3) and replace the parts below the A:-axis by their 
reflections in that axis. (Figs. 20, 21.) 



Graph of y = 1 .v | 

[The dotted line, part of y U 
rejected in the A-axisJ 



y = (.-c-i)(.v- 3 ), 
is reflected in the a:-axisj 


If the modulus of a function involving both .v and j has a constant 
value, a double graph is obtained. 

Thus tiie equation \y — x^\ = 2 is equivalent to the two equations 
y - .V- — 2 andy — — 2. Thus the graph consists of two parabolas 

obtained by shiftii.g the graph of v-a:- = o a distance 2 parallel to 
the _v-axis both upwards and downwards. 

Similarly the graph of j - a* | = 1 consists of two lines parallel to 
y - x — o, namely the lines v - a;= i and - .v= — i. 

Soiiic examples will be given of cases where the modulus sign is 
applied to more than one function. In such cases it is often desirable 
to divide the plane into several regions which are considered 
sepmately. 

Example I 

Draw the graph of y = ! y - 3v | +} a - 2 | . 

The two lines y - 3.V = o and a: - 2 = o, shown by dotted lines in Fig. 22, 
divi ^.e the plane into the four regions A, By C, D. 

In region A, y - 3.Y is positive and a; — 2 is negative, and so 

y =y -ZX + 2-X, i.e. A = 5. 

This gives the position of the line .v = \ above P ( 2 ). 

In By y - 3.V is ncgati\ e and a - 2 is -ilso negative. 

11) -ts ^.v + 2 — 

i.e. y — giving the UnePQ. 
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In C, ^ — 3* is negative and — 2 is positive, and so = 3^ -y + x — 2, 

i.e. y = zjc - I. giving the line QR. 

In D, both y - 3.V and :c - 2 are positive, and so jy - 3x + * - 2. This 
gives X— — 4 ‘, which has no part in the region. 

Therefore the locus is made up of the portions of the three lines shown 

by continuous lines. 

Example n 

Draw the graph given by | | = I ^ 1 • 

The two dotted graphs in Fig. 23 are those of_y—Ar* = o and_y®-a: = o, 
and they divide the plane into the five regions A, S, C, D, t.. 

In A and B y - is positive, while in C, D, E it is negative. 

In A,C,Ey^-x is positive, and in B, D it is negative. 



Fic. 22 Fic. 23 


Therefore in regions A and D y-x^ and y^-x have the same sign, 
and for these regions ; i.e. x^ ■\-y--x-y = 0, which is the 

equation of the circle on OP as diameter. 

In regions 5 , C, E y-x^ and y^-x have opposite signs, and for these 
regions y-x^= i.e. y^-x?-+y - x = o, or (>-- .v)^'+x + 1)-o, 

which is the combined equation of the lines >' = x and^+jr* - i. 

The required locus is made up of these two lines and the circle. 

Example III 

Draw the graph given hy \ y - jA \’^ \ 2y-2x - \ \. 

Here we sketch the graphs (Fig. 24) of >» - x" = o and 2y - 2.v - i = o, a 
parabola and a line (dotted). These divide the plane into five regions, 
A, B^, B^, C, D. of which Ay B, and B. are outside the parabola while C 
and D are inside; also B^, and C are above the line and A and D 
below it. 
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In C both and -zy-Tx-x are positive; in A they are both 

negative. 

In these cases the equation reads 

y—vr = zy-zx — \ or y» = i+ 2a:—ar = 2-(a:-i)^. 

In fii. Bo and in D the expressions y - y? and 2>’ ~zx ~ 1 have opposite 
signs ; so for these regions the equation reads 

y - XT = i + 2x - zy or 3y» = 1 + 2.v + = ( i + xY. 

Thus we arrive at two parabolas ; the whole of the first lies in ^ or C 

and the whole of the second in B^, 
Bo or D \ thus the whole of each 
parabola belongs to the (double) 
locus. 

The two guide graphs are shown 
dotted and the required locus in firm 
line. 

Note that the points of intersection 
arc the same for both (as they must be). 

For such functions involving the 
modulus sign, note that there may be 
points where the gradient changes 
abruptly (Ii).\ample I) or there may be 
for anv \'aluc of .v two ditlerent gradi¬ 
ents (Example III). 

'Ehus the functions have not got a derived function in the usual sense. 


y 



Examples 33. Draw the graphs given by the following etjuations : 

2. V = 1 X- - .V - 6 I . 

4I. 4 . X^y\=2. 5. 


1 . 

\* - 

A- - (J 

4 


3- 

V • 

(A r 2 

W.v - 

■ I )(a: 

6. 

Tor 

V lui‘ . 


• nj <; t 


[ ' 

■A 1 • 

..ph 

S (>t : 

7- 


h A 


8. V 

10 . 


2 

V * 

X* 


^ 'I'M 


itkI 

two p 

11. 


xv I hat 

9 

.X- 

- ‘ - 

12. 

Siiu 

'.V tli.lt 

y 

- .Y- ’ - 

13 - 

SIh) 

tliat 

X- 

•» 

r \ - 

14. 

I)ra 

V\ till. 

uraj' 

‘hs of 



0}y = 

4 



X-ZX^ = I. 


2.V - 3 ! - .V I . 


— I _ 


2 + .r - ■>’ 


9. zy = ' X 

A- sliow that parts of tlirec parallel lines are 


(X.U.J.B.) 
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The Solution of Numerical Equations 

In the case of quadratic equations approximate answers, when 
necessary', are found after the accurate answers have been stated in 
terms of square roots ; e.g. if - 0a*=4, then {x - 3)- = 13 ; 


0 

N, N 


P. 


■ . 


K N2 


x = 2 ±^ 1 $, 

and so Jc^3 + 3-61 or 3 - 3*61, i.e. 6-6i or - -61 to 2 decimal places. 

For equations of higher degree approximations begin at once ; 
often a graph is used to locate tlie roots 
roughly and then various methods em¬ 
ployed to locate them more accurately. 

Suppose the equation is f(x)=o and 
the graph y=f{x) is drawn (Fig. 25), 
then if OA^,(s.v^) is a value of x for 
which A^i^i =/(Ai) is negative and if 
0A^2{ = -V2) is such that i’^iP2=/{x2) is 
positive, it is clear that a curve joining 
Pi to P2 must cross the x-axis at some point R between tliem. 

[The curve may cross the x-axis an odd number of times, but if 
A'^i and /V3 are close enough the curve will only cross once.J 

Xft is the root of /{x)=o between Xi and x. and if the line PiP> 
meets the A-axis in A^ then R lies between A' and if the graph is 
as sketched, with /(-v.v) negative. 'I'he reader should draw the 
diagram in which R is between A', and A , in which case /(.v.v) will 
be positive. 

The position of N is found by making use of the similar As P^A'A'i 

/^A• 


Fic. 2$ 


and P^NN^ to give AOV, = 


PiNi ^ A ^P, 


. A^.V^. 


Example I. Find the largest positive root of /(a) - 5.V + 2 =0 

correct to two decimal places. 

From the table 


X 

1 

1 0 

1 1 

I 

2(3! 

1 

m 

2 1 

- 2 

8 1 6 y 1 


and the fact that /■'(x)= 4x^-5 is positive for all values of xSsa it is clear 
that tlic root required lies between i and 2. 

Now /( i-5)^5-o 6 - 7*5 + 2 = -■44 which, being negative, shows that 
the root lies between 1-5 and 2, and nearer to i-5. 
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/■(i-6)=si:6‘55 - 8+2= +' 5 S; hence the root lies between 1*5 and i'6, 
and making use of the figure above with ONi = 1*5 and ON2 = i '6 we have 

— of •i===*04. and the root is approximately 1-54. 

•44 + -55 

/(i- 54)==:5*62-7*70 + 2 = -‘oSl the root lies between 1*54 and 1*55 
/(J*55)—578-775 + 2= +*03/ and is nearer 1*55. 


Nevi^on’s Method of Approximation 

This is a method which makes use of the tangent at a point near 
the root. 

Suppose the equation is f(x) = o; the graph of y —f{x) is dravm 

(Fig. 26), then if 0 *V(=Xi) is a value 
of .V for which f{x) is fairly small, then 
Xj is a first approximation to the root. 

If P is the point on the graph given 
by -v, so that A'P=/(a,*i), and if the 
tangent at P cuts the axis at T, then T 
will (nearly always) be nearer than N is 
to R, where OR is the required root, so 
that OT is a better approximation to the 
root than O.V. 

Now 7 ’.V=:.VP-rgradient at P=/(v,)/'(.Vi) in the notation of the 
Calculus. 



'I'hus we get the rule that if .v, is an approximation to the root, 
then .Vi - f{Xi) f’{xi) is a better approximation. (I) 

Calling 07 ' .v.j, we can repeat the process and get .v, -/(-Va),/' 
which will be still nearer to the root OR. 





It will he seen that the position of T is always given by 

A-| -/(■Vi)/'(.v,). 

Thus in Fig. 27 (i) OT-O.V r-.V 7 ', but /(.v,) being negative, the 
length of PN is -/{.v,) and \'T which is positive = 
for y ’(.vj is positive. 
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That the same result is true for Fig. 27 (ii), (iii), is left as an 
example to be worked (Examples 34, No. i). 

Fig 27 (iii) shows that it is not certain that T will be nearer the 
root than Ny for if the cur\'e were as that shown dotted, A' would be 
the nearer of the two. 

Root between two numbers 

It is often convenient to take two numbers between which the root 
lies, as in Example I, and to use Newton’s method for each. 

The root lies between a:,{sOA',) and x<i{^OI\\) —Fig. 28. We 
can find Ti and if and/^y’a are tangents by Ne\%'ton’s formula. 



Fig. 28 Fig. 29 


Also the point N where chord PiPn cuts the axis is found using 
the similar As as before. 

I'he range in which the root lies is reduced in this way from A\A', 
to A jTj or whichever is the smaller. 


Example II. Find the largest positive root of f{x) = x^-ix‘^ - 2=0. 
The table 


X 

0 

I 

2 

3 , 

4 

5 


- 2 

-4 

-6 

- 2 

'4 1 

48 


shows a root between at » 3 and x = 4. 

/'(x) = 3x®-6x and is positive for all x>4, so the largest positive root 
lies between 3 and 4. 

Now/'(3)«9 and.'. xy, = 3$ (Fig. 29). 

/'( 4 ) = 24 ; 7 VV 2 = i 1 ^-S 8 ; .vr, = 3 - 4 - 2 - 


* 2+14 





Ti is nearer to N than and the root lies between 3J and 35, 




8 o VARIATION. GRAPHS. NUMERICAL EQUATIONS 

We could proceed towards a closer approximation using either of these 
values (3*125 or 3*222), but will choose to work from 3*2. 

/(3'2) = -o 48. r(3-2)=”*52, 

and so the root is approximately 3*2 — —^^ —3*^ “ *oo4* which gives 3*196 
as the approximate root. 


Example HI. Find the roots of /(x) = x® — 3X + i =0 roughly, and the 
middle one with a possible error>-*ooi. 


X - - 

1 

- 2 

1 

1 1 

— I 

1 

0 

I • 2 

1 

/(-V) - - 

- I 

1 

3 

1 

I I 

1 1 

-1 1 

3 

/'(x) = 3a-2-3 

9 

0 

“3 

1 

1 ^ 

9 


The table shows that the roots lie in the inten-als -2 to - i, o to i, 
I to 2. 



In Fig. 30. V7-, = - 2 -« j’ =» - i£ ; Xi, = - 2 + J ; 

•V 7 -= 1 ; o+l = A; 

2-0= .v/.,= = 

so tlu* '■oots lie l■'cl\^t•cn - i" and - ij, and A, and 15. 
To get the root between ^ ^md it is natural to use x = *4. 

/(•4) ^ -064 - 1*2 + I = - *136, 

/■(;',)= -037 ; /'(i)=-2§; 

in Fig. 31. .V/-,.» i H -.V 25=^4-*347, 


•U * = A + 


037 


(•4-- 3333 ); 


•037 *136 

=^•33334--0143 = -3476. 

the root lies between 347 and *3476 and can be given as *347 with 
error4^-ooi. 
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Examples 34 

I. Show that the formula OT=x^-f{x^'J'{x^) holds for Fig. 27 (ii) 
and Fig. 27 (iii). 



2. Show that the root bet^veen 2 and 3 of the equation 

- ZX^ - 2JC + 2 * O 


lies between 2*48 and 2-49. 

3. Show that the root near jr=i of the equation at* - 5o(a.* - 1) = 0 
£= 1 * 022 . 


4. Show there is a root between x=2-8 and .v=2*9 of the equation 
2X* — ^x^ - qjc - 60 ss o and find it to 3 significant figures. 

5. Find the smaller positive root of - 2x^ - 2Ar + 2 * o. Find also the 
negative root. (Answers to 2 decimal places). 

6. Find the root between x = 2 and at = 3 of x* - 44.”* - i3Ar- + 34Ar + 30 **0 
correct to 3 significant figures. 

7. Use Newton’s method twice to find the root close to ^ = 3 of the 
equation a:^ -^x^ - 34AC* + 76X +120 = 0. 

8. The equation x*-.t-i=o has a root between i and 2; find it 
correct to 3 significant figures. 

9. \\1th 0 measured in radians, solve the equation 20 = 25 (i - cos 0) 

approximately. First replace cos 0 by ^ a first approxi¬ 


mation ; secondly use Newton’s method and this approximate root 
in the equation obtained by replacing cos 0 by (1 -0^/2+ 0^/24) to 
give the root to 4 decimal places. 



CHAPTER IV 


INDICES AND LOGARITHMS. 
EXPONENTIAL FUNCTIONS 


Indices 

When p and q are positive integers, the familiar index laws are: 

(i) is the shorthand notation for the product of p a;’s ; 

(ii) x** X ; 

(hi) — if p>q ; 

(iv) = 

As particular instances of these laws we have : x* means 


.3 


»2 


—x^ = x 


2 — ^- 7-2 — - 1-5 ♦ 


= A- 


X^XXXXX I X'* X X^ = = X' 

{x^y = x^xx^yix^== x^-^ = X®. 

We now proceed to give definitions of when /> is a fractional or 
a negative number (for (i) above cannot be applied), and these 
definitions are chosen so that the same index laws (ii), (iii), (iv) are 
obeyed. 

r 

a:^ obeys (ii) provided x = i 5= 

Thus x^ is a square root of x provided law (ii) holds for a fractional 
index. So we make this the definition for with the further 
restriction that .vi = + ; thus ±3^ is the same as ±s/3. 

Similarly .v^ x .v'l x .v“ = a:» '*■»'*■» = ar and .r» is defined as ^/x. 

Also X* X a:* =.v*+ * = and so .■v» = v^x^; in general 
Again, using law (iv), (.v»)® —.v», and so x* ={^\vy. 

For negative indices to satisfy (ii), notice that x”‘ x x'’ = x“*'^^ = a-‘'^ *, 

and so niUsSt be defined as equal to —^» i.c. = - . 

X 

XI I 

Similarly .y"“ x x^ =x-*+® = .v, i.e. x~^ = ; in general x"” = „ . 


x^ x^ 


Notice the sequence of terms a-*, x'*, x‘^, x^ —, X“‘, x"-, x 


A' 
.-3 


.Y 


I-.ach term before the gap is obtained from the term in front by 
di\ iding by a-, and this is also true for the terms after tlie gap since 
1 III 

they are - , — , 

X .V- .v^ 

If tlie series of indices is to be complete, the gap must be filled by 

82 
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Jc® ; or if the process of dividing each term by .v to give the succeed¬ 
ing term is used, the gap must be filled by i. This suggests defining 
AT® as I. 

Again using law (i), x =x^+^ = x^, and so at® is defined as i. 
Note that x® has no meaning if x = o, nor has x^ a meaning if x is 
negative ; but - 8) = ( -8)*^'®= - 2. 

Examples 35 


Write down the values of; 



(i) 4 ^ ; 

(ii) 25^; 

(iii) 32^; 

(iv) zr ; 

(V) 6-1 ; 

(vi) 9-®; 

(vii) 4®; 

(viii) 64-ij 

(ix) 8-" ; 

(x) i6f ; 

(xi)8i-i; 

(xii) 125"'. 

Write down the values of : 



(i) 8’;^ 

(ii) 27 -» ; 

(iii) 64-2-: 

(iv) i6“‘ ; 

(v) 100* ; 

(vi) i6'"’; 

(vii) 4' : 

(viii) 161®; 

(ix) 32I ®; 

(x) 161®®; 

(xi) 25-1®; 

(xii) lOQ—®. 


3. Express in their simplest form with positive indices : 

(i) . (ii) (a’)-* ; (iii) (x®)-- ; (iv) (i 6 a‘ 2 )i ; 

(v) (8x®)^ ; (vi) (qx®)* ; (vii) (8x-®)’ ; (viii) (gx'®)’*'; 

(ix) . (x) V(36a86-2j . ^(64x:-*‘y®) ; 

(xii) ( - 32xi0y-2«)i. 

Powers of 10 

Perhaps some who are accustomed to working with logarithms 
and antilogarithms have not fully realised that they have been work¬ 
ing with fractional powers of 10 and that the table of antilogarithms 
is a table giving the values of these powers, the fractions being 
expressed in decimals, to 4 places in a 4-figure table. 

c.g. log 70= I'845 i means that 70 = 10^ ®*®^ 

and antilog •38 = 2-399 means that 10 ®* = 2-399. 

Thus the theory of fractional indices, though it might not seem so 
at first, turns out to be one of the most practical items in Algebra. 

Examples 36 

1. Write as powers of 10, using tables : (i) 2 ; (11)3; (iii) Vs ; (iv) 7.^2 ; 

(v) 4/6-2 ; (vi) 6®'2. 

2. Write without using the word logarithm (or log.) : 

(i) log 5 ==-6990 ; (ii) •8 = log 6-31 ; (iii) log 20 = 1-3010. 

3. Write using the word logarithm (or log.): 

(i) io^® = 39-8i ; (ii) 798 = to*'®®® ; (iii)4 = 2*. 

Also write (i), (ii), (iii) using the word anti-log. 
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The Language of Logarithms 

We can go from the statement 2 = 10 ®®^® to the alternative version, 
log 2 = -3010 if in the second statement it is understood that 10 is the 
base (as it is called) of the logarithms. 

Logarithms to other bases are also used ; for example, 8 = 2® can 
be written “ 3 is the logarithm of 8 to the base 2 ” or more briefly 
3 = log2 8. 

Similarly a^ — c is the same as ^► = loga c (i.e. log c to base a), and 
in expressing the equation in this way we are using “ the language 
of logarithms 

Note that the word logarithm (or log.) is not attached to the loga¬ 
rithm itself. If we say log 20= 1-3010 we mean that 1-3010 is the 
logarithm of the number 20. 

I'he language of logarithms needs practice, .-^t first it is not clear 
that the statement log4 64 = 3 is equivalent to 4^ = 64, and that if 
io- = (a;4- i)® then z = 2 log^o (-v-i-1). 


Examples 37 

['fhe logarithms are to base 10 unless another base is mentioned.] 

1. \Vrite the numbers yl-a and ^^'8 as powers of 2. 

Also state the logarithms to the base 2 of these numbers. 

2. State the relation log 20= 1-3010 using the word “ antilog 

.-\lso write it using indices. 

3. Express in the language of logarithms ; 

(i) 5^=125 ; {ii)8i=27^ ®; (iii) If/: = ti'* then w*-= A®. 

4. Express, using indices : 

(i) log,3 169 = 2 ; (ii) R =log,e 64 ; (iii) log^ = 6 log^ rt®. 

5. W'li.u is the logarithm of the cube of antilog i-6? 

6. I'jiul (i) the logarithm, (ii) the antilogarithm of 2*4771. 

7. \\'hat is the relation between x and y if log, t = .v and log^ t =y} 

8. I itul A (i) if iug_ 81 = S, (ii) if iogj. 625 = 4 3. 

9. l-.xpiess log *75-1'8751 using utdices and not using the 
iml.iiion 1. 

10. 1 ind the logarithtn of to”- (i) to base 10, (ii) to base 3. 


Laws of Logarithms 
I he laves tor ile.iling 
ol indices. 


with logarithms are deduced from 


the laws 


11 p—u- and</ -</•', it follows from the laws of indices that 

pq^a^-v and p^q — a^''*. 
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In the language of logarithms these statements are : 

If loga/>=^ and loga9»=jy then \o%^pq=-x-^y. 

Hence log^ pq = log« p + log^ q. 

Similarly log^ plq=x~y = log^ p - log^ q. 

Again if x = loga />, then p = a^ ; 

loga P" = logo - log,, 

= xn=n \o%aP- 

Changing the Base of Logarithms 

If a=b‘ and N = a^, then = 

In the language of logarithms, these equations are 

z = logb fl, a? = loga ^ and zx = log* N ; 

logs, N^logb a . loga 

so that loga A^ = log(, A^-^logb a. 

For example, logg 5 =log,o 5-^logio 3 - 
In the same way, from the statement that 

if b^ = a tlien 6 = «* 'A 

we get log„6=i/logb a. 

Examples 38 

X. Expre:>s in the language of logarithms: if p=*/a*. q = r = a^t 
then pq~r = a^*v-t^ 

2. What is the relation between x and y if a- = log^ 5 and (i) y = logs 5 ? 
(ii)y = log3 *25? 

3* Use tables to calculate logg 5 and logj 3. 

4* Without using tables show that 

(i) log 800 - log 32 = 2 log 5 ; (ii) 3 + loPio 3 = l^Pio 75 40 - 

Why need no base be spcciiied in (i) while it must be in (ii)? 

5* Find to what base the logarithms arc taken if 

2 log 3 + 3 log 2 + log 5 - log 36 = 0-5. 

6. Find x if log x + log 8 ** log (a + 4) + log 6. 

7* Without using tables find the value of 

log § 2 + log A - log A• 

8. Establish the following : 

(i) (I - log^ a) (I + loga b) = loga b - loUb « • 

(ii) loga (a*b*) - logb i^b^) *= 4(log«, b - logb ")• 
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9. Rewrite each of the following statements without using log : 

(i) 2 log a = log 6 + log c - log ; 

(•') 3 Jog a = log d~2 log b. 

If both statements are true with the same values of a, b, c, d, prove 

A V = d\ 

10. (i) Show that log,6 81 =log2 3 and that logos 10= | logs ^o- 

(ii) If p = logo iV and 9 = logja find a relation between p, q, a. 

Further Examples on Indices and Logarithms 
Large and Small Numbers 

It is often convenient to use powers of 10 when dealing with 
either large or small numbers, as for example when concerned with 
astronomical distances or the weight of an electron ; thus 

The distance from the earth to the sun is 9-3 x 10’ miles. 

The velocity of light is 3 x 10^® cm. per second. 

The weight of an electron is 9 x io“*’ gm. 


Equations involving Powers 

Example I. Solve the equation 3* = 11. 

Here .V log 3 =Iog 11 ; A; = log ii-blog 3 = 1*0414-7 •477** 
Using logarithms for the division, 

X = antilog (-0174 - 1*6786) = antilog (*3388) — 2*182. 


Example II. Find x if 9* — 5.3* -f- 6 = o. 

If 3* *3^, then 9^ = 3:2 ^so that a- - 5~ -7 6 = 0 ; 

(^-3)(=-2)=o; .‘.^ = 3012. 

3 * = 3 gives a: = I ; 3*^ = 2 gives x log 3 — log 2, 

from which ' division Ar = antilog i*8ooo = *63i. 

Hence a.*= i or *631. 


Example III. Solve the simultaneous equations 

io'. 4 >'=i, 8->^«io‘'^h 

Taking logarithms 

x+y log 4=0, a: log S=y+ i, 

.-. -y log 4 . log S = r-i- I, 

>’(‘-5438)= ~ I ; 

.*. y = -*6511. 

This gives a: = *3921 


No. 

Log. 

•6021 

1-7797 

-903! _ 

I -9557 

•5438 

i -7354 

recip. 1*544 

= •6511 
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Examples 39 

[Nos. I to 3 large and small numbers. 

Nos. 4 to 10 equations with powers.] 

1. Find the weight of 10 million million electrons. 

2. Given that the diameter of a blood corpuscle is 7 x io“^ cm., show 
that the sum of the diameters of the 17 x 10*^ blood corpuscles in the 
body of a man is nearly i'2x 10® Km. 

3. If light takes 400 years to come from a star at 186,000 miles per 
second find its distance in miles to 2 significant figures. 

Solve the following equations : 

4. 5. io**=*6327. 6. 3 x 5^* = 5X3®*. 

7. 5^ - 25 X 5* +5 = 0. 8. 5^-5^+‘ + 6 = 0. 

9. 22*+v = 6''; 9* = 3x 2‘'+^ 10. IogioArV = 4'7 ; log,o - 5-2. 

Miscellaneous Examples 40 

Express in their simplest form with positive indices : 

I. ( 8 j:-®)- 3 . 2. (27x«)-S. 3. (8i.x^)i. 

4. 33 :i_y“i 4 - 5 ^(.xV). 5 * t 

6. Simplify (i) 8”® . 4®* . 2'4 -i 6}'; (ii) 3“ . 9-'’. 27^‘>4-8i^®. 

Work out Nos. 7 and 8. 

7. (i) (a® - + ax-2Kj. 

(ii) +M). 

8. (i) (a +il) ; (ii) (3*^ +2_yi -4.sl){3;ri - zy^ +4-C^). 

Solve the equations : 

9. 4 * = 2^-\ 10. 3 «^-’ = (243)l. II. I2* = 3 '^. 2'+^ 

12. Explain why logj x = log,© x4-log,j> 2. 

Show that log2 x + logg x + log, .x^7-079 log,g x. 

[Use tables of logarithms and of reciprocals.] 

W'ithout tables give the values of: 

* 3 - CO 1082 8; {ii)log3 8i; (iii) log^ 8 ; 

(‘vllogjaV; (v) log ,0-ooi ; (vi) logg..2 125. 

Use tables to find the values of; 

14. 4/0-3845. 15. (o-7235)-^'5. 16. 72 + 1-71. 

17. (o-37)» >». 18. logs 10. 19. logj 7-146. 

Solve the equations: 

20. 15-8 xi«=(o-6i)*. 21. 6^“^* . 5*+^ = 72. 

22. If = 2 logjg (3X + 7) simplify 10*'. 

Solve the equation 

2 Jogio (3* + 7) - logic (2x - i) = 2. 


D 
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Exponential Functions 

Exponent is an old name for index. If in fl is a constant and x 
is the variable, and we think of as a function of x, we have a new 
type of function called an exponential function. 

Different values of a give different exponential functions. The 
graphs of two such functions, e.g. the graphs of = and of 7 = 3* 
have much in common. 

Using the values 2^ = 4, 3^ = 2, 2® = i, 2“' = i, 2“® = J, and the 
corresponding values of 3^, we obtain a part near the origin for the 
two graphs shown in Fig. 32. 



Fig. 32 


For all such graphs (if «> i, in c*) 

(i) y is always positive ; 

(ii) y is always increasing as .v increases [if i, y is decreasing]; 

(iii) y is i when .v = o and for a^, y is a when .v is i ; 

(iv) the value of y for .v= -p is the reciprocal of its value for 

- P- 

Notice that tlie gradient of v = 2' when Ar = o is less than 1, which 
is the gradient of AB in Fig. 32, while the gradient ofy = 3' is greater 
than I. AC has gradient 2. Thus it is natural to suppose that there 
is a value of a between 2 and 3 such that the gradient oi y —a' when 
x — o is exactly 1. I’his value of a turns out to be a number of great 
importance in mathematics (see p. 238). It is usually called e and 
is roughly 2-7. 
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Examples 41 

1. Draw on the same diagram the graphs of y = z^ and3; = (J)^ from 
A:=-2tox=+2, and verify that the second graph is the reflexion 
of the first in the ^-axis. 

2. On the diagram of No. i insert the graph of >» = ^{2* + (J)*}, which 
for any value of x comes half-way between the other two graphs. 

[This is a special case of y = ^{a^ + a~^), a cur\e called the 
catenary, because it is the shape taken by a chain hung up at its 
two ends.] 

3. Draw the graph of^ = i*5* from x= -2 to ^ = 3. 

4. Taking 5 in. as the unit on the x-axis and J in. as unit on the y-axis, 
draw the graph of x—10* from x = o to x=t. Put the graph of 
y — 2* on the same axes and with the same scales. 

5. Since y = 2* is the same as x ® log^^y, explain why turning the paper 
sideways and looking through it from the back gives a graph show¬ 
ing logarithms to base 2. 

Use Fig. 32 in this way to see that log^ 3^1*6 and calculate the 
value more accurately using tables. 

6. Sketch the graphs of 

(i)y = 2*-*; (ii)3' = 3*-<: (hi) y = 2-*-i. 

7. Sketch on the same diagram the graphs of y = 2'“--2 and 

3“ 2 from xaso to x = 4 and find where they meet. 

[Such curves are also called exponential curves, ditfering from 
y^a‘ only in position and not in character.] 

8. Using the same axes as for the graph in Example 6 (i), plot the 
graph of ysa3 -X, and hence find an approximate solution of the 
equation 2-'“^ + x = 3. 

9. Using the gr.iph in No. 6 (ii) and the graph of _y=i2x- 10 show 
that there arc two roots of the equation 3*= izx —9, i.e. of 

3 ='-»= 4 A- 3 . 

10. By drawing the graphs of = 2* and y = - on the same axes, show 

X 

that there can be only one root of the equation x. 2 = i and find its 

approximate value. 

The Three-ordinate Property 

For any function of the type a^, if x is given the three values p —q* 
pi the corresponding values of y arc 

and these have the ptoporty y^y^~y^. 
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This may be expressed by saying that for 3 equally spaced ordi¬ 
nates, the middle one is the mean proportional between the other 
t\%’o or, in other words, is the square root of their product. 

[If h : x=x : k we say that x is the mean proportional between h 
and k, and x^ —kk.] 

lif{x)=a^, thenf{p-q) .f{p+q) = {fipW- 

It follows that the ;ic-axis and two ordinates completely determine 
the curve. 



Consider, for instance, the case where the ordinates at 2 points 
A and B, i cm. apart, are respectively 2 cm. and 3 cm. (Fig. 33). 
If C is 1 cm. to right of B and the ordinate at C is yc> then 

= i-e.yc=4-5- 

Similarly if P is i cm. to left of A and the ordinate is_», then 

ypX3 = 2®; i.e.y,. = 4 / 3 . 

The ordinates atO, R, S can be found in the same way to be 8/9, 
16/27, 32/^1, and intermediate ordinates can be filled in if desired ; 
thus llie ordinate midway between points A and B is 

Next consider how to find the equation of the curv'e. 

At the origin the value of y is i, so the origin is betweenO andP 
and about *3 cm. to the right of O. 

Also if the equation is y~a^ and OA=p we have a** = 2, <2*'^^ = 3 » 
whence by division o- (0). and the equation isy = (i)*. 

Note mat such a curve as v = 2*-i will not possess the three- 
ordinate property unless the ordinates are taken fromy= — i ; on 
the other hand, y=.a^-* will possess tlie property. 
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Examples 42 

1. A curve of the type has ordinates i and 4 when x^i and 

x — t respectively. Use three-ordinate property to find the ordinates 
for .V = o, 4, 8 and show that <2 = 2, 6 = i, r = 

Measure the ordinates when x = 7 and compare the measured 
value with that found by calculation. 

2. Where does the curve of No. i meet the cur\'e y = a®**? 

3. If the ordinates in Fig. 33 are doubled, show that the cur\-ey = (o)' 
passes through the tops of the ordinates, provided that the new origin 
is between 5 and R about 0*7 cm. from S. 

4. The curve y — a* is drawn, and points P, Q, /?. S are points on the 
*-axis in that order as x increases and separated by unit intervals ; 
the ordinates at Q and R are respectively f and 2 units. Find the 
value of a and the approximate position of the origin. Also find the 
ordinates at P and S. 

5. On the same axes with i inch representing i unit on the x-axis and 
5 units on they-axis draw carefully the graphs ofy = 2' and =x* + i 
between x= -1 and x = 5. Find the three roots of the ec|uation 
2* = x^+ I and give the ranges of value of x for which 2x is greater 
than X* + I. 

Gradient of Exponential Curve 

Two points on the curve^' = <7-' (Fig. 34) are (.r, <?’’) and (x ♦ h, a'"*’''). 

The gradient of tlic chord joining these points is 

- a* a*' - i 

- 1 - * • —L — 

h h 

Of these two factors, the second is independent of x, depending only 

on a and h. 



Fig. 34 
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To obtain the gradient of the tangent at the first of the two points, 
we suppose h to become small and tend to zero. 


Then 


a^ — i 


h 


approaches a limiting value, and if this value is A, we 


see that the gradient of the tangent to _y = <2* is a* . A, where A is 
independent of x and is a function of a only. 

Also notice that since a^ = iy A is the gradient of at the point 

where it crosses thejy-axis, the point (o, i). 

It has been stated (p. 88) that there is a 
value of a between 2 and 3 usually called e 
and approximately 2*7 such that has 

^ 1 

gradient i where x—o; it follows that —^— 

tends to value i as h tends to o, and that if 
y = e^ the gradient of the curve at any point 
is or y ;—the ordinate and the gradient are 
given by the same number. 

Thus for the cur\'e y=e*, where x^i the 
value of y is e' or e (2-7 approx.) ; the gradient of the curve is 
also =0:2'7. 

It follows that the tangent at P (Fig. 35) is tlie line joining P to the 
origin. 

Using the calculus notation. 



►AT 


dy 

if y = e*, then “ = 

ax 


Those who know tlie rule for differentiating a “ function of a 

function ”, namelv ^ when y is a function of u which is a 

' ax an ax 

function of .v, will see, using u = kx, that 

.1 ‘ft’ . , 

il = then y . k. 

ax 


This result enables us to find the gradient of the general exponential 
Clin e i’.— 

For since a = (^iot,.a^jr_gxiogca^ and so ify = fl', 

dv 

- ^ ^ log, fl ^ lo . log, a. 

W»V 
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the value of the limit 



as h^o, denoted by A above, is 


log, a. 

Thus in finding gradients to exponential cur\-es, and for other 
reasons which will be seen later, the process of changing logarithms 
from base lo to base e and vice versa is important. 

Remember that 


y = e% gradient = e' 
y = gradient = a-^. log^ a. 


Examples 43 

X. Being given that 6 = 2-718 find 

(>) ^ : (“) log. *0 ; (>”) log, 2 ; (iv) log, 3 ; (v) log, 5. 

[Solution. (i) The tables give log,^ e as -4343. 

(ii) log, 10 is the reciprocal of this, ^2'202 (it is nearer 

2-3026). 

(iii) log, 2 = log,o 2 X 2-3026 = -693 1 .] 

2. (i) Where and at what angle do the curves j = 6* and cut? 

(ii) I-ind the gradients where jf = o and where .v=i for the curves 
y = 2* andy = 3®. 

3. Show that the tangent to 6* at the point where x = o passes through 
the point (-1,0). 

4. Compare the gradients of 2* where ar= - 1 and of 2"® where .v= i. 

5. Show that for y = e', the subtmigent, i.c. the part of the .v-axis 
between the foot of the ordinate and the point where the tangent 
cuts it, is always of unit length. 

State the corresponding property for the cur\cy = a®. 

6. Show that the equation c®- 3^ = 0 has one root between .v = o and 
x=i and another root between .v=i and .v = 2. Find the smaller 
root to 2 decimal places. 

7. Solve io* + ar-2 = o giving the root to two decimal places. 

8. Eliminate y from the definitions 

2 cosh y = 6*' + 6”*', 2 sinh y = c*' - e~* 
to show that cosh* y - sinh^ y = 1. 

9. (i) By considering the graphs of y = 6® and y = x + a, show that the 

equation -x~a = o has no roots if «•' i. 

(ii) Show that the equation 6® + x-a = o has one root whatever the 
value of a. 

10. P, Q, R are three points on the cur\c y = 6* with .r-coordinates 
X - 1, x, x + i respectively. The tangent to the curve at Q meets 
the ordinates oiP and R at Ii and K. Show IIP . KJi = 6^® (i — 2/c). 
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Examples 44 (Miscellaneous) 

1. Find the value of (64 - 64^ - 64^)-f- 27^. 

2. Find .V from (i) = 8 W ; (ii) log jc + log 2 = 1. 

3. Find an equation connecting x and y if x = logs ^ >' = 

4. Solve the equations (i) X - 5i^ a;- f 6 = 0 ; (ii) x*‘- 5X + 6 a .4 = o. 

5. Use tables to find (i) logj 17 ; (ii) log (logs ^2). 

6. (i) Explain the property corresponding to the three-ordinate 

property for the curve >' = 3 * + 4- 

(ii) If = a* + 2 cuts the curve of (i) where .v = - 1 find the value of 

a. 


7. Calculate lo^ by the square root tables (or the rule for square root) ; 
check using logarithms. 

8. Without use of tables prove that 

(i) log 75 - log 3 = 2 log 5 (>i) log = 3 log 2 ; 

and express using indices and not logarithms: 

(iii) logs 625=4; (iv) logg 32 = 5/3 ; (v) log = 5 log 

9. If light travels at 3 x 10^® cm. per second, find how long it lakes to 
tra\cl 30 km. 

10. The function /(.v) s a* -b is such that 

/(o) = - 2 and /16-024) =0. 

Find the values of a and 6. 

11. (i) If 2 log,o.v + 5 log,(,_v* 1-232 express x in terms of in a form 

not involving logarithms. 

(ii) Solve the ecjuation - 5 x +4=0. 

(L-) 

12. Il p~ +<j- — i^Pq prove that 


log ^ = J (log p + log q). 

4 


13 


I'ind l''^• using h'^aritlims the value of J{a-+b~) when fl* = o*07i 
at.d 0-248. (N.U.J.B.) 

14. T wo numbers v atul y are known to be connected by an equation 

ot the torm a’\' ’ = 10 where a and B are constants. By experiment 
it IS found iluu w hi. ri .v 2, -v’ = i -zot), and when x = 2-5, y = 1-073. 
By taking logaritlims, calculate the values of a and B, each correct 
to two sigiulicaui figures. (N.U.J.B.) 

15. I-ukI (i) a value of n for which ^?^2“" is greater than 10^. and (ii) a 

value vif n for which it is less than 10 (N.U.J.B.) 

16. Without using tables, find the value of (logg 3)(log3 4)* (N.U.J.B.) 
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(i) Find, without using tables, the value oi y when a: = 9 if 

2log,o:>'-3 

(ii) Simplify log (^*)%log (^) . 


(iii) Evaluate, using tables, 


13-93-7-27 


CL.) 


13-93 X 7-27 

18. With the aid of logarithms, evaluate (0-01579)"®'^ - (0-01579)®'^. (L.) 

19. Draw the curve y = logio .v for values of x from x = J to x = 5 taking 
I inch to represent unit on the jy-scale and 1 inch to represent 
1 unit on the x-scale. 

Hence find, graphically, a solution of the equation 8 logm x = x. 

(L.) 

20. \f a = b^ show that log^ x = 3 log^ ^ 

Given logt. = 

log. (i;)= 

and a 

find log„ X in terms of z and w. (L.) 

21. (a) If a-+ 62 _ 6 aA = o, prove that 

2 log, {a +b)- log, a = log, 86. 


to 


(6) If-= (2-718)® where x-0 = 634 and 6 = 0-725, find x. 


(L.) 


22. The population of a tow-n increases at the rate of 8 per cent, per 
annum. If it is at present 40,824, find by aid of the formula 

V 


A 




I + 


too/ 


what it was 2 years ago and also what it will be in 20 years time if 
it continues to increase at the same rate* (L.) 


^3* ^ certain town the numbers of births and deaths in each year 

are respectively and -4V population at the beginning of 

the year. In how many years will the population be doubled, if all 
other causes of change (such as migraiiun) of the population arc 
neglected? 

^ 4 * At the beginning of llic year 19^9 population of a certain town 
w'as 250,000 while by the end of 1928 it had increased to 312,000. 
Tl)e number of deaths during 1928 was 4,650. Assuming that the 
numbers of births and of deaths during a year arc both proportional 
to the population at the beginning of the year, aiul that tliere is no 
emigration or immigration, determine tlxe annual birth and death 

rates per thousand* (^0 

D2 


T.A.A* 
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25. The population of England and Wales (in thousands) increased 
from 32,528 in 1901 to 36,070 in 1911. Supposing the law of 
increase of population to be expressed by the formula P = at^b 
where P is the population and t is the time measured in years, and 
a and b arc constants, find (i) the population in 1908, (ii) the year, 
with decimal fraction from the census-date, W'hen the population 
was 34 millions* 

26. The number of persons born in any one year is of the popula¬ 

tion at the commencement of that year, and the number who die 
in that year is uV of it. How many years wiU have elapsed before 
the population has doubled itself? (^0 

(i) ^^’rite in descending order of magnitude 2"i“, 2”^, 2“ if a is 
positive. Do this also if a is negative. 

(ii) Find the least integer n for which 2-'* exceeds 10^®°. 


27 


28. Prove that — 


A.-- +y 


2 _ .^-2 _ v -2 


xv~^ + 




1 




(L.) 

(L.) 


29 


If v = , express and terms of 


in simplest form. 


30. If prove that 


XV 

x+y 


(L.) 

(L.) 
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POLYNOMIALS ; REMAINDER THEOREM 

Polynomials 

Algebraic expressions such as 

2x —5, -iax + ‘]a^, 4^"+ 3-T - 7y, 

have been spoken of as binomials, trinomials and quadrinomials 
respectively, meaning expressions of two, three and four terms. 

Expressions of more than four terms are called “ polynomials ”, 
i.e. expressions of many * terms, but this word is also used loosely 
to include three- and four-termed expressions. It is usually restricted 
to expressions containing only integral powers of the variables. 

Multiplication 

When two polynomials are to be multiplied together, each term of 
the first must be multiplied by each term of the second and these 
“ partial products ” added. 

Example I. Multiply i>^ + 5x - 3X® - 7 by .x® + 2 - ^x. 

The first thing to be done is to arrange each expression in descending 
powers of x (or alternatively, each in ascending powers). If any power of 
* IS missing it is well to insert it, with zero as coefficient ; so here we get 

(2X* + - 3x- + 5.V - 7) (a:^ - 3x + 2). 

It will be seen that the product starts w’ith x® and contains the other 
powers of x from x-‘ down to x and a constant. 

Any power can be picked out; thus the coefficient of is 

ox2+(-3)(-3) + 5x I or 14. 

It is probably easier to arrange the work as below, something like long 
multiplication in arithmetic : 

2x* + oat’ - 3x* + 5x - 7 

X* - 3 X + 2 

2x® + ox'^ - 3x® + 5x“ - 7x* 

- 6 x^ - o.V* +9x^ — 15X- + 21X 

4-v'* + ox-^ — 6x- + lo.x — 14 

2x® - Ox'' + .v‘ + i4.x^ - 28 x® + 3IX - 14 Answer. 

• It is never easy to decide the smallest number to be called ” many ”. Compare 
tnc phrase " two’s company, three's a crowd 
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In such cases it saves time and actuaUy increases accuracy to detach the 
coefficients and arrange the work thus 

2 +0-3+ 5 - 7 

1 -3 + 

2 + 0 - 3 + 5 - 7 
-6 — 0+ 9-15 + 21 

4+ o- 6+10-14 

2-6+1 + 14-28 + 31 -14 

Inserting the powers of x from downwards we get the answer. 

This work with detached coefficients will apply equally well if the 
question is “ Find the product of zx* + 5^^ - - 7^ by a:- - 3.yj- + 2/. 

in which each expression is homogeneous (i.e. composed of terms of the 

same degree) in two letters. 

Example n. Multiply + 3.V + i by + 2.v + 1 and compare with 
the work of multiplying 231 by 121. 

Solution : 

Using detached coefficients for the 
algebra : 

2 + 3 + 1 
I + 2 + I 


Here the arithmetic is almost 
identical : 

231 

121 


2^3 + 1 
44-6 + 2 
2 + 3 + 1 

2+7+9+5+1 


231 

462 

_ 23 I 

27051 Answer. 


Answer : 2.v^ + 7 a:^ + q.V" + 5-v + i • 

I'he exact correspondence depends on there being no carrying in the 
arithmetic. Had the multiplier been 123. the cocfficjcnts in the algebra 
would ha\c been 2, 7, 13, 11. 3, while the arithmetic would have given 
2S4J ^ as the answer, carrying being needed in two places.] 

Example III. Multiply .v”-' + + a^x^-^ + ... + by x-a. 

In this important example some imagination has to be used to picture 
terms which are not written down. The product, like the expressions to 
he miiltiplied, will be homogeneous. 

Solution : 

■\-xa^-- 

X u 


a’*' * + a.x’*' ® 


+ a 


1 


a :** -4 cx 




tr\' 


I 


■f 


n—l 


•i 


1 '* «i 

' - U-.V ‘ - 




a " - fl" 


Answer. 



POLYNOMIALS *, REMAINDER THEOREM 


99 


Note carefully the result, that for all values of n 

x" - a” has x - a as a factor. 

This is used in proving the very important Remainder Theorem^ p. 105. 
Examples 45 

1. Multiply (i) + 5x® - 3X + 2 by x* + 5X® + 3X + 2. 

[Detach coefficients, if it seems desirable to do so.] 

(ii) X® + 7X® - I by zx^ + 4x^ + 3X® + x + 3. 

2. Compare the multiplication of x^+yx+i by x^+x+i with that of 
171 by III. 

Also (x® + 2X + i)x (x® + 1) with 1021 x 101. 

3. Multiply X®" -ax-"“^ +a*x*'‘“^ — ... — (in which the signs 

alternate) by x + a and also by x - a. 

4. Use detached coefficients to work out: 

(i) (i + x)® X (i +x)“ ; (u) (i + x +x*)^ ; (iii) (<a® + 2^ + 36^)*. 

5. Prove that x^ +(x + i)* +{x(x + i))*s(x* +x + i)- 

[e.g. 6*+ 7*+ 42^ = 43*], and express ii^+iz^ as the difference of 
two squares. 

6. Multiply (i) 3 x + 6x*+ 4 by 2x + xi +8 ; 

(ii) X - 2x^ + x^ - I by 2x + x^ - x* + I. 

Binomial Expansions 

A specially important use of detached coefficients is in determining 
the coefficients in successive powers of i +x, or of a +b. Since the 
multiplier is always i +1, it can be remembered and not written 
down ; the work is as follows. 

I + I Thus (1 -»-x)^ = I + 5x + lox® + iox® + 5x^ +a:^ 

I + I and {a +6)* = a* + 5^1*6 + ioa^6* + lod^b^ + ^ab* 

I + 2 + I square 


I + 

2 + 

1 

I +3 + 

3 + 

I cube 

I + 

3 + 

3 + 1 

I +4 + 

6 + 

4 + I fourth power 

I + 

4 + 

6 + 4 + 1 


1+5 +10+ 10+ 5 + 1 fifth power 
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The work can be shortened, so that only the successive answers are 
written down, by the use of the rule, which can be seen from the 
above work, that “ each coefficient is the sum of that above it and 
that next to the left above it 

i + i 

1+2+ I 

J + 3 + 3 + * 

I + 4 + 6 + 4 + I 
1+5 +10+10+ 5+ I 

1+6 + 15 + 20 + 15+ 6 + 1 

1+7 + 21+35 + 35 + 21 +7 + 1 

This triangle of figures, which can be continued as far as desired, is 
known as “Pascal’s Triangle 

These figures are used in finding powers of any binomial, e.g. for 
(1 + 2 a)’ the successive coefficients are 

1,7x2, 21 X 2% 35 X 2®, 35 X 2‘, 21 X 2®, 7 X 2® and 2% 
or again 

(30-2i)® = 3®<3®-3^. 2.50*6 + 3®. 2® ioa®6® 

- 3®. 2®. ioo®6® + 3.2* . 506^ - 2*^6®, 

all odd powers of 6 having a negative coefficient, and the expression 
being homogeneous. 

A rule by which the coefficients of any power can be found without 
reference to those of the previous powers is discussed in Chapter VIII. 

Examples 46 

X. Carry on ii,e above work as far as (1 +a:)^® and find the coefficient 
of x" in (i 

2. Examine the vertical columns of figures in the triangle above and 
explain how each coefficient can be found as the sum of figures in 

previous column. 

3. Examine the sums of successive rows of figures in the triangle. 
Explain the result. 

4. Write out in full +y')* ; (i — 2x)® ; (2^ + 36)®. 

5. Write (i +x^f 2 y iti the form P+ whenP and Q do not contain 
surds. If a: = I show that P-Q = 240. 



lOI 


polynomials; remainder theorem 

6. If (i +2^'2)'* is written in the form P + QJ2 where P and Q do not 
contain surds, show that Q = iioo. 

7. Write in full (i -ar)’ and find the result if this is added to (i +x-)’. 

8 . Simplify (i +a:)®-2(i +x)^(i -;c)^ + (i 

Division 

Since division is the reverse process to multiplication, it is possible 
to assume a quotient and remainder and then compare coefficients. 

Example I. Divide 2:^ - + fix - 5 by a: - 3. 

The quotient will be of the second degree and the remainder a constant, 
60 assume 2x^ - 4.v^ + 6.v - 5 = (ax- + bx + c) (x - 3) + d. 

Equaling coeflicients of x^, a « 2 ; 

X*, b = 2 \ 

X, -36+c = 6, c=i2; 

constants -3c + </= -5, .*.</ = 31. 

It is, however, easier to arrange the work like long division in arithmetic ; 
;c _ 3 I 2x® - 4x2 + 6x - 5 ] 2x2 + 2x + 12 Quotient 
2x^ - 6x2 

2X2 + (^x 

2X2 _ 

I 2 X - 5 
I 2 X - 36 

31 Remainder. 

Example n. Divide +4X® + 7x2 - 13X-65 byx 2 -x- 6 . 

[Coefficients may be detached as in multiplication.] 

Using detached coefficients : 

I - I -6 I 1+4+ 7 - 13 “ 65 I 1 + 5 + 18 

: - I - 6 

5 + » 3“*3 

S“ 5 ” 3 ® Quotient X2 + 5X+18 

18 + 17- 65 

18-18-108 Remainder 35X + 43 
35 + 43 

The remainder is normally of one degree lower than the divisor ; in 
Example / it is a constant^ in Example 11 it is linear. 
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Example 11 may also be done using the factors x - 3, x + 2t 

I -3 { 1+4+ 7-13- 65 1 1+7 + 28 + 71 

1-3 

7+ 7 
7-2 1 

28 -13 
28 -84 

7 * - 65 
7 » -213 
148 

I +2 ! 1+7 + 28 + 71 I 1+5 + 18 
1+2 
5+28 
5 + 10 
18 +71 
18 + 36 

35 

Quotient x* + 5.V + 18 ; Remainder 35 (x - 3) + 148 = 35.r+ 43. 


Example m. Divide x*" +a'” by x +<2. 
[Terms not written down must be pictured.] 

x + fl I x'" +0 +0 


+ 0 + ... +<j-'‘ i X 






- ax 


+ a V"-® 




x-" + a.v 


- + o 

— /j.v*"' 1 


+0 


The terms .r- • quotient will have numerical coefficients +1 and 

altern.Uelv, and as 'here will be 2/1 of them the last coefficient will be 
Thus he last oieps will be : 


-1 

- 1 . 


fl-"-=.v=+o +a2" ...+fl="-8 


!x _ a2r.-l 


a*" “.v- + rt'"-i. 


- «*’■ -lx + flSn 

— l.V - fl”'* 


the quotient is 
nder is za-'*. 


2 a~» 


flx^" 2 + and the 



polynomials; remainder theorem 


103 


Fractional coefficients are liable to occur. 


Example IV. Divide 5^:^ - + 2 by jx + 3. 


5v2_i5v_!5i 
7' 7 '^ 7 ^ 

7.x + 3 ! 5 a:^ + o - 4.V + 2 

c.x-^ + — 

^ 7 

—- - 4 .x 

7 

7 7 -_ 

* 5 * 

-^X + 2 

^ lii V - 

7"' 7" 

1139 


Quotient 


Remainder * * 


Example V. Division may also be worked in ascending powers of x, 
and this is usually employed when x is small. 

Divide 2 - 4.V + 5x^ by 3 + yx. 

2 26 182 4 

-T -x + ~r ^ 

3 3 “ 3 “^ 

3 +7X j 2 - 4x + o + 5X® 

14X ^ . 2 26 182 „ 

2 + — Quotient — - x + 

3 


.. 3 _ 
26x 


26 182 „ 

- - X + X * 

9 27 


+ o 


Remainder - 


1139 


26x 182 


'-p x‘ + 5.v» 


_3 _ 

*•39 


Notice that both quotient and remainder are completely difTerent from 
those in Example IV, when the same division was worked in descending 
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powers. Using ascending powers the division may be continued in¬ 
definitely as follows : 


3+7-^ 1 1139 , 

--A-^ + o 

S'" 

_li39^^_ii39 ...4 

-v 4 

3 ^ ‘ 

The quotient will continue with 




At whatever stage the division is stopped, there is a remainder. 
Example 47, Nos. 5, 6.) 


(See 


Examples 47 

1. Divide - zx- +x + y by .v* - 2.v -f 5. 

2. Di\ idc + ya-h ~ by za + 3^ in descending powers of a, 

showing that the remainder is Ib'^. 

3. Divide (i) x^ + a^, (ii) x^ + a^ by x-a, 

4. If the division of N'o. i is worked in ascending powers show that 

the first two figures in the quotient are -+ and state the 

5 25 

remainder at this stage. 


5- 

6. 


C'arrv out tlie 
showing that i; 

rind a scries ti 
\\ I'.at is the reiu.:.» 
quoUent? 


:.don of Example 2 in descending powers of 6, 
s case the remainder is - ya^'zy. 

' 2.Y - .V-) in ascending powers of a* bv division, 

ider when the term in x^ has been reached iji the 


7- 

8 . 

9* 


Divicie a -* • b bv -i-b^. 

[It ridLrlu sa-.e tmul'le to write p, q for a^, 6^.] 

{(/) DiVKlv 1 I-y I - A- in ascending powers of a as far as the term in 
A’, ami give the remainder. 

(f>) As in («0> but di\iJing i by (1 -a')®. 

If the di\ i,-,ion itf /"(a ) by f.'>i v) gi\ es a quotient O(a-) and a remainder 
V/^' common tactor of/bv) and ^(a) is also a factor 
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[This result is the basis of the “ long rule ” for finding Highest 
Common Factor (h.c.f.). The h.c.f. oif{x) and is also that 
of <l>(x) and We start again with these and continue the 

process till a stage is reached when the division is exact. The 
division is then the H.C.F. of the original functions.] 

10. Show that when the first of the expressions x® + 2x~ -2x - i and 
9 ^+x^-^x -2 is divided by the second the quotient is i and the 
remainder is the common factor of the expressions. 

XX. If - 3x® + 2X- - 3X + 1 is divided by x^ - 3X- •+• x - 3 show that the 
remainder after the first step of the division is the h.c.f. of the 
t\vo expressions. 

X2. Divide 6x* +yx- 64x5 + 23.x5 + 28 by x 3 + 3x5 _ 4^. 

[In such an example put x 5 =y, or else detach coefficients.] 


The Factor Theorem and Remainder Theorem 

If /(x) =poX^ + +piX"-^ + ... +p„-iX+pn, 

then f{a)=paa”+pia^-'-^-p2a''--+...+p„_ia+p„. 

/W -f{o)=po(x’' - a") + Pi (x"-^ ~ + pzix''-- - a"-*) 

+ ...+/>„_i(x-a). 

Now it has been shown (p. 98) that for all values of x" —a" has 
(x - <2) as a factor, 

f{x)-f{a) consists of a series of brackets each having (x - a) 
as a factor ; 

f{x) “/(<*) has (x - a) as a factor. 

From this statement tw'o most important results follow : 

The Factor Theorem. 

If f(a) = o, then (x ~ a) is a factor of f(x). (I) 

The Remainder Theorem. 

If f(x) is divided by (x - a), the remainder is f(a). (II) 


Division by a Binomial 

If a polynomial/(x) is divided by (x-a) giving the quoticntO(.v) 
and the remainder R, then R is a constant independent of x and the 
result of the division may be written in either of two ways; 


fix) = {x-a)Q{x)+R 


fix) 


= Q{x) + 


R 


or 


x — a 


x-a 


(III) 

.(IV) 
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To the student these two statements may appear to be the same, 
but there is one important distinction between them. (Ill) is an 
identity in the sense that if the expression on the right is arranged 
as a polynomial in x, the coefficients of this polynomial will be 
exactly the same as those of /(x). Thus the two sides are the same 
function and will give equal values for every possible value of x. 

This statement about equal values is also true of (IV) with a single 
exception. It is not possible to put x = a in (IV), division by o being 
meaningless and not permitted in mathematics.* 

As we wish to put x = a, the question arises: which of the two 
statements is proved by tlie work of division? An example will show 
this. 

Consider the work of dividing 2x^-^^+6x~5 by x-3. 

^-3 - 4,v2 + 6 .V - 5 I 2.Y= + 2.V + 12 

2X^ - (ix^ 

2X- + 6 .V - 5 

2x- - 6 x 

12.V - 5 

^2X - 36 

31 

Here .r - 3 has been multiplied in turn by 2.v«. 2X and 12, and the 
results subtracted from 2.v» - 4.v-i + 6x - 5, leaving finally 31. 

(1 he -5 in the 3rd line is usually understood, but not written 
down.) 

1 hus wliat has been proved is that 

2.v^-4.v2 6 .V - 5 - (.r- 3 )( 2 .v 2 + 2x+ 12) = 31, 
i.e. that 2,v^-.pv- ■ b.v - 5 =(.v - 3) (2JC^ + 2X + 12) + 31, 

winch. t\.r this example-, corresponds to statement (III) above. 

1 he statement corresponding to (IV) follows. 


(jcncral case 

Statement (III) is proved to be an identity by division. 

In this put v r/; the result h f{a) = o ^ Q{a) ^R (R being a 
constant is the same whatever value is given to x) ; 

/?=/(«). 

This is the Remainder Theorem as before. 

• Or else from 


o X 3 — o X 5 one could deduce 3 =5* 
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The Factor Theorem also follows, being the special case when 
f{a) = o. 

Note that the question beginning “ Use the Remainder Theorem 
to factorise ...” implies the use of the special case. 

Factors of Polynomial 

Suppose that f{x) is a polynomial of degree w, which is known to 
be zero for the n values ... «„ of x. 

Then making use of (I), (a:-*,), (v-oca) ••• ate factors of f{x) and 
f{x)=pQ{x ~ 0Lx){x - <x^ ... (.r-a„) where is the term of degree n 
in f{x)y Pq being a non-zero constant, independent of at. 

Now if X is given any value whate\ er, except one of the a’s, f{x) 
cannot be equal to zero, for none of the ?i factors can vanish. 

if f(x) is a polynomial of the nth degree, it cannot vanish 
for more than n values of x unless it is identically zero. 

It can only be identically zero if each of the cocfiicients/>o, Pi^pa ••• 
is zero, as for example in the case of 

2a:* - 4Ar* + 6 a: - 36 - (x - 3) (zx* + 2x + 12). 

It is quite possible that there may not be n values of x for which 
/(x) vanishes •—for example, the cubic (x-/>)(.v--t q-) vanishes only 
if x=/) ; but what has been shown is that it cannot vanish for more 
than 3 values if it is a cubic. 

Example I. Prove that x + i is a factor of at* - zx- - 13.V - 10 and find 
the other factors. 

Substitute — 1 for x in the expression ; the result is - i - 2 + 13 - i o = o. 
x+i is a factor; x* - 2.v" - 13X - 10 * (x + 1 )(x-’+ - 10), the 

first and last coefficients being seen at once. 

By coefficients of x* ; a + i = - 2 ; a = - 3. 

Check coefficients of x ; a - 10 = - 13. 

The factors of x* - 3X - 10 arc (x + 2)(x - 5). 

the factors of the cubic are (x + i)(.v + 2)(.v - 5). 

Example 11 . If /(x) = 2x*+x* - 15X - iS show iliat/(3)=o and find 
the factors of /(x). 

/( 3 ) = 54+9-45-*8=o; x - 3 is a factor. 

/(x) = (x-3)(2x* + <2X + 6) and coefficients of x- give a - 0 = 1 . 

The factors of 2 a:* + yx + 0 are seen to be (2X + 3) (a: + 2). 

/(jc)=-( 2 x + 3 )(x + 2 )(x- 3 ). 

• In real algebra. If x may be complex (see Chap. XI) tlierc are always n values. 
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Example in. Suppose that /(.v) is divided by (x - a) (.v ~b) and that the 
remainder, which is of the first degree, is written in the form 

A{x-a) +£(:c -b). 

It is required to find A and B. 

Solution. Suppose the quotient to be Q{x). 

Then by hypothesis 

f{x) = ix-a)ix-b)Qix) + A{x~a)+B(x-b) .(I) 

[As in the proof of the Remainder Theorem, this can be shown to be true 
for all values of a-.] 

In (I) put x = a-, then f{a)=o + o + Bia -b). 

In (I) put a; =b; then /(b) = o + Aib - a)+ o. 

and B-M 
b - a a~b 

Examples 48 

1. Prove X ~ 1 is a factor of .v® + 4.V- - a: - 4 and find the other factors. 

2. Prove that both x — 2 and x + 3 are factors of x"* + 5^^ - 2.v~ - 24A: and 
write the expression in factors. 

3. I'actorise - 2.v2 - 1 ix - 6 and .v^ + 5^^ - 4JC - 20. 

4. Factorise (i) x-^ - - 13.V- + 4X + 12, 

(ii) x-* - 9x3 + ^2 ^ 

5. Solve the following equations by factorising : 

(i) x -3 - 6x2 + ^ 12 _Q . x 3 + 3 x 3 _ _Q . 

('ii) + S-'" +12=0; (iv) x^ — 6 x 3 + 3x3 + lox = o. 

6. Find the remainder when x* ~ zx^ - ~ zx + a is divided by x - 3. 

It a is chosen so that x - 3 is a factor, find the other factors. 

7* Find the value of p for which x —p is a factor of 

x^ +px~ - (zp- + I2)X + 7p + to, 
and for this value of p factorise the expression. 

8. \\ li.it art- (lie remainders for 

(l) (.V +2X' + i)-r(x -2)? (ii) (x 5 + 5.v^ _x-3)-;-(x + 2)? 

9 - If tile remainder when /"(x) is divided by (x - a)(x-h) is Bx + Q show 
that (« -!>} I*=j(a) - f(b) and find the value of (ti -b) 0 . 

Coefficients and Roots 

* «,x + a2 = a^{x- a) (x -) 3 ), 

and since the r.h.s. is ~^)x it follows that 

and a.^ = aJaQ. 
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Again, if ->r ■¥ a^x + = <7o(jf - a)(.v - fi){x - y) 

which — (3 -f “i“ (j 3 y + ya -r xj 3 )x - ccpy}, 

it follows that a + ^ + y= —q^IOq, ^y i-yx + ocfS = a.Jao, ‘^,^7= 
or Sa=-aJaQ, 2:^y = aJaQ, afiy=-aJao. 

The same process applies to the general case. 

If /(a*) = a^x^ + + a-iX’*-^ + ... + rtn-iA* + 

and if the n factors of the R.n.s. are (.v - a,), (.v - a.), ... (.v - x„), then 
the R.H.S.=ai{A-'*-(^a,)-V'-i + (r:(,:(.).v''-2-(j:x,a.a3).v"-3 4-...}. 

It follows that Xai = —aJaQ, I^XiX^^a.yjaQ, Zx^x..x;i= and 

so on. 

These expressions Xa^aj, ••• called the elementary 

symmetric functions of a^. «3 ••• • 

It should be understood tliat, for instance, the term in at"'® in the 
expansion of (x-a2)(A?-a2) ... (.v-«„) is obtained by taking the 
X from (« - 2) brackets and ( — a) from the remaining 2 brackets in 
every possible way and multiplying tliem tngetlier; again taking .v 
from (« —3) brackets and (-a) from the remainin'^ 3 brackets and 
multiplying them together gives a term in and the sum of such 
terms is - (Xaia2a3)x"“^ and so on. 

As aj, X2> <*3 ••• are the roots of the equation /(.v) -o. the relations 
Xotj = — J^Xyy.2 = a.,laQ, etc., arc usually reterred to as “the 

relations between tlie coefficients and the roots ”.■* 

Examples 49 

1. What is the sum of the roots for the follow ing equations? 

(i) 24 A -2 -48X + 5*0; (ii) 13.V- + 2.V -1=0; 

(iii) 2A-“ - 3.V’* - 30.V + 56 = o. 

2. If a, y are the roots of the Equation No. i (iii), what are the values 

of (i) a) 5 +^y+ya? (ii) a^y? (iii) - + ? 

a p y 

3. Use the identity (X*,)’* ; Xa,® + aXxja^ to find the sum of the 
squares of the roots of the equations : 

(i) - 2 a‘^ - 5.V + 6 = o ; (ii) + 2 \~ - 5.V - 6 = o ; 

(iii) 2x^ - 25a:’^ + 92X - 105 =0; (i\) 3.v-' i y.v- - 2 .y + 6 = 0. 

4. If *• = «! is a root of No. 3 (i), show that z = i/a| satisfies 

+ 5a- - 2C + I = o. 

Hence find the sum of the reciprocals of the roots of No. 3 (i). 
Siniilarly find the sum of the reciprocals of the roots of the other 
equations in No. 3. 

• It will be shown in Ch.no. XI on Complex Numbers that these relations hold 
good whether there are n real routs or not. 
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5. If X = is a root of No. 3 (i) show that y — is a root of 

^ — 2. . ky- + 5 . k^y + 6.^ = 0. 

Form the equation 

(i) whose roots are twice those of No. 3 (ii), 

(ii) whose roots are half those of No. 3 (iv). 

6. lix^+px-^-q-o has roots a, y, write down the values of a + ^+y, 

+ Py + ya, a^y. 

Also show that a®+^® + y®= -39. 

[Hint: a^= -pa -q^ etc., or use factors of +b'^ + c® — ‘^abc.^ 

•j. If .r®+/>x+9 = o has 2 equal roots show 4/>^ + 27^-= 0. 

[Hint : Let the roots be a, a, ^ ; write down the relations beUveen 
the coefficients and the roots and eliminate a and 

8. Show that the equation 2 (y - 2)® - 3 (y - 2)® - 30 (y - 2) + 56 o, i.e. 
2y® - i5y®+ 6y-f 88 = 0 has roots which are each two more than 
those of No. I (iii). 

Similarly form the equation whose roots are one less than those 
of No. 3 (i). 

9. Express in terms of the elementary symmetric functions of a^, flg, 

^3, ... a„ the functions (i) (ii) 

10. If a, / 5 , y are the roots of +/>.v + ^ = o find the values of 

(i) +y““ ; (ii) a“®+ ^“®+y“®. 

Expressions involving more than Two Letters 

Expressions involving three letters often occur in connection with 
triangles or with the three coordinates needed to specify position in 
solid geomet^)^ In multiplying two such expressions it is important 
to decide beforehand the number and t^'pe of terms to be expected, 
and where possible, to make use of symmetry. The e.xprcssions 
will ubually be liomogeneous in the three letters. 

Example I. Find (a _■ b ^t-c)" and (2a~ - 46" + 3f“)". 

In (a [ b : c)~ there %\ill be nine terms which are either squares or 

products of two letters : if r is o it reduces to a- +b' ±2ab, in which 2ab 

counts as two of the nine terms ; thus we get the square of each letter 
and twice the product of each pair, positive if the letters have like signs, 
ncgatis'c il they have unlike signs. 

So {a + b + c)“ = a^ +b~ + c- + zbc + 2ca + 2«^, 

(o + b - r)® = a- +b~ + c’ — 2bc — 2ca + 2ab, 

{a - b - cY — d- -k-b- + c- -k- zbc - 2C<2 - 2ab, 

and similarly 

{2d- - 46' + 3c*)® = 4«'* + 166^ + gc* - 2^-c- + i2c-a- - i 6 a-b^. 
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Notice that the answers are arranged according to type: first the type 
** square ” and then the type “ product Also that the order a, b, c is 
kept in the products as, term omitting a, term omitting b, term omitting c. 

Example n. (i) Given A =^/{i(5 -a)(r-6){f - c)} when 2S = a +b +c, 
show that i6 A* = zb-c- + zc-a^ + za-b- - a* -b* - c*. 


Since s^^{a +b +c), s ~ a = i{b+ c - a), and so for the others. 

i6A'^ = (<2 +b +c){b +c - a)[c +a -b){a +b -c). 

The work is done, mentally, in two stages using in each case the factors 
of the difference of two squares. 


(a + b +c){b -he -a) = (b +cy - a-= b- +c^ - a- + zbc, 
lc + a-b)[a +b -c) = a~ -(b~c)^= - [b- +c^ - zbc]. 

The whole product 

l6A2=(2ftc)- -(62+c2-a2)2 

* -{b^+c*+a* + zb^'c^ - zc^a^ - za-b^) 

= zb^-c^ + 2c2fl2 4- Zd^b- -a*-b*-c*. 


(ii) Factorise ■>rb*+c^ ±zb^<^ ±zc^a-±2a'^b‘^ for all varieties of the 
signs. 

If all three signs arc + or if one of them only is +, the expression is a 
perfect square ; +b'+ c^)'=a*-^-b^ + c^ + zb'C^zc'a~za-b'^ and, 

for example 

(^2 + 6® - f2)2 * + 6^ + r* - 2/>V2 - 2C-a~ + zd-bK 


If two of the signs are + and one - , we proceed as tollows : 

a* + 6^ + c* + zb~c~ + ze'-d- - zd-b- — {d- -i b- + c^)- - 4«-6' 

= (d- + h- + c* + zab)la- + c^ - zab) 

= {(a+bf +c^}{(a-b)-^c-}. 

Each factor is now the sum of two squares and there are no first degree 
factors. 

If all the signs are - we go backwards through the work of (i) and get 
a* -i-b* + c* — zb'C’ - 2c*«" - zd-b- 

= - (tf + c)(i + c - <i)(c + fl - +6 - r). 


S Notation 

The expressions in Examples I, II can be written in an abbreviated 
form by the use of the Z" notaiioit, where Z is used to mean the 
sum of all terms of the type ... .” 

Thus (a , A + cf = Zrt" -t zEbc, 

{d- ^ b- c-y = ♦ z^b-c'^. 

The notation FI for products is sometimes used also ; thus for 
the three letters a, b, c we could write 

n{bvc) for {bi-c){c-\^a){a^b). 
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Example III. \A'ork out (a) (a+6+c)^ and (^) {a-^b+c + df. 

If c = o (ot) must reduce to + 3a6- 

Hence (i) + ^ + will be the terms of the type “ cube of one letter 

for short Za^. 

(ii) Terms of the type a~b (square of one letter with first power of 
another) will each have coefficient 3 and will be 

■^a-b + 3(7^- + 36-r + 3ic- + 3c~a + 3rfl®, or, for short, 3ZVz”6 

[notice that this Za-b has six terms, while Za^ has only 3]. 

(iii) Since each of the 3 original factors has 3 terms, there will in the 
product be 27 terms altogether. So far 3 + 3x6 = 21 terms have been 
acc(^untcd for. Each of the remaining terms is abc, so to complete the 
27 terms we have Cmbc. 

Thus (rt + Z» + cY = Za^ + ^Zti-b + 6abc. 

(^) W ith 4 letters <1, b, c, d there are 12 products of type a-h, viz. 2 for 
each pair of letters <?/», wr, ad. be, bd, cd, and 4 products of type abc, viz. 
those omitting a, b, c, d in turn. 

It w ill lie seen that Za^ gives 4 terms, ^Za~b gives 36, and 6 Zabc gives 24. 
These terms total 64, which is the correct number 4'* ; 

(a +b + c + dY ~ Za^ + 2,Za-b + (yZabc. 


Example IV. Show that a'^ + b^-k-- y:bc is di\isible by a-¥h+c and 
finil the iiuoiient. 

Calling the expression it will be divisible by a + ^+cif 

f(-b- c) is zero. 

Hut /(-/;- f) = - (/) + cY +b^ + d ^ {b + c)bc = o as required. 

'I lie <|uolient w ill be homogeneous of the second degree and svm- 
nietrieal ; it w ill therefore be /> T <7- • 9 T be where p and q are constants. 

Lomparing coefficients of a ' wc see that p = 1 ; 

a^ + b' -i- r* - yibc = (a+b +f)(rt" +b- +c- +qbc +qca -i-gab). 

Comparinu coefbeients of a-b we see that 0= 1 +q since a~b comes only 
Irom a ■ q<ih ■ b . u'-. Thus q = ~ i, and linally 

* b' ^ ~ 2abc = (a b + €)(a- -r b- + c- ~ be ~ ca - ab). 


It nuiy be noted that the expression found as the quotient has no factors 
in real algebra; it it had tactors, it would still have factors when f = o, 
that is </' H b- - td) would have factors, w hich has been shown not to be 
the case (see p. -^7). 

In c«>mplex algebra, the quotient has factors (involving the complex 
cube roots ot unit\ ), see h'xamples 103, No. 6. 

Note that of the oi iL’inal 3 • f» terms in the product, the 12 of the type 
a-b cancel each other in pairs, leaving 6 terms, the 3 cubes and ~ ybc. 
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Example V. Factorise a{b* -r^) - a*) + c{a* - b^). 

Regarded as a function of a, the expression will ha\ c a - 6 as a factor 
if b(b* — c*) -{-bic* — b*) •^c{b* - b*) = o, which is the case. 

Symmetry shows that {b - c)(c - a){a-b) is a factor. 

The expression is homogeneous and of the fifth degree and symmetrical, 
so that the remaining factor must be homogeneous, symmetrical and of 
the second degree. 

It is therefore of the form p{a^ +b- +c^) hq(bc + ca + ab). 

In the identity 

a{b* - c*) +blc* - a*) + c(a^ ~b*) 

= {(b — c)(c - a){a ~b)}{p{a~ +b~ + c~) +q(bc + ca +ab)} 

pick out the term ab*. 

This occurs if +<2^2 ^ j jg multiplied by +pb~ in the second 

and now here else ; whence/>= 1, 

Also considering the term in which does not occur on the left and 
occurs on the right as —b'cxqbc+bc^ -pb-, we see that q=^p!= i. 

Alternatively, p and q may be found more easily by giving special values 
to a, b and c. 

Thus put a= - i, b-o, c=i. 

We get 1 + 0+ i«(- i)2( - i){2p-q) or 4/)- 27 = 2. 

Put a=o, b=i, c = 2, 

o+i6-2 = (- i)2( - i)(^p + 2q) or 10/1+49= *4* 

These equations give p=q^ i as before. 
a{b*-c*)+b{c*-a*)+c(a*~b*) 

= (h - c){c ~ a){a - b)(a~ +b^ + c~ be + ca + ab). 

Note that the first part of the argument will apply to 

a(b^ — c") +6(c" - <2") +c(a" -6") 
for all integral values of «. 

These expressions are not symmetrical, but possess what is called cyclic 
symmetry ; that is to say they are unaltered by the change a to b, b to c, 
c to a \ though they would be altered, in sign, by the change a to b, b ko a 
alone. 

However, the factors {b ~ c){c - a){a ~h) introduce this cyclic property, 
and the remaining factor will be symmetrical in the strict sense. 

Examples 50 

1. \\’ritc down the squares of b^ - a- and of a* -b- - c-. 

2. Factorise (i) _ ^2 4. 2aZ> {W) a-+ b-- - 2ab \ 

(iii) ^d- - 2$b- - 4^2 + 2obc. 

3. If 5 = i (a + 6 + c) work out 4 [(s - a)‘ + (s- by~ + (s - c)-] in terms of 
a, b, c. 

4. Work out or write down {a-b-cY and {a-b-cf. 
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5. Give the worked-out form of Sax {Sa^-\-Zbc) for the three letters 
Oy by c. 

6. Simplify the expression found for A* in Example II if it is given 
that a* =6^ + c^. 

7. Show that (6“+ - c®) =0, which is the 

condition that the triangle with sides a, by c, should be right-angled, 
works out to 

- Sa^ + - 2aW~e^, 

in which note that the first S implies 3 terms but the second S 
6 terms. 

[It is only necessary to count up in the product the way in which 
a®, a*b' and arb-C' can occur ; symmetry does the rest.] 

8. Use the factors of a* +6® 4-c® - ‘^abc to obtain the factors of 

(i) rt® -b^ +(^ + -^abc ; (ii) -3aAc ; 

(iii) (r' + 86^ + 27r^ - iSabc ; (iv) 64a® - + zyc^ + y^auc. 

9. What is the distance between the points (p, 9, r) and ( - zp, 3r) 
in solid geometry? If the line joining them subtends a right angle 
at the origin, prove q- = zp“ — 3r^. 

10. A is the point (p, r) ; B the point (p, 9, -r). If AB subtends 
an angle of 120® at the origin, prove that ^p-^g^+r^. 

XI. Show that the condition that - {a^ + b~ + c-) x + b~c^ + + a^b* 

should be a perfect square can be put in the form 

{a--~(b+cma^-(b-cf} = Oy 

and that this is impossible if a, by c are the sides of a triangle. 

12. Show that (p + r)- + (<7 f-r)- - (p + ^ + r)® = r 2 - zpq. 

Hence show that if zvq^r^ and all the letters stand for positive 
integers, we obt un sides of a Pythagorean triangle (right-angled 
triangle with integral sides). Consider the special case when 

P- 9 . ? = 2- 

13. Finil the factors of 

(i) a(b^ - c^-)+b(c~~a-)-^c{a- ~b") ; 

(ii) - c~) + -a~)+{P - b% 

14. Prove the following identities (the letters a, b, e being involved): 

(i) Sbc{b -c) = (rt -c)(6 - a)[c -b) =Sa^{b -c) ; 

(ii) l\a'[b + c ~ a)} = {a +b - c){b + c - a){c +a -b) \ zabc ; 

(iii) r)'’} ={b ~ c){c ~ a)(a -b){a + A + c) ; 

(iv) +c-)} =(b + c){c + a) {a +b) - zabc. 

15. Show that: (') Sa x Sb~c^ = Sa^b- + abcSab; 

(a) l'bc{b- -c~)= - {a - b){b — c)(€ - a)(a + b + e). 
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Miscellaneous Examples 51 
X. Factorise : 

(i) ** -y^z^ ; (ii) x* - i3.v“ - 14 ; 

(iii) **-0*0016 ; (iv) X* - 81 ; 

(v) ** + +y* ; (vi) x* + i/x* - 2 ; 

(vii) X® - <3x* — ^ j (viii) A** - I2X- + 16. 

2. Factorise : 

(i) i2x* + A^ - 6 y^ + 14X+ i^y - 10 ; 

(ii) 6*2 - 5Ay - 4>-2 + 5* + 8>- - 4 ; 

(iii) *2 - 4 xy + 3^2 _ 2_y - I ; 

(iv) x2-y + 6* + 9; 

(v) 6 x*-5j^-6>'2-* + 8j>'-2. 

3, Factorise : 

(i) e^{b ~c) ■\-b^{c-a) + e^{a -b ); 

(ii) <2* {b-c)+b*{c ~ a) ■¥€* {a ~ b ); 

(iii) be (6* -e^) + ca((^- a2) + ab {d^ - b^) ; 

(iv) (x+_y+ -3^ ; 

(v) (y-zy + (z- x )5 + (x -y)K 

4* Find the remainder when : 

(i) x® - 2*2 + IIX + 17 is divided by x - 2 ; 

(ii) 3x2 + x2 + 5 is divided by x + 2; 

(iii) X* - 3^2+7 is divided by 2.v - 3 ; 

(iv) *2 + 3* + I is divided by 3* + i. 

5 « Solve the equations : 

(i) x2 —7 x-6 = o given that one root is - i ; 

(ii) 2*2 +*2 — 8x - 4*»o given that one rout is 2 ; 

(iii) *2+4x2- IIX+ 6—0 ; 

(iv) *2-4*+ 3=0. 

6. Factorise : 

(i) 4** - 17*2 + 4 ; 

(ii) 3 x* - 5*2 + 3 * - I ; 

(iii) 6*2 - Bxy - By^ + 5x + 14JV - 6 ; 

(iv) (a +b ~a^ -b^ -c^ + yibc. 

7 » Find the values of a, b, c which make 

x* - ax’ + bx^ - cx + 6 

divisible by x - i, x - 2 and x - 3. ^ C*) 

8 . When a polynomial P(x) is divided by x* - 3* + 2 prove lliai the 
remainder is x{P(2)-i“(i)} + {zPii)-/*(2)} 
and that the term independent of x in the quotient is 

i{P(o)-2P(i)+/"(2)}. 


(N.) 
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9. Prove that if a polynomial in .v, is divided by the 

remainder is of the form Lx + A/ where 

4 = ^ (a) - ^ - a)}. M = 1 (a) + ^ ( - a)}. 

Show that for the expression 

A*® + 3sr*a + aAr’a- - - 2 a® 

Z. = o, il/ = o. Hence, or othei^vise, factorise the expression. (L.) 

10. Prove that, if f(x) is a polynomial in x, the remainder on dividing 
it by a; - a is /(a). 

If the quotient on dividing by a?- a is g{x) and on dividing by 
x-b is /((at), prove that gib) = h{a)=^—-^-^~- • 

11. If /(a) = ao.v"+ajA:"~* + ...+a„ prove that when f{x) is divided by 
{x ~p){x -q) the remainder is 

[{^~q)f{p)-{x-p)fm!{p-qy 

Find by inspection a root of the equation a® - 2a + i *= o and hence 
solve the equation completely. (N.) 

12. If k is an odd positive integer, prove that 

(i) (a + 6 + c)* - a^' - - c*' is divisible by (b +<:)(<: + a) (a + 6); 

(ii) {b -c)* + (c -a)*^ + (a -6)* is divisible by {b - c){c - a){a -b). 

Factorise (a +c)® - a® -6® - c®. 

13. Factorise completely the expression 

(i) a® +6® +c® + a(a -b){c - a) +b{b ~ c)(a -b) +c(f - a){ft - c) + $abcf 
and, by putting (-v - 3)(.v - 6) =^% or otherwise, the e.xpression 

(ii) 4 (x - 2) (a - 3) (a - 6)(a - 9) - SA®. (L.) 

14. Find tlic possible values of p in order that 

4.V' + 4A - 3 and 4A-® - 8.v® + px - 4 

may have a common factor. (L.) 

15. If A-® is expressed in the form 

a \ b(x - i) +r(A - i)(a - 2) +</{.v - i){.v - 2 )(a - 3) 
find the values of a, 6, c, d. (N.) 

16. By means of the remainder theorem, or otherwise, find the roots of 
the equation .v‘+ 5.V® - 2 a - 24 = 0 being given that all the roots 
are integral. 

If -f PjA® ++ P3 = (a - a) +^,a+^ 2) prove that 

9 o=Po. Qi '/’ll ?2 = "?i+/>2. R = aq.^-\^p^ and express q^y q^, R 

in terms of a, p^, p^, p„, p^, (L.) 
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17. Find the values of a and b, different from c and d, which make the 
equation 


3 (a: + <7)2 + 2 (x + by- = 3 (a; + c)- + 2 (at + d)- 
true for all values of x. 

18. Prove that (a; — i)^ is a common factor of 

pjfp+i _ + i)^p + j and a;P -px +p - i 

where p is any positive integer. 

19. Prove that, if 2s=‘a+b+c, 

(i) (s - <7)2 + (s- by +(s-c)-+s^ = a^+b^+c^; 

(ii) (s - ay + {s- by + {s~cy-s^= - lahc. 

20. If <7+A+<; = o, prove that 



(L.) 



(i) +b*{c^-a-)+c*{a^-b^)=abc{b - c){c - a){a -b ); 

(ii) < 7 ^+ 6 ^+c^ = 2 (fcc+c< 7 +rt^) 2 . (L.) 

21. If/(A.)»<7A;2+6A: + r, prove that 

f{x + 7 iib) - 2/( at ) +f{x - mb), 

where m is any constant, is independent of x. (L.) 


22. If a: — ^y, prove that .v"* - + 3^- and express - 

X A 

of y. 

23. Find values of a and b which make the expression 

A'* + 6a-'* + I3A-2 + <7.V 4-6 

a perfect square. 


in terms 

(L.) 

(N.) 


24. Give the remainder (free from x) when .v 2 +< 7 ’ is divided I\v a--< 7. 
If a constant i is chosen so tliat x'^ +y'^ -b:i^y* is divisible by .v-^ 
find the value of b and the quoticnL (O. & C.) 
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PARTIAL FRACTIONS, CHANGE OF VARIABLE 

Partial Fractions: Addition 


r- . , . X^- 2 X + 2 2 I 5 

HE 1 entity (^._ 2 )(x- 3 ) 2 “jc -2 jc-3(a'- 3)“ 

in which a single fraction is said to be equal to the sum of what are 
called its " partial fractions ” can be proved either by adding 
together the partial fractions, or by splitting up the single fraction 
to obtain the partial fractions. 

For several purposes the expression in partial fractions is more 
useful than the other, especially for integrating or dilTercntiating. 

Integrating gives 2 log (.v - 2) - log (a’- 3) - 5,(.v —3), while dif¬ 
ferentiating gives 

- 2 /(a- - 2)2 + I/(a - 3)2 - 10 /(a- - 3)^ 

and each of these processes would be less easy to apply to the single 
fraction. 

I'he methods used to express a single fraction in partial fractions 
form the chief part of this chapter, but as the student has probably 
tackled only easy examples of the adding-together process, some 
examples ot tliis will be gi\ en first. 

Example I. Express as a single fraction 

_ 2.V - I A +3 .V - 3 

.V- - 4 A- - A - 2 .T* - 3.V ^ 2 

['I'lie first step is to express the denominators in factors.] 


2A - I 


.Y ^ 3 




(aH- 2){.V-2) (.V - 2)(.V-r i) (.V 2 ) (.V + I) ' 

[’I'lie L c.M. of the ilcnominators is seen to be (.v + 2)(.v + i)(a 

. .. (2.V - 0_(A -l I ) ->- (.Y + 3) (.Y 2) - (a -3)(.V-2) 

(.V + 2)(.V-m)(.V-2) 

2.V- - .V - I 4- .V- J- C.Y + 6 - .V- - ^.V - 6 
(.V 4 2){.V + l)l.V - 2) 


2A- ^ 1 I.V - 1 


(.V r2;(.V-r 

ii8 
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Example II. Express as a single fraction 

„_ 3 .yg + 2 JC + 5 3 y^- 4 A- + 7 

X* + I - I 

[x® + 1 has no factors ; it is no help to factorise x* - i.] 

^ ( 3 x^ + 2 x + 5 )(x^-i)-( 3 x^- 4 J^ + 7 )(J ^~+0 

X* -1 

_ 3 X* + 2 X^ + 2 X^ - 2 X - 5 - ( 3 X^ - 4 X~'’ + IPX- - 4 X + 7) 

X* - I 

6 x® - 8 x 2 4- 2x - 12 
x^-i * 

This example differs from the first in that the given fractions are not 
algebraically proper fractions, a “ proper fraction '* in algebra meaning 
one in which the numerator is lo 7 cer in degree than the denominator. In 
such a case it often saves trouble to separate the integral and fractional 
parts at once. 

T> 3(x 2+r) + 2 .v + 2 3(x 2- i)- 4 .V +10 

*-^ 


In this case 


x^+ 1 

2X + 2 


4X - 10 


3'*'x2+I 3+^.2_ 

(2X + 2)(x2- i) + (4X- IO)(x2+2) 

x*"-l 


which will give the answer as before. 

Example m. Simplify 

g(fl2 4 -x 2 ) h (fc2 + X2) , 

(a-b)ia-c)^(b - c)(b - a) {c--a)[c-b) 

The L.c.M. is (b - c)(c ~ a){a -b), and each denominator has one sign 
different from that in the l.c.m. 

I 


The 


sum = 




(6 - c)(c - fl)(a-6) 

In this S, the coefficient of x^ is — 2 a{b—c) which is o, and the rest is 
'~^d^{b—c), which can be shown (see Examples 50, No. 3 (i)) to be 

(6 - c){c-a)(a -b){a+b + c). 
the sum is a+b + c. 

Examples 52 

X. Express as a single fraction : 

x+3 4-x 


(i) 

(ii) 


+ 


2X 


x*-4 x*-5x + 6 ' 6+x-x2’ 

a b 


(a-b)ia-c)'^ib- c) {b - a) (c ~ a)(c-b)' 


*: + ;•* 





120 


PARTIAL FRACTIONS, 


o- vr 3 * 2 X + $ 
2. Simplify -h — 


4^-7 


x-2-4 a-^+;c-2 :ic*-3A: + 2* 

3. Simplify — 

^ ^ ^ 2x^ + a; - I 20^ - 5 A’ + 2 X + I 


4. Simplify 




x~\ X* -1 


5. Simplify^ 


6. Simplify 

7. Simplify 


ax + a^ X- + ax + a- - <2^* 
1 x^ + a- 1 A** 4 - 

T, + 


A® + a® 


X - a A-^-o^ x + a 


x+y 


2 Z 


y +Z 


ix-y){z-y) {x-y){x-z) (y-s)iy-x)* 

bib^-+d^) , cic--r<!'-) 


... a(d^ + d^) , _ ■ ■■ ^ ,_ 

'*^P 1 y (a - 6) (a - c) {b-c){b-a) {c-a)(c-b)* 

9. Show that i 

^ a.b.c.d {a-b)(a-c)ia-d) 

__ ou.. .. ^ (a-+/>)(.V+9 ) (A-/>)(/( -<7) 

XO* ohONV tjl 3 t ^ \ * \ , t \ ^ i *i\/ iv/ j\* 

Z. V. Z {X -y) (X -z){x + h) (a- + /i) (3' + /i) {Z + /;) 

I 


II. Show that E 


a.b.e 1 +<2“ ‘’ + .V®-® 


= I. 


^b- - ab + a + b -h I a- +b^ + ab a - b + i 

12. Add-.-to 


a -b - I 


a +b -1 


, (a-t)“ , a+b ab , 

13. If.r = fl+6+ -- - and v=»-h prove that 

4(«4-6) 4 a+b ^ 

(x ~ a)- - (_)' - by = 6*. 

14. Show that the sum of t^vo algebraically proper fractions is a proper 
traction, f'l'his is, of course, not true in arithmetic.] 

Finding Partial Fractions 

In discussing I’artial Fractions we begin with examples. 


Example I. .Assuming that 


2 .r - I 


a 


find the 


(a- 2 )(.v-i) a- 2 ' A-l' 

constants a and b. 

'Die tractions on the right are the "partial fractions ”, which together 
are identically equal to the fraction on the left. 

Multiplying both sides by (a' — 2) (a - 1) we get 

2A - 1 = «(a* - i) +/>(a - 2).(I) 
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As this is to be an identity we can equate the coefficients of x and the 
constant or “ absolute ” term and get 


a+b = 2 Y g*''® 

-a - 2 b= - ij b = - I, a = 3. 


Hence 


2 X -1 __3_ i _ 

(x-2)U-l) X-2 AT- I* 


This can be verified by adding the fractions on the right. 

As equation (I) is an identity, we can proceed in another way. which is 
usually easier; the necessary equations are obtained by giving special 
values to x, so as to get the coefficients one at a time. 


Thus put I in (I); then i ^b{ - i) 
a; = 2 in (I) ; then 3 = a . i 


} 


giving the result as before. 


Caution 

It is very important to realise that the validity of this second method 
depends entirely on the correctness of the original assumption, and if 
that is not correct a wrong result is obtained. 

o b . . 

If. for example, we suppose that ^ +^—> multi- 

plying up gives x- = a{x-t)+b(x-2) .(H) 

In this put a; = I ; then i®o+6(-i): 
put x = 2 ; then 4 = <2 . i +0, 
from which we should conclude that 

a:^ _ 4 _J_ 

(a:-2) {at - i) “ (at -2) x-i' 

This conclusion is false, although there has been no hitch in the work. 
Our original assumption was impossible (as we should have seen at 
once if we had tried to equate coefficients in (II)). 

The correct assumption would have been 

^ - r I - -— 

(x-2)(^ X -2 X - l ' 

(II) being replaced by jc* =c(a.* - 3X + 2) + <2(.v - 1) +6(x - 2). 

Here from coefficients of x- we see that c= i, and then putting 

x=i gives i=c.o + a.o+^(-i), 
x = 2 gives 4 —c .o+a. i +b .0, 

80 that the correct result is 

. 4 _L 

(a:-2)(a;- 1)" * '''3(a: - 2) .v - i * 

This example illustrates the fact that %vhen the degree of the numerator 
i* not less than the degree of the denominator, i.e. when the original 
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fraction is not an (algebraically) proper fraction, there will be an integral 
function as well as the partial fractions, if they are to be proper fractions. 


Thus 


could be expressed as ax+b + —-— I- 


(x-2)(jf-l) 

One way of finding the ** ax+b'' part is 
to divide a;® by — 3* + 2 as on the right and 
obtain 

7.t - 6 

a; + 3 +.—-. 

Using the method of Example I we get 

y.v -6 = c(x- i) + t/(x- 2 ). 

Putting x = 2 gives c = 8 and putting x= i gives - i \ 


x-z X- I 

i-3+2\ I I 1+3 

1-3 + 2 


3-2 

3-9 + 6 
7-6 


•• (X-2)(X-I) 


= x + 3 + 


8 


X-2 X- I 


Partial Fractions for a Proper Fraction 

In the next examples we shall suppose that the original fraction 
is a proper fraction, i.e. with the degree of the numerator less than 
that of the denominator. 

In this case the partial fraction corresponding to a linear factor in 
tlie denominator can be found by a simple rule (sometimes called 
the “ cover-up ’* rule) which saves trouble if used at once. 

The coefficient of —is the result of putting x = — in the 

ax -b a 

rest of the expression (i.e. with ax - b “ covered up ”). 


Example II. Put 


Tlie coefficient of 


The coefficient of 


tlie fraction = 


X +1 


(.V-5)(2A--3) 


will be 


into partial fractions. 
5+1 6 


^•-5 

I 


2-5-3 7 


3 +1 


2A-3 i-S 7 


7(x-5) 7(2x-3)‘ 


To prove this, suppose the fractions* 


+ 


B 


x-5 2X-3 


Then multiplying by x - 5 gives ^ - =A+ —— . 

2x 3 2x 3 

while multiplying by 2x - 3 gives —— »=-- —— 

^5 5 


CO 


.(ii) 
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Putting jf * 5 in (i) gives 


10-3 


= A. 


3 ■ /"V • « + I ^ 

x — f in (11) gives 3- =B. 

2 ~ 5 

These are the results given by the rule. 


Example HI. Express 
Assuming that 


7 .V - I . 


x^-i 


7X-I 


in partial fractions. 


Bx + C 


(x- l)(x^ +X + l) X - I x* + ;iir + I * 

since (x^+a;+i) has no factors, we get 

yx- 


^ ^ ^ {x-i){Bx +C ) 

+ X + I X^ + X+ I 


Putting X = 1 gives ——^ = A, i.e. A =2. 

Now 7^-1 2 (7x-i)-2{x^+x+i) ^ - 2 x^+s *~3 

x®-i x-i (x - i)(x'+ a;+ i) “(.V - i)(a'+A-+ i) * 

The numerator of the last fraction - i)( - 2x + 3) and the fact that 
{x ~ i) is a factor is a check on the previous work. 


• ?^Jli = _ 4. + 3 

' ' - i X - I X^ + X + I * 


Alternatively, having found A, the B and C of the original assumption 
may be found from 7X - i = 2(x-+x + i) + (Bx + C){x - i) by equating 

coefficients. 


Example IV. Find the partial 

• -.2 - - 

(2X+ i) when 


11 ilClJUJI 








lOX 


7-23.vj^i I partial fractions. 

(2X+ i){x-2)'^ ^ 

To find this, cover up the (2x+i) and write x** — i in 1 °'' 

The result is l?/ 4 ±A 3 /^±ii _ 46 _ + 44 . 

( - 5/2)" 25 


+ r I 


So the required fraction is —-— , which could be justified as in 
^ 2X + I 

Example II. 

If the partial fractions corresponding to (x -2)- arc required, there are 
two ways of proceeding : 

(i) Subtract —from the original fraction to give a fraction with 

2X+ I ® 

(2* + i)(X- 2)2 as denominator. 
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The numerator = i ox® - 23X + 11 - 4 (x - 2)* 

= 6x®-7x-s 
= (2x+i){3x-5). 

That (2x 4 -1) « factor is a check on the previous work. 

2X + 1 (X - 2 )® ’ 
and since 3 .V - 5 = 3 (x - 2 ) + 1 , 

the original fraction =—-— 4 —^ - H-^ . 

2 X + I X - 2 (X - 2 )® 

This is a more convenient form if we have either to differentiate or to 
integrate. 

(ii) W'e can begin bv assuming that the original fraction is equivalent 

A Bx+C A P 

either to-h ,-or to —-1- 

2 .V +1 (x - 2y 2 .V + 1 X - 2 

Multiplying up and equating coefficients will determine the unknown 
quantities. [This is left as an exercise for the student.] 



the original fraction 


Example V. The General Case 


If 


./(•V) 


{a\ h)F\\) ^ proper fraction and {ax-b) is not a factor of F(x) 

so that find the partial fraction corresponding to (a.x — b). 

A P(x) 

The partial fractions will be - / / where P(x) is some function 

ax -b b{x) ' 

of .V. 

Hence multiplying by 


/■’(.V) 'Fix) 

In this pul .V ; the second term on the right is zero, and we get 



This is the “ cover-up ” rule. 

Xutc. It the dciuuiiinator is "here 


O (v) = (.V - tfj) (a- -a.)., .(x - < 7 „), 

then its tlc‘ri\ati\e p'(v) is .T (.y - this summation 

consisting of the ii pn>tlucts got by leaving out one factor at a time. 
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fix) 

Hence, for partial fraction corresponding 


10 




/(gj) I 
Q'{a{)‘ x-a^' 


and similarly for the others. 


Examples 53. Express the following fractions in partial fractions : 


X. 

2X +8 

2 


5 

(x + 5)(x + 3) * 

(x+7)(x+9)- 

3 * 

(3X+ i)(x + 3) 

J§ 

x-7 

4 .V® - 26 x + 46 

6. 

2Ar 

4 * 

a:- + 6jc + 5 * 

(x- 2 )(x- 3 )(x- 4 ) 

x= - a® • 

7 - 

X 

8 ^ 

g\ 

2 X® 

(x - 2) (X - 3) ■ 

(x-2)(x-3)* 

9 * 

- ^2 • 

xo. 

8 - X - x® 

3 - X + 2X® 

12* 

X 

X® + 4a: 

"• (X+I){X®+I)’ 

(.T + l)(.V® + l) * 


a: 

- . 5 ^* - 2 ^ + 3 

* 5 - 

x= + 4 

(at- OCX*-1)* 

(x- l)(x2+ l) • 

X [x'^ + A- -h I ) * 

x6. 

ZX - 1 

^* + 4JC + 7 

18. 

I 

X2 + I * 

* 7 * (x-n)®(x + 3)* 

(.X + 2)®(2X +3) 

19. 

7 - 4^- + 5^* 

X 

21. 

X® 

(I -x)®(i +x2)- 

(x- 7 )(.v®+i)- 

(l +X®)(2 +X®) 


Repeated Factors in Denominator 


Example I. Express 


a 


{x-2)ix- i )3 

P . Q 


in the form 
r 


a 

X - 2 


hx^ + r.v + d 
(A- -1)5^ 


and in the form —I—‘ - + ;—rr, + , . 

X - 2 x-i (.V - I (.V - 1 )=* 

Using the previous formula, or (if preferred) clearing fractions and 
putting x = 2 we get a = 2®/{2 - 1 )^ = 4 ; 

' - V..— ^ will be a fraction with denominator (x - 1)®. 

(.V - 2) (.V - I X - 2 

Now — 4 (jc - I)® = — + 13X“ - 12x + 4 

s= - 4A^ + 8.V” + 5x* - 1 ox - 2.x: + 4 
= (x - 2) ( - 4x2 + - 2) ; 


_ 4 _ 

X - z 


..2 


4.v^ - 5x + 2 


• • (X-2)(X- 1)2 X-2 (X- 1)2 

To get the second required form, we must find p, q, r so that 

/>(x - i )2 + ^(x - i) + r « -4^* + 5^: - 2. 
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This can be done by equating coefficients (but see Example II); 

(x^) p=-4lp=-4, 

(x) - 2 p+q ^5 f?=- 3 . 

(constant) p-g + r=-2J -i. 

the fraction = — - - - 


X-2 X-1 (Jf-l)3 

^ 24;®-4JC* - I w+i8 abed 

Example II. If --r--rr--- h t--» + 


(4;-3)4 x-3 {x-^y {x-3f (x-Z)* 

find a, 6, c, d. 

Clearing fractions we get 

24 :® - 4*:® - 154: +18 s a(4: - 3)® +b{x - 3)® +c(4; - 3) +d. .(A) 


The question can be finished as in Example I, but the following method 
will be found quicker, once it is known. 

Looking at the right-hand side of (A) we see that if this expression is 
divided by (* - 3) the remainder is d and the quotient is 

a(*- 3 )“+*(-«- 3 )+c. 

A second division by (x - 3) gives c as remainder and the quotient is 
a (x- - 3) +6, so that a third division gives b as remainder and a as quotient. 

We therefore divide the left-hand side repeatedly by {x -3). 

Detaching coefficients and not writing down the divisor: 


2-4-15 + 18 

2 +2 - 9 

2+ 8 

2 Thus a =s 2 

2-6 

2-6 

2 - 6 1 

6 = 14 

2-15 

8- 9 

14 

c=i5 

2 - 6 

8-24 


d= -9 

-9 + 18 

15 




“_q + 37 

“ 9 


Change of Variable 

It should be understood that what was done in Example II was 
to change, the variable in 2.v®-4-v®- 154:+18 from x to x where 
x' = x -3, with the result 

2 .V® - 4A- - 15.V-I- i8 = 2xr'® + 14-v'® + 154:' - 9. 

From the point of vietv of the graph of the function, it is a case of 
moving the on'gin along the xr-axis to the place where .v = 3. If this 
is done and x’ is the new abscissa, we have .v' = a; — 3 or, if preferred, 
4 : = xr' + 3. 

Example HI. Express 5.^* - 2x® + ■* - 7 as a function of x' where 

*'=A+2. 
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Detach coefficients and divide by * + 2. 


5 ^ 2+ 0+ I - 7 

5-12 + 24- 47 

5-22 + 68 

S-32 

5 10 

5 + 10 

5 + 10 

5 + 10 

-12+0 

— 22 + 24 

-32+68 

-42 

—12 — 24 

-22-44 

-32-64 


24+ I 

68- 47 

132 



24+48 

68 + 136 

-47-7 

-183 


- 47 - 94 

87 

Result: ^x*-2x^+x — y = 5x'*-42x'^ + 132*'®- 183^:' + 87. 

This result can, of course, be obtained by equating coefficients as in 
Example I. The student may like to try this. 

Note. Finding partial fractions for a fraction whose denominator contains 
more than one linear factor which is repeated can be troublesome. If 
a repeated quadratic factor occurs, the work is very troublesome in real 
algebra, but in complex algebra (see Chap. XI) the quadratic factor 
always has linear factors. 


Example FV. Find a polynomial P{x) of degree 2 (or less) which has 
values 2, 6, 54 when x is i, 2, 5 respectively. 

P{.\) 

The partial fractions for 7-77—-? 

^ (X-i)(.v-2)(.v-s) 

P(l) I . P(^) I . ^(5) 


are 


(i -2)(i - 5) ■ X - I ■*■(2- i)(2-5) * x-2 ' (S - i)C 5 - 2) ' ^-5 

2 


+ 


I 6 

-h 


* 0-54 * 

-h - • - 


4 X-I “3 X-2 12 X -5 

P(x) = ^^(x-2)(X-5)-2(x- l){^-s) + n^- 
This result is easily seen to be correct. 

It could also be obtained by assuming that 

P(x) = ^ (x - 2 ) (x - 5 ) + .B(x - i)(x - 5 ) + C(x - I)(x - 2 ) 

and substituting x= i, 2, 5 in turn. 

Note. This is generalised as follows. 

If P(x) is to be a polynomial, of degree at most n - i, having the values 
A^y ... A, corresponding to x = ai, ... <i„ respectively, take 

Q {x) — (^x — Oi^[x — 02)- ■ -{x — a„). 


Then 


so that 




PM 


Q{X) 

P{X)= E - 

r~iQ X-a^ 


and P(<2r) = 


This result is Lagrange's Interpolation Formula. 

E 2 


T.X.A. 
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Harder Examples 

Examples V and VI are harder. 

Some may prefer to omit them, and Nos. i8, 19, 20 of Examples 54. 


2 X^ 

Example V. Find partial fractions for -x - 4) * 

Put * - 3 =y, then * =y + 3, zx^ = 2 + dy + 9), 

x‘~x~4. =y + 6 y + g-y~~ 3 - 4 . =y^ + 5>' + 2. 

rr., 2{y‘^ty + g) 

^ y»(y2 + 5 -y + 2) 

Divide, in asce 7 iding powers of 9 + 6 y +y^ by 2 + 5>' +>•*. 
The work at side shows that: 

{g + 6 y+y -)^{2 + 5 y+y^) 

9 _ 33 „ . 151 2 _ ^ 9 ^.+ » 5 iy 
2 4*^ 8 ^ 8(2 + 5>'+y)' 

Hence the original fraction 

sy+'y 

9 33 . 15* 151X + 236 


2 + 5 + 1 


= 2 /iL _ 33 , L 5 _l _ ^^9 + ^Sl^^ \ 
W 43 '“ 83' 8(2 + 5 jy+> 2 )/ 


9 + 6 +1 j § 

9 + 4^ + g- 

-¥-l 

_53 _ 106 _ 66 
8 4 4 


43 , tSl 
4 + B 


4 

4 


+ ¥ 

+ 2t'^+l|l 




(x-3)3 2(x-3)2 ■ 4(x-3) 4(x2-x-4)- 


Example VI. Consider an algebraically proper fraction such as 

14.V® - 65.X4 + 55X - 10 
( 2 ^-^ - 3x^ + I) (.v'^ + 7X - 6) 

of which the two factors in the denominator have no factor in common 
(i.e. arc f>rime to each other). This can be shown to split up into two proper 
tractions in one utiv only. 
i'or suppose it equal to 


t/AT + 6x + c 
2x^ - 3Ar2 + 1 


dx +e 

X- + 7x - 6 


By clcarini: tractions we ect the identity 
o.v* + 14,\'‘ - 65.\- -■ 55.\ 1 o 

E (rtA“ + 6 x + c)(x^ + 7x - 6) +(dx + e)(2-T® - 3X* + 1). 
[ The OA"’ on the K-tt is put in, because there is a term in x* on the right.] 


Equaling cuetiiciciUs \vc get : 

^v‘) a + 2d =0, 

(a''^ 7u -3</+ 2e= 14, 
(a-) - 6f/ - ylf + c -3e= - 65, 

(a) -Oif + jc + d =55. 
(constant term) + ^ = _ lo. 
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These 5 linear equations determine uniquely the 5 unknowns, a, b, c, t/, e 
(unless they give no solution). 

The solution will be found to be a = 2, i = — 7, r = 2, d= — i, c == 2. 
Thus the given fraction can be split up into the suggested fractions in 
one and only one way. 

This is an example of the following general theorem. 

If P, Q are polynomials with no common factor and of degrees p, q, 
respectively, and if is a polynomial of degree r such that r<.p +q, then 

the proper fraction 5—can be expressed uniquely as the sum ot two 

P • X 
S T 

proper fractions -q . 

For multiplying up gives R=S.Q-^P.T, of which each side is of 
degree p+q—i or less, and equating coetBcients (some of which may be 
zero) we get {p+q) linear equations which will determine uniquely the 
p coefficients of .S and the q coclficients of T. 


Examples 54 
X. (i) In 


(ii) If 


(x + 2 ){.v 2 + 4 ) 

nator. 

^ + 5 


find the partial fraction with {x + 2) as denomi- 


a 


(x-i){x^-^x + 6 ) 


2. Express 


.V 


.2 


(x~a){x~b){x-c) 


is put into partial fractions ^ 

. _ 

(A: + ^/)(.v+i.)(Ar + c) 


find 


a. 


in partial 


fractions. 

3. Find partial fractions for _ ■ 

4. Express ^partial fractions. 

5. Give the partial fractions for )* (v ^T) ‘ 


6. Express in partial fractions 


63 - 49 ^ 9 ^' 
x(^-xr- 


7. If 

8. If 


(** + i)(x - 1) X - 1 

2x^-3x^ + 5 ^ ' + 


find A, P. C. 


x^ + 1 

B Cx-^lJ ^ X A n r> 

-H- , tind A, B, Cy D. 

X 4 I X- - X + I 


4- I 

I 4 - zx zy - i 

9. If y _ . +Ar show that . 

, ^ A /i+Cv+Dy 

Express the R.H.s. in the form ^ ^y 'y * - 

Hence hnd the partial fractions for the u.n.s. 
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10. Find a, b, c if .v® s (* - 2)®+ a(* - 2)-+6(Ar - 2)+c. 

11. Express 3**^ - at® + 5 as a function of *' where a' = * + 3. 

12. Express 2X^ + + 7* + 3 as a function of>' if;y = A:-i and also as 

a function of z if a:=A: + i. 

Check this last answer by using the change >» = 2 - 2. 

13. Determine the values of the constants B, C, D if 

A- +1 A ^ B ^ Cx + D 

(x^ - i)(.v“ +* + i)~A + I '*'a - I '^*^+a: + I 

for all values of x. 

14. Find the values of A, B, and C that the identity 


(L.) 


A 


+ 


B 


+ 


2 X 


I+X (l +x)2 l-x (l+x)“(l-x) 


may be true. 
15. Express 


(L.) 


4 ^ 


as the sum of partial fractions. 


(x- i)2(x-2)2(x-3) 

(O. & C.) 

(In Nos. 16, 17, the function will be found as the sum of four 
functions which need not be added together.] 

16. Find the cubic function of x which takes the values A, B, C, D 
when x = b, c, d respectively. 

17. Find the cubic function of x which takes the values 7, 9, 5, 2 when 
A'= - I, o, 1,2 respectively. 

18. Find partial fractions for 


19. I-'ind partial fractions for 


{x- ly (a- + I) * 

( 5 +x)= 


20. If 


(1 -.v)-(2+.v)^* 

fif 2+.v*j, prove by division in ascending powers of y, using 
(* •'■)" - (3 fraction equals 

i ^ ^ V + + (Vy - 5y)/(3 

and deduce the expression in partial fractions in terms of x.] 

- 2.r2 


ax^ +bx + c dx + e 
+ “1. 


(•' 3 -^ “ 0 (•'• - S-v - 3) + 3 a: - I at - 5.T ^ 3 * 

find 5 equations to determine a, b, c, d, e and show that a, 6, c are 
given b) the equations 

5rt - b+ 3c = 0 
6ti t 5^ - c = 5 
a- - iqr = 1 
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Change of Number-Scale 

An interesting application of the method of successive division 
for change of variable is in changing the “ base ” of the scale in which 
a number is expressed. 

In the usual decimal scale with ten as the base (or radix), 

2416 = 2 X 10®+ 4 X 10* + I X 10 + 6. 

Example I. Suppose it is required to express this number in the scale 
of 7, i.e. as <2 x 7^ + 6 x 7® + c x 7^ x 7 + e. 

We see that if this last number is divided by 7 the quotient is 

<ix7®+6x7®+cx7+</ 

and the remainder is e, and that if we repeat the dividing by 7 we get first 
d as remainder, and then e, and so on. 

Here the process of division is simple arithmetic. 

The work at the side shows that 7 ) 2416 

2416=1x74+0x73+0x72 + 2x7 + 1. 7)345 ••• « 

The right-hand side would be written as 10021 in 7)49 ••• 2 

the scale of 7. 7 ) _7. • • • ® 

1 ... o 

Example n. Express 38214 in the scale of 5. ^ ^ 

5 ) 7642 ... 4 
5 ) 1528 ... 2 

38214 in scale of 10 = 2210324 in scale of 5. 5 ) 3^5 ••• 3 

5 ) ^ ... o 

5 ) 12 ... I 

2 ... 2 

The reverse processes are more difficult, for they involve working in the 
scales of 7 and 5 respectively. 

Remember that in the scale of 7 the figures 10 mean seven and not ten. 

Example m. If 10021 is a number in scale 7 and 2210324 one in scale 5, 
express each in the scale of ten. 

Working in the scale of 7 and dividing by ten (t) [which would be 13 
in scale of 7] : 

t ) 10021 / into 10 won’t go, into 100 or 49 + o goes 4 times and 

i ) 463 ... 6 nine over ; into nine X7+2... 

^ ) 33 ... 1 ^ into 3x7 + 3 goes 2 and 4 over. 

2 ... 4 


Result: 2416 in scale of ten. 
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Working in scale of 5 and dividing by ten : 

t ) 2210324 ^^5 + 2 = twelve ; ten goes once and 2 

i ) 110241 ... 4 over. 

Ty30i2 ... I Result: 38214 in scale of ten. 

t) 123 ... 2 
3 8 

Conversion of Decimal and other Radix Fractions 

Successive multiplication instead of successive division is needed 
for conversion of decimals into radix fractions in other scales and 
vice versa. 


Example I. Express the decimal -756 in the scale of 8 as ^ + gj + .... 

Multiplication by 8 will give a as the integral part; a second multiplica¬ 
tion by 8 of the fractional part will give b, and so on. 

The work shows that the new radix fraction is *6030 ... . *756 

It will not terminate because *756 cannot be converted into _8 

a whole number by multiplication by a power of 8. 6 ) -048 

_8 

o) -384 

J 

3 ) -<572 
_8 

o) *576 


F.xample II. Convert -60304 in scale 8 into a decimal ‘60304 

fraction, £ 

Repeated multiplication bv ten, hi the scale oj 8, is used. 7 ) .43650 
Tlie first fotir figures are ‘7556. t 

1 iiis agrees to three figures with -756. 5 ) *44220 

_ t_ 

t 

6) *54x00 


Example*! 5^; 

1. L.\preb.> the niiinbcrs 7162 and ^';55 which are in the scale of 10 : 
{</) in the scale of 8 ; (/>) in the scale of 4. 

Check your answers by reconverting them into the scale of 10. 
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2. Express 79 in the scale of 2 and show that 103 is equal to 1,100,111 
in the scale of 2. 

[Since any number can be expressed in the scale of 2, this example 
shows that any weight which is a whole number of pounds may be 
balanced if we have available one each of the weights i lb., 2 lb., 
4 lb., 8 lb., 16 lb., 32 lb., etc. That 103 is equal to i .100,111 in the 
scale of two shows that 103 lb. can be balanced using the weights 
1 lb., 2 lb., 4 lb., 32 lb. and 64 lb.] 

3. If the weights 1 lb., 2 lb., 4 lb., ... , up to 128 lb., are available, 
what is the greatest weight which can be balanced and which of 
the weights must be used to balance 165 lb.? 

4. Express 95 and 137 in the scale of 3. 

5. Show that if — 1, written i, is allowed as a digit, the numbers 2102 
and 12012 in the scale of 3 may be written as iiiil and iiiiii 
respectively in the same sc.ile. 

[Since 65 in the scale of ten = 2102 in the scale of 3, this result 
shows that if the weights used may be placed in either pan of the 
balance, 65 lb. with 1 lb. and 27 lb. in same pan are balanced by 
3 lb., 9 lb. and 81 lb. in the other.] 

6. Prove that Example 5 shows how to balance 140 lb. if the weights 
available are one each of 1 lb., 3 lb., 9 lb., 27 lb., 81 lb., and 243 lb. 
(which may be used on either side of the balance). 

What is the greatest weight which can be balanced if this set of 
weights is available? Show how to use the wcigiiis to balance half 
this maximunx, 

[If weights may be placed in both pans of the balance, this set— 
1 lb., 3 lb., 9 lb., 27 lb., etc.—gives the least number of (standard) 
weights needed for weighing. If the (standard) weights may only 
be put in one pan, the previous set, i lb., 2 lb., 4 lb., 8 lb., etc., 
gives the least number.] 

7. Express the numbers 478 and 3443 of the usual scale each in the 
scale of twelve, taking t and e to stand for the extra digits (ten and 
eleven) needed in the scale of 12. 

[I'hc scale of twelve has the advantage over the scale of ten, that 
its base twelve can be quartered as well as halved.] 

8 . Show that 2/3 4-4/* + / + 6*=2(/-3)3 + 22(/-3)2 + 79 (/-3 ) + 99. In 
this put / = ten and explain how to reduce the K.H.s. to the number 
10021 in scale of 7. 

Also use the result to convert 2416 in scale 12 into a number in 
the scale of 9. Verify this by successive division by 9 working in 
the scale of 12. 
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9. (i) Express '5672, scale of ten, as a radix fraction in scale of 5, and 
check by converting back, (ii) Express ‘6875 in scale of 2. 

10. *755 is a radix fraction in scale of 8 : convert it into a radix fraction 
in scale of 5 to six places. Also express it in scale of 10 exactly. 

11. Prove 25-24S in scale of 10=100*111 in scale of 5. 


One-to-one Correspondence 

If two variables x and y are connected by an equation in such a 
way that any value of x gives one and only one value of y and also 
tliat any value of v gives one and only one value of then the equation 
must be of the form 

pxy-qx~ry + s = o (I) 


since if x is given, it must be linear in y and vice versa. 

It is essential also that ps^qr, for if ps=qr then the equation may 

be written as^{p^xy-pqx-pry+qr)=o. 


i.e. as^(pA:-r)(/)y-9) — o, which makes ' 

X and y connected by an equation such as (I) may be used to fix 
pairs of corresponding points on a line, as shown in Fig. 36. 


P 

■■ 

Q 

Fro. 36 

Again, x and y may be taken as the coordinates (.v, y) of a point 
referred to perpendicular axes. In this case, if /> = o the equation 
reduces to qx-i-ry = s, which is the equation of a straight line, and 
the change is made by a substitution of the form x = ay-hb ; or if 
pTii-o we can divide through by p and obtain an equation of the form 

xy — ax - by + c = 0 

or {x~b)iv-a) = ab~c .(II) 

The graph of this is a rectangular hyperbola (Fig. 37) which shows 
tile case when a, h, and ab-c are each positive. 

The substitutions lor change of variables are 

ax -c . bv — c 

y= -i and x = ^ -, 

x~b y-a* 

and the asymptotes of the hyperbola are x=b andy = <2. 
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There are two points where the values of x and y are equal. These 
are L and in the diagram, being the points where the curve is met 
by y = x; they are given by — {a+ b)x + c = o and x=y. 



Example. If *2 values yi, y.^ in equation (II), express Xi 
in terms of yi and ^2* 

Solution. 


Xj - Jf 


2 “ 


byi-e 

y^-a 


i>y2-c 


{by^yt - cya - 

(yi-a)(y2-«) 

-i^br c){yj, ^yz) ^ 

(yi-‘2)(ya-<*) 


- cy^ - aby^ + ac) 


Examples 56 

1. If x = ay+6 and values give values v,. yz show that r, - .V2 Is a 

multiple of y^ -yz. and that x, - 2X0 is not a multiple of y^ zy^- 

Z. If ax +by=‘e express x® — px +g as a function of y. 

3. If xy - 5X - 7y 4- 27 = o find the values for which x =y. 

4. Given xy + 4X - qy « o find the values of x and y for which (i) x =y ; 
(ii) X = 2y. 

5. Using the result of the worked Example I show that if the equation 
xy-ax-by+c = o gives y^ y., >’3, y* as the four values correspond¬ 
ing to Xi, X2, Xg, X4, then 

(x^-x 2 )(x 3 ^x^) ^ (y, -y2)(y3 ->-») 

(Xi - X*) (X 3 - Xz) (y , - >' 4 ) (>’3 - >■_-) * 

[This result is of great importance in algebraic geometry.] 
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6. If pxy-q{x+y) + s = o is the equation determining corresponding 
points on a line as in Fig. 36, show that there are real self*correspond- 
ing points (when x=y) ii q^>ps. 

Also show that the same corresponding point-pairs may be 
obtained by the equation x’y'= {q--ps)j'p- when x'=x-q/p and 

y'=y-q/p. 

Miscellaneous Examples 57 


I. Add together - H —~ 
^ X + 5 


^ + 


X + 10 

Check by putting lo. 

2. Put into partial fractions : 

f.v + l)(.V + 2)(.V + 3) ’ 

3. Find the partial fractions for 


a:+ ic 


(iJ) 


(ii) 


(a:+ i)(A' + 2)(.r + 3) * 


5x-t-2 


(ar+i)»* 


4 

5 


Find the partial fractions for 




(I + fljc) (I + ^Ar) (I + cat) * 

It ri*~ri(ri - i)(« - 2)(n - 3) + an(n - i)(n - 2)+An(n - i) +cn + rf, 
find a, b, c, d. 

6. I'.xpress 3.%'^ + 2 a:-- 7X+5 as a function of y where^ = A:-i. 

7. Ivxprcss A'*+12 as a function of_y where (i)jv = A;-3 ; (ii)>’ = Ar + 3. 

8. (i) F.xprcss 2718 in the scale of 4. 

(ii) It -23 is a radix traction in the scale of 4 express it as a decimal. 

9. (i) SIiow how to weigh 100 lb. with weights of i lb., 2 lb., 4 lb., 

S lb.. 32 Ib. and 64 lb. 

(ii) Show also how to weigh too lb. with weights of i lb., 3 lb., 

0 lb., 27 ll->. arid 81 lb., which may be placed in either pan of 
tl e I'alance. 

10. l-.\p;< ss rht tlfcitnal of -3 as a radix fraction in the scale of 7 ; also 
the decimal -3 ; ii dnrt the value of the decimal *2 as a radix 
fracti<in in the scale ol 7 and check by direct calculation. 

.\ onc-onc relation ot the form xy - a.x-by+c = 0 exists between 
the mimhcrs .v and v. \\ lien .v has the \ alues 5, 6, 9 the correspond¬ 
ing \alues tor 3 are 17, 12. 7 respectively. Find the value of y 
corresponding to .v= 13. by discovering first the one-one relation. 
Also find the scll-eorrcsponding values. 


II 
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Test Papers A 
AJ 

1. Some soldiers are conveyed from ^ to B by .v lorries each carr>-ing 
20 men, assisted by x ~ y planes each of which carries 6 men and 
makes the trip 3 times. If the total number of soldiers conveyed is 
824, find X. 

2. Prove that 

a^+b^ + c^- 2abc = (a+b + c)(a^+b^ + <^-bc-ca-ab) 
and use this result to factorise 

+ 2yz^ - i8a;>'c. (R*) 

3. Solve the equation x^-x-s=o giving the answers (a) as surds, (b) as 
decimals to 3 significant figures. 

Find the square of the positive answer, preferably using the form 
given in (a), and prove that it satisfies the equation x'^ — i ia + 25 = o. 

4. Find values of a, b and c independent of jc, so that 2 - 3.r + sx- may be 
identically equal to a~b(c~x)^. How does your answer show the 
minimum or maximum value of the expression? 

For what range of values of x is the gradient of the graph of this 

expression less than seven? 

5. Taking I in. as unit on each axis draw the graph ofy = ^^ for values of jc 


from ^ to 4. 

On the same axes and with the same scales draw the graph of .r = 4 - ay 
and read off the values of x at the intersections ol the two graphs. 
Check these values by solving an equation. (B.) 

6. If x+y^u and xy « v, prove that jc* + y* = u® - at- and that 

*3 +jy3 = - 3Ut;. 

Using these substitutions solve for u and r the equations 

x3+y-''= i3(x+>'), 

X* - 2xy +y^ ^x+y- 6 . 


^^^ly must K = o be rejected? 

[The values of x and y need not be found.] (L.) 

7. (i) Given that log 2 = -3010 and log 3 = • 477 * without reference to 

the tables the logarithms of: ^2, 5. 162. 27, making it clear ho\* 

the results are obtained. 

(ii) Solve the equation 

logic (5* + 6) * 2 logio (5A - 0). 


(L.) 
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1. (a) Factorise: 

4x®-iox+ 6 and - 5^ + 6-4). 

(6) State the Remainder Theorem in the form applicable to factorisa¬ 
tion. Hence or otherwise factorise 

ar 2 -i 9 A; + 30 . (B.) 


2. (fl) Solve 


Sx~2 3* + I _ 


10. 


(b) Solve—+'y'= lo ; "^+^^ = 13. 

X y X y 

(c) Simplify: 


^ ^ 3 

*=^-3.v + 2 - 5.V + 6^ - 4.VT3 * 

3. (a) Multiply a:® — i+- by a;® + i+ - and check your result by putting 

^ X 

* = 3 - 

. 2(a^+h^'\ a?_/» if-h ,»2-i-W 

(B.) 


(b) Verify that if * = ^ ^*2 then ^ . 

a+D b a ab 


4. (a) Solve 3A?-4JV = 5 ; 4 ^^- 2 xy = 2y. 

(b) Apples are graded by size into two sorts, the first x to the lb., 
the second x + i to the lb. 40 of the smaller weigh J lb. more than 30 
of the larger. Find x. (B.) 

5. Draw the graphs of y = (x + 2) (2x - 5) and of >> = — on the same axes 
from x= -3 to x = 4. 

[ Fake I in. as the unit for x, 0*2 in. as the unit for jy.] 

Find their points of intersection and verify by forming and solving 
the quadratic equation which gives them. 

Find also the values of x and y at the lowest point of the former 
g'-'Tli- (B.) 

6. (rt) Put into logarithmic form the equation 2*“3®-r5^ and find the 
approximate value of x. 

(b) It ^- = .,^ 5-^/3, show that ^ — 14^/5 ^ 18^2 verify approxi¬ 
mately. 

7. For what range of values of x is negative? 

If _v = | X- -4X [ for what range of values of_y do 4 values of x corre¬ 
spond to each value of y} 

Fittd the 4 values of x if 3^ = 3. 

[A solution from a graph wiU be accepted.] 
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I. Simplify 


a 




X-i 


20 

X 


Thinking of as a distance in miles and a; as a speed in miles per 
hour, interpret your result as giving the time by which a current 
retards a boat on a journey to a certain distance and back again, giving 
a numerical result for the case when a = 10, and x = 2}>. 

2. (i) For what value of a is + i a factor of the expression 

+ 5x - 9 - (a; - a) (.V + 7) ? 

Find also the other factor. 


(ii) Factorise ~ 2aby — — xy — ^ . 


3. Solve the equations : 

(i) 13X-378 = 0. 

(ii) x + 2y»=7 ; 

.v’* + 2y^ = 17 . 

(iii) A- -y = I ; 
y - 7A = I ; 
x-z--c>. 


4. Simplify 

| 2 -a|+|a- 3 |+| 4 -^I* 

(i) If 2<x<3. (ii) If 3 <x< 4 . 

5. A quadratic function x^-x + 2 is selected. By writing it as (a square 
containing x + a constant), find its minimum value. 

Draw its graph for a range of 2 on each side of its minimum value. 
Use the graph to solve the equation x* — x — i = o. 

6. (i) Find the value of log 32-;-log 16. 

Do this, if possible, without use of tables. Extra credit may be 
obtained by taking 3 as the logarithmic base instead of 10. 

(ii) Evaluate 3C400X (1-055)’, £400 x (^*055)7’ ^s accurately as 

your logarithm tables permit. State your results in the language of 
compound interest. 

7. Show that the equation x^+ i2x-5*o has a rooc a little greater tlian 
•4 and find tiie second decimal place. 


A.IV 

1. (i) Simplify (x 4 +x-l)(x-I+x^i). 

(ii) Express 2^ as a power of JO and 10^ as a power of 2. 
[Answers to be given to 4 figures.] 
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2. (i) Factorise (a) 3.1:* - 81, (b) x* + i 6 e^. 

(ii) What is the value of a if -ir fp:- + ax - b is divisible by 2*:+3 


without remainder? 

Solve the equations 

(i) - 5* + - 5Je + 12 = 6. 

[Hint. Put - sx =y.] 

(ii) 2X2 2x --33' + 5 = 0. 

(i) Simplify * * * 


(L.) 


(L.) 


2x2+i8x 2.x2-i8x X^-Si’ 

2 12^ 

(ii) If £2 -p + ^ is the square root of _ 6a + ^ find p. 

(i) Without using tables simplify 

I+3 login 2+log,0 5 ^ + logic 2* 

(ii) Prove that log (w + i) + log (« - i )< 2 log n, and that, if 
log 10015=3*00043, then, for any value of «>iooo, 

log (n + i) - log «<*ooo5. 


(L.) 


(L.) 


2 -X 


6. Draw the graphs and y *-and use them to find the real 

root of the equation x® - x® + x = 2. (L.) 

7. If a, $ are the roots of px- +qx +r = o, find the values of a +/S and a /3 
in terms of p, q and r. 

a, ^ arc the roots of ax^ - x+ 6 = o; a', -/9 are those of 
a'x^ -X +b' =0 ; a, a' those of -x + if = 0. 


o ...III .... I 1 1 

Prove + COi+f-B- 


A.V 


(B.) 


1. (a) Re.solve into factors: 

(i) p‘ ■* 4p“ -4p - 16 ; (ii) (p^ + 2p)® - 7(p® + 2p) - 8. 

(b) Find the values of p and ^ if x® + px- - lox 4-9 is exactly di\ isible 
bv A' - .V -6. In this case find the remaining factor of the expression. 

2. Solve the f<;llo\ving ecpiations : 


(</) N 4 < A -r s o - V = 2 n .V - I ; 

il>) .v- + 2.yv = 5.v+lov'i 


.V + y = 7 


(L.) 


(i) If logy X + Ing,^ .V- + logy A.*® + logy .V* = 5 prove that x^'^^a 

(ii) Simplify 1 "^ ^7 

log 9 X log 64 

(iii) If log (x ~y) - .1 (log .v + log y) prove that 

2 log (.V xy) = log 5 + log X + logy. 


(L.) 
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4. If X y _i_ 

1 5~ 7 ”=! 7 3 i = |'3 5 

I -2 4 I 4 I I i 1 -2 

show that 3* + + 7 + + 4) =0 for all values of k. 

5. The electrical resistance of a wire, in ohms, varies directly as its length 
and inversely as the square of its diameter. 

A copper wire of diameter 0‘ii6 in. and length 440 vds. has a 
resistance of i ohm. Find, to three significant figures, the resistance 
of a piece of copper wire of diameter 0*025 in. and length 1,000 yds. ( 13 .) 

6. Express - - -: in partial fractions. 

^ A:(.r + i)(x + 2) ^ 

Prove that, for large values ot x, the given expression is approximately 
equal to ^ • (O. & C.) 

7. If a, fl. y are the roots of jr® + 3<3 a:® + i = o, write down tile values oi £'a, 

^od */ 9 y. 

Show that a® +y® ™ - 27a* - 36. 


X. 

2 . 

3 - 

4 - 

5 - 


A.VI 

Factorise as the difference of two squares : 

(ii) a® + + r* - zb'^c^ + 2c®a® + 2a^b- ; 

(ii)a*+b*. (B.) 

_p 

State the meaning given to a « where p and q arc positive integers and 
explain why it is given this meaning. 

Put in order of ascending magnitude, 8"^ 3“', 5"’ giving your 
reasons clearly. ill-) 

State the remainder when a polynomial in x, denoted by /(.t), is 
divided by x~a and also the remainder when it is divided by x+a, 
and prove your statements. 

If the polynomial is x* +px^+qx^ +r and the tw'o remainders are 
equal, what do you know about any of the coelficients p, q, r? (IJ.) 

For what values of x is -I zero and for what values is its 

(x + 3 )(x- 4 ) 

reciprocal zero? Describe its changes of sign as x changes Iroin - 10 
to 4 10. For what values of x is it (i) equal to 2, (ii) equal to 1 ? (U.) 

(i) Factorise x® + 2x® - x -2. 


(ii) Express -Tf—, in partial fractions. 
^ 2(JC® + 2.V®-X - 2) 



Part of the total expenses of running a trip are constant, while the other 
part varies directly as the number of people taken and inversely as the 
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Speed on the journey. For a part)' of 100 at a speed of 40 m.p.h. the 
cost is £48, while for a party of 200 at a speed of 60 m.p.h. the cost is 
Find the cost for a party of 500 at a speed of 75 m.p.h. (B.) 

Show that the equation 

j:^-i2x + 8=o 

has three real roots, one greater than unity, another positive and less 
than unity, and the third negative, the sum of the three roots being 


zero. 


Find the value of the root bet^veen o and 1 correct to two decimal 
places. (L-) 


A.vn 


1. Solve the equations : 


I I 1 I 

(0 1 ~ - 7 - > 

a 0 X a 


a+b*o. 


(ii) - 5) + v'(i 8-x) = 7(.r + 16). (O- & C.) 

2. I'racc the changes of sign of the expression 2 - * - .r® as x varies from 
- oc to + cc by marking segments on the A-axis with plus and minus 
signs, indicating clearly the values of x at the end points of the segments. 

Trace the changes of sign of the expression (jc-- 3* + 2)/(2.v + i) in 
a similar manner. (O. & C.) 

3. If ot and /S are the roots of the equation jc- -/>x + 9 = 0, form the equation 
whose roots are a + i//S, /S + i/a. 

Denoting the roots of your new equation by cl and / 3 ', form the 
equation whose roots are i/a', and show that the roots of this 

equation are proportional to those of the original equation. (O. & C.) 

4. Sketch the graphs of : (i) y= \ x+y j +| x+3 | ; 

(ii) iy-4H|x"--4[. 

5. (tt) Without using logarithm tables show that 

log 27 -♦ log 16 - log 9 - log 12 = 2 log 2. 
ib) Find the value of log^ 32-!- log„ 4. 

6. The two equations, 


i8a-+ 17.V - 15=0, + 3i-V“ -83X + 35 = 0, 

have a common root ; find it and verify your answer by substitution in 
each equation. 

Find p and q so that this common root mav be a repeated root of the 
equation -rp.v-+9A.-- 25 *0. (O. & C.) 

7. If /(.v) =x 3 - .Y^ - 3.x -f 3 find the value of /(i*7) and /(fS). Use 
Newton’s ntethod to show that i-7'^ is an approximate root of/(x) = o. 
Also solve the equation by factorising/(x). 
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X. 


2 . 


A.vra 

(i) Solve the simultaneous equations 

2^ + 3>’ + I = 0, 4 ^'^ - 2xy+y^+4x=^ii. 

(ii) Factorise completely 

a{b-cy-i-b(c-a)^+ c{a-b)^. (O. & C.) 

The roots of the equation ax^ +bx + c = o are a and Without solving 
the equation, prove that 


a = — 


a 




Given that a is equal to pfi, prove that 

b^p = ac(i +p)-. 




where « and are the 


(O. & C.) 


Find the equation whose roots are ^ and ^ 
roots of the equation 

3X- ~2X+ t = 0 . 

3. If 7 = ajc(* - i)(x -2)+A(^+ i)(Ar - i)(x - 2) 

+ c(.v + i)x(a.- - 2)+d(x + - 1) 

and if corresponding values of x and y arc given by the table : 

X -1 o I 2 

y 36 8 -4 1$ 

and the values of a, b, c, d and hence the value of y when x = \. (L.) 

4. When a wire is stretched between two posts, the sag, d feet, of the 
wire varies directly as the square of its length, / feet, and the weight, 
w lb., of the wire per foot, and inversely as the tension T lb. in the wire. 
For a wire 100 ft. long weighing *064 lb. per foot at a tension of 240 lb., 
the sag was 4 inches. 

Find a formula for d in terms of /, w and T. 

5. Express as the sum of partial fractions : 

(i) , f: —(ii)=—(O. &c.) 


ix-lf(X~2)' 


(.v-iy 


(* - 1) {.r - 2) ’ 

6. With the same axes and the same scales draw the graphs of the func- 

- ca: + a 

— ^5 4 > (2 _x) 

ar+4 

for values of x between - 4 and +4. 

Prove (do not merely verify) that the abscissae of the three points of 
intersection of the graphs satisfy the equation x^-0a- = o, and deduce 
from your graphs the square root of 6. (C)- & C.) 

Convert 31459 into a number in the scale of seven. 

Working in the scale of seven convert your answer into the scale of 
5, and check by converting 31459 directly into tlte scale of 5. 
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SEQUENCES; SERIES; THE PROGRESSIONS; 

MEANS 


Sequences and Series 

A surprisingly large part of advanced mathematics is concerned 
with sequences and series. 

A sequence consists of a set of numbers or terms following each 
other in a definite order, such that each one can be calculated in a 
definite way from a knowledge of its position in the order or from a 
knowledge of the previous terms. 

'I'he natural numbers i, 2, 3, 4, 5, ... ; the even numbers 2, 4, 
6, 8, ... ; the powers -2, 4, -8, 16, -32, ... are instances. 

Any of these might in ordinary language be called a series of 
numbers, but in mathematics a distinction is made between a series 
and a sequence. The terms of a series are connected with + or — 
signs, as in 1+2 + 34-4 + 5+ ... or i-i + j-i+i- while in 
the case of a sequence tlicre is no suggestion of the terms being added 
together, and thev are written down with commas between them as 


in the case i, 3, 6, 10, 15, ... . 

'I'hc type of sequence given by the sums of i, 2, 3, ... terms of a 
scries is especially important ; the example just given shows the 
sums nl I, 2. 3, ... terms of the series of natural numbers. 

.Mi'i'c exactly, if u is any positive integer and a nile is given so 
that a iklimtc number //„ is determined corresponding to n, then the 
numlKTs u~. ... form a sequence. 

it we write t/j u. • + we have a finite series of n 

ti.rrns, aiul it we tuke .S’, - .S'^ — KjS g —Hi + MoH3, ... and 

•S',. M, 7/. • 77 -, • ... - //,. we have a new sequence 5 j, 5-2, ... con- 

sistim; oi the sums ot 1, 2. 3. ... terms of the scries. 

I bus .iny series depends on the sequence of its terms and provides 
a tresli sequence »)!' its sums. 

Note that by uenr.iiioii a sequence is unending, just as the sequence 
of positive integers is unending. A series may be finite if we decide 
to stop at a particular term, or may be carried on indefinitely, in 
which case it is called an " infinite ” series. 


144 



THE PROGRESSIONS ; MEANS 


145 


Examples 58 

1. If the following sequences continue in the way suggested by the 
first few terms, find in each case, the 20th term and the nth term. 

(i) 1. 3 .5. 7 . ; (>‘) 2". 3 ^ 4". - ; 

(iii) I, -2, 3, -4, ... ; (iv) i, -2, -5, -8. ... ; 

(v) 2=, 33, 4-*, 53, ... ; (vi) 128. 64, 32, 16. 

2. Each term of a sequence (except the first two terms) is the sum of 
the two preceding terms ; the first two terms are 1 and 3 ; find the 
loth term. 


3. Two sequences have as their nth terms 3n + 2 and 3'* + 2 ; write 
down the first four terms of each. 

4. If the nth term of a sequence is > show that its first term 


is greater than its third term by - 


458 


29 


5. If in a sequence = i while = - i for all integral values of n. 

write down the first five terms and show that the sum of any odd 
number of terms (from the start) is always the same. 

6. In a sequence of increasing numbers, the differences benveen con¬ 
secutive terms are 3, 2, i, 3, 2, i, 3, 2, i, etc. The first three terms 
of the sequence are 3, 6. 8. Show that 20 and 30 are both terms of 
the sequence but 40 is not. 

Find the (3n + 2)th term. 

•j. For a sequence whose law is the same as that in No. 2, the first 
two terms are i and 4 ; show that the iith term exceeds the fifth 
term by 240. 

8. If in a sequence each term is three times the previous one and the 
first term is i, find the 9th term. 

9. For the sequence whose nth term is j"y, "’rite down four 

terms starting when n= 100, and show that their sum is negative. 
In a sequence each term (except the first two) is the product of the 
two previous terms. The first two terms are i 
the first term to be greater than 250? 


and 2. Which is 


The Progressions 

The first types of scries to be discussed, both in the history' of 
mathematics and in the mathematical progress of the individual, are 
the three Progressions, the so-called Arithmetic, Geometric and 

Harmonic Progressions. 

These arc usually abbreviated into a.p., g.p., and n.p. 
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Arithmetic Progression (A.P.) 

Here are some examples of a.p.’s ; each term is formed from the 
previous one by the addition of the same number ; and so the 
difference between any term and the previous one is a constant. 
This constant is called the common difference. 


3 + 5 + 7 + 9 + II +... 

22 + 27 + 32 + 37 + 42 +... 


} The common differences here are 
2, 5, -1 respectively. 


In the series 22+27 + 32 + 37 + 42 + ... 


the 2nd term is 22 + 5 ; 
the 3rd term is 27 + 5, i.e. 22 + 2.5 ; 
the 4th term is 32 + 5, i.e. 22 + 3.5 ; and so finally 
the wth term is 22 + (« - 1) . 5, which in words can be stated 
** to get any term, add to the first term one less 5 than the number of 
the term ”. 

For the general a.p., where a is the first term and d is the common 
difference, the series is a + (<2 + if) + (a + 2d) + (i2 + 3</) + ... , and the 
«th term is a + (« - i)d. 

It should be noticed that though the algebraic expression 

a-\-{n — i)d 

has a value corresponding to every' value of n, positive or negative, 
integral or fractional, rational or irrational, yet when considered as 
the wth term of an a.p. the value of n must be a positive integer. We 
are dealing here and in most of this chapter with functions of a 
positive integral variable. 


The Sum of an A.P. 

When a formula has been set down for the //th term of a series, 
th-.’ next question asked is whether a formula can be found for the 
su/n of n terms. "^1 his can be done for an a.p. 

Consider first the series of natural numbers 1+2+3+,..+«: 


A 

X 

X X 
XXX 
X X X X 

X X X X X 


B 

O O O O O X 
o O O o X X 
O O O X X X 
O O X X X X 
O X X X X X 


Fic. 38 
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Representing the first five terms as in the diagram A (Fig. 38) and 
comparing this with the diagram B, it will be seen that the noughts 
in B represent the same set of numbers as the crosses, so that B 
represents the series of 5 terms written once forward and once back¬ 
ward. Also it will be seen that twice the sum of the five terms is 
5x6. This suggests that the general a.p. may be summed by 
writing it backwards as well as forwards and taking half the total. 

Sn, the Sum to n terms 

If / is written for the last term, the wth, l = a + {n-i)d and the 
terms just before this are l-zdy l-d. So writing the 

series both forwards and backwards : 

Sn = a + {a + d) + {a + zd) +... +{i - '^■d') + (/- (^) + /, 

■Sn = /+(/- +(/ - zd) +... ■\- [a-\-zd) + {a-k-d)^a. 

If these are added, each term being taken with the one written above 
it, 

2 . iS„ = («2 + /) -f (a + /) + (ft + /) +... + (ft + /) + (ft + /) + (ft + /)• 


Or, since there are n terms, 

2. 5 „ = n(ft + /); S„ = ^n(a + 1 ').(i) 

Writing l=a + {n - i)d, so that a->rl = za-\-{n- i)d, 

S„ = Jan{2a + (n- i)d} .(ii) 


Either (i) or (ii) is used to find the sum of an a.p. to n terms. 

Note that since a + {a + d) + {a + zd)-v ... + {a + (« - i)f/} 

= nft + </{i + 2 + 3 + ...+(«- i)}, 

it will be sufficient to remember that 1 + 2 + 3 + ... +(«- = i) 

and the formula (ii) can be deduced. 


Diagram to show 

The formula just found can be illustrated by the area diagram 

(rig- 39)- 





(a-Drf) 


Fic. 39 
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Arithmetic Mean 

If three numbers are in a.p., the middle one is called the 
Arithmetic Mean of the other two. 

If a, X, b are in A.P., then 

x-a ~common difference ~b - x‘y 
2x = a+b or x = h{a +b). 

Thus the usual average of two numbers, as taught in .Arithmetic, 
is the Arithmetic Mean of these numbers. 


Example I. For the scries 48 + 43 + 38 + 33 + ... find (i) the 12th term, 
(ii) the sum to 12 terms, (iii) the least number of terms which must be 
taken so that the sum is negative. 

(i) Using the formula «ih term =a+ (n - i)d, since <2 = 48, -S» 

the 12th term =48-11x5 = -7. 

(ii) Using the formula .S'„ (<2 +/) 

the sum to 12 terms = 6(48 + ( - 7)} = 6 x 41 = 246. 

(iii) In order that may be negative, c + / or 2tf+(«- i)d must be 

negative ; so 96 - 5 (w - 1) must be negative. Thus n - i must 
be at least 20 and « =21 is the required number of terms. 

Example II. In an Arithmetic Progression the fourth term is 7 and the 
loth term 31. Find the first term and the common difference. Show 
that the sum to w terms is zn--']n, and find n so that this sum may 
be 2920. 

It a is the tirst term and d the common difference, a+3</«7 and 

a t (}</ 31 ; 

61/ = 31 - 7 = 24, and so = 4, a = - 5, 

.S',, = \t1l2a -(n ~ i)d} = \n{ - 10 + 4// -4} =2«- ~yn. 


If 2«-- 7« 2920, 2/i-- 7a - 2920 = 0. 

'I’his gives (;;-40)(2/j+73)«o ; w=40. 

Example III. I*n>\e that tlie sum of the squares of two numbers is 
always griater than twice tlic stjuiirc of their arithmetic mean. 

If the auiuunt by which it is greater is 18, find the diiference of the 
iHiiuhcrs. 

Let the numbers ami their arithmetic mean be 


a ~ d, <2, a+d. 

It is usually siinpicr to take this form for three numbers in A.p. because 
it simplifies liicir sum. The question would have seemed harder ii tiie 
numbers had been taken as a, b with as their mean. 
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Then the sum of the squares of the numbers is 

(a - dY +(a + dY = 20 ^ + 2<P 

and twice the square of the arithmetic mean is za^. 

Of these the former is greater by 2d^, which is always positive. If 

2d^= i8, then d= ±3 and the difference of the numbers is 6. 

Note. The shift of accent in going from the noun to the adjective is 
interesting : gedmetry, geometric ; arithmetic, arithmetic ; harmony, 
harmonic. 

Examples 59 : A.P. 

1. {a) For the series 7 + 10 + 13 -f 16 + ... write down (i) the loth term ; 

(ii) the nth term ; (iii) the sum to 10 terms ; (iv) the sum to 
n terms. 

(6) Repeat for the series 81 + 79 + 77 + 75 + ... . 

*. Find the 15th term of the series (—8) + (—4)+o + 4 + ... and the 
sum to 15 terms. 

If the sum to n terms of the series is zero, what is «? 

3 * Find the sum of the even numbers up to too. By how nmch is the 
sum of the odd numbers up to 99 less than this? 

4. The nth term of a sequence is 3n - 22. W'hat is the least value of n 
for which this is one of the sequence of (positive) odd numbers? 

5 » (i) The first term of an a.p. is 31 and the common difference is 9 ; 

show that the nth term is 9// + 22, and find the sum to n terms, 
(ii) What are the first four terms of the series whose nth term is 
5n + 4? Find the sum of the first 20 terms of iliis series. 

6. Which is the number of the first term of the secjuettce 102. 105, 
108, ... , that is greater than 200? In this sequence by how much 
is the 48th term greater than 200? 

7 * In an a.p. the 20th term is 200 and the common difference is - 6. 
Find the ist term and the sum to 20 terms. 

8. In an a.p. the 9th term is 19 and the 15th term is 31. Find the 
6th term. 

9* The third term of an a.p. is —20 and the iith term is +20. Show 
that the sum to thirteen terms is zero. 

10. The nth term of the series 5+7+9+ ... is the first that is greater 
than the nth term of the series too + 97 + 94 + ... . Find n. 

11. The sum of 3n terms of the series 20 + 23 + 26 + 29 + ... is cc|ual to 

the sum of 2n terms of a + +1/) + (a »• 2</) + (a + 3*/) + ... for all 

values of n. Prove that d =* 27/4 and find a. 
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12. Find the arithmetic mean between 

(i) 450 and - 150 ; (ii) {a +6)® and (a -&)* ; 

(iii) (fl+6)2 and -(a-bf-, (iv) (a + fe)® and (a -6)®. 

13. The A.M. of two numbers is 23^ and their product is 510 ; find the 
numbers. 

14. Show that the squares ofAr*-2^-i, ar^ + i, x^ + 2x — i are in a.p. 

15. If a, by Cy d are four consecutive terms in a.p. show that be - ad 
must be positive. [Hint. Use ^ - 3?, /> - 9 . /> + P + 3 ?*] 

t6. Three cubes have the lengths of their edges in a.p. and the sum of 
these lengths is 12 inches. If the total volume of the cubes is 288 
cubic inches find the lengths of the edges. 

17. If the digging of an artesian well costs 2s. for the first foot, 2S. 6d. 
for the second, 3s. for the third, and so on, find the depth of the 
well if the whole cost is ^^2,035. 

18. Draw the graph of 3* = 3 4- and indicate, by a set of small crosses 
on it, terms of an a.p. of values of y whose first term is 3^ and 
common difference Find the sum to n terms of this a.p. 

Geometric Progression (G.P.) 

Here are some examples of the g.p. ; each term in the series is 
formed from the previous one by multiplying it by the same number; 
that is, the ratio of any term to the previous one is the same number, 
called the common ratio. 

3 + 6 + 12+ 24+ 48 + ... 

1000 +100+ 10 +1 + 

5 -15+ 45 -135+405-— 

The common ratios in these cases are 2, ^0 “3 respectively. 

All these are included in the general case 

a + ar + ar- + ar^ + ar* +... 

where a is the first term and r the common ratio. 

To get the ;ith term, notice the powers of r in the 4th and 5th 
terms ; tlicse are r^ and the index being one less than the number 
of the term. I’hus the «th term is ar’*-^. 

The « - I here should be compared with the » - i in a + (« - 
for the A.P. 

S,„ the Sum to n Terms 

The device used to find a short expression for the sum is to 
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multiply S„ by r and write the terms on the r.h.s. under the like 
terms ot 5 „, thus 


Sn=a+ar + ar^ + ar^ +... +ar^-^ + ar^-^ .(i) 

rSn= ar + ar^ + ar^ + ... +ar'’“^+ar"....(ii) 


Iflrl 


I, subtract (ii) from (i) to get 
S„-rS„-a-ar^ or 5 „(i-r) 




a 


ar 


n 


I - r I — r 


or S„ = 


<2(1 - r") 
<2(1 - r") 


I — r 



If 1 r |> I, subtract (i) from (ii) to get 




or 




As the case when | r | < i is perhaps the more important, it is usual 
to regard (iii) as the formula for the sum. T he lormula (iv) is the 
equivalent. 

Alternatively, the known factors of - 6*' may be used to find the 
sum. 

Since i — r'*=(i — r)(i +r + + ... +r’‘-*), 

it is only necessary to multiply both sides by a to get the result (iii). 

Geometric Mean 

If three numbers are in g.p., the middle one is called the Geometric 
Mean of the other two. 

If a, X, b are in G.p. and if r is the common ratio, then 


x = ar and b = ar '^; 

= = so that x= ±J{ob). , 

It is customary to regard + J{ab) as the geometric mean of a and b. 

In geometry this is usually called the mean proportional. It is here 
that it is easiest to see the connection of a geometric progression 
with geometry. 

If a rectangle has sides a and 6, the side of the square equal to it 
in area is J{ab), the geometric mean of the sides. 


Example I. For the geometric progression 4 + 34-9/4 + ... find (i) the 
6th term, (ii) the sum to 6 terms, (iii) the sum to 60 terms. 

(i) For the series, r » 4, so the 6th term is 4 x 

p T.A.A* 


/3V_3"_243 ^ 

W 4^ 256 


/ 
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(ii) The sum to 6 terms 4 = 16 |i - ^ 


= ,6-Z^=i6-zq = i33^ 

256 256 '^256 


[The result for (i' and perhaps that for (ii) is found just as easily by 
writing down the 6 terms in order and, for (ii), adding them.] 


(iii) The sum to 60 terms = ■■ ^ - -^ “ 1 

^ i-l i-l V4/ 

= i5 - .6. (3)“°. 


This is too troublesome to be worth working out to an accurate answer, 
so we use logarithms to obtain an approximate one: 


log(J) “1*8751 1*8751 

log(J)«o =8-506 _ io 

log 16 =1-204(1) 2-751 

log 16. (3)®® = 7-710 _^ 

16. ( 5 )®o = 5-13x10-’ 8.go6 

The required sum is best given as 


16-5 -13 X 10-’, 

and ^ 16 to at least 5 places of decimals. 


Example 11 . The 5th term of a G.p. is 4 and the roth term 128 ; find 
the common ratio and the first term and by how much the sum of the first 
seven terms is less than 32. 

With the usual notation, flr*=4, <2r®=i28. 

Di\iding, = 1284 = 32 ; r = 2. 

Since n . 2‘ = 4. we get a = j. 

'I he sum of the first 7 terms = i+-J+ 1+ 2 + 4+ 8 + 16 = 31 J. 

'I'his is short of 32 by \ 




Example TIT. 'Phe Geometric ISIean of tw'o numbers is 10 and the 
diflerence ol the numliers is 21. If the numbers are positive, find them. 
If a and /» are tlie numbers, Jab= 10 and a -6 = 21. 

fzA = 100 ami - 2«/» *-A-=441. so that a” + 2flA+6" = 841. 

a+6 = 29, which with a-6 = 21 gives a = 25, A = 4. 

The numbers are 25 and 4. 
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Examples 6o : G.P. 

I. For the following series, each of which is a g.p., state the common 
ratio and write down formula for 

(a) the 30th term; (6) the «th term; (c) the sum to 30 terms; 
{d) the sum to n terms. 

(i) 5, 10, 20, ... ; (ii) 72, 48. 32. ... ; (iii) i, -6. -36 . 

Z. What is the geometric mean between 

(i) 9 and 36 ; (ii) 1 and 1-21 ; (iii) a and or *; 

(iv) (x+y)- and (x->»)'? 

3. State the sum to n terms for the g.p.'s whose first two terms are 

(i) 12, 15 ; (ii) x~^ and ; (iii) ax and oa'* ; 

(iv) X, - \x-. 

4. The third term of a g.p. is 24 and its seventh term is 4H? ; find its 
second term. 

5. Repeat No. 4 if the third term is 45? and the seventh term 24. 

6. For the two g.p.'s i + h + \ + I+ i'u + ... and i _>.+ >- i + - ... 

obtain formulae for the sum to n terms and show that for even 
values of n the sum of the second scries is one-third that of the first. 

7. Use the fact that (a —b)->'0, unless asb, to prove that 

i(a“ + b=)>ab. 

Deduce that the A.M. of two positive numbers is greater 
than their G.M. 

8. As in worked Example I (iii) find approximate answers to the 
questions : 

(i) By how much is the sum to 50 terms of the g.p. 5+2 +4/5 + ... 

less than 8^ ? 

(ii) By how mucli is the sum to 40 terms of the g.p. 3 + -3 + -03 -h ... 

less than 3^ ? 

(iii) By how much docs the sum to 31 terms of the G.P. 

+ H + differ from I? 

9. Show that the product of the first 10 terms of a g.p. of positive 
terms is ecjual to the product of the fifth and sLxih terms raised to 
the fifth power. 

10. If an A.P. has the same first two terms as a g.p. of positive terms 
show that the third term of the G.p. is greater than the third term 
of the A.P. 

11. If is the sum of the first n terms of the series a + or+ar-+ ... 
and Sn is the sum of their reciprocals, show that 
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12. If four terms are in g.p. show that the product of the first and last 
is equal to the product of the two middle ones. What similar 
statement can be made about eight terms in G.P.? 

13. Find the common ratio of a g.p., tliree consecutive terms of which 
are the ist, 2nd and 4th terms of an a.p. 

14. In a G.P. of 7 terms, the sum of the last 6 terms is double the sum 
of the first 6 which is 378 ; what is the G.P.? 

15. If a, b, na are in a.p., prove that a, b, «(«+ i)b are in g.p. 

16. In any g.p., if the sum of the ist 2« terms is p times that of the 
first H terms and the sum of 4/1 terms is q times tliat of 2« terms, 
prove that {p - lY —q - i. 

17. ABC is a triangle right-angled at A ; AD is the perpendicular from 
A to DC. In this figure point out geometric means of (i) BD, DC ; 
{n)BD,BC\ (iii)CZ), CB. 


Harmonic Progression. (H.P.) 

T he reciprocals of a series of numbers in arithmetic progression 
are said to be in harmonic progression. Here are some examples of 
H.r.s: 



» 4 . y. 4 . -» 4 . 

4^ ^ ^ tt' I 


11 ^ 12 


11 u. } S 

H ^ It ^ 


i.e. 6, 


2I, ih H 


• • • 


and the general case - ,-■.,-.... 

For the wth term we take the //th term of the a.p. and then take its 
reciprocal ; for the third series above, the wtli term is 1 j{a -t- (« - i)d}. 
'I here is no formula for the sum to n terms of an H.P. 


Hni monic Mean. (H.M.) 

.Most of the applications of h.p. are concerned with h.p.s of three 
li t:' ‘ % • and with the relation of two terms to their harmonic mean. 

Suppose a, c, h to be in H.p. ; then - , - , t are in A.P. ; 

a c b 

2 I I 

.*. 'vhich gives c — 

These formulae (!}, (II) are the important ones to remember about 
H.P. 

Those who have studied the reflection of light by a spherical 
mirror will ha\t met a lormula connecting the distances u and v of 
the object and image from the mirror with its radius r. 
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The formula is - + - = - , so r, tJ are in k.p. 

u V r 

Instances of three lengths in h.p. are extraordinarily frequent in 
simple geometrical figures. 



Fio. 40 


For instance, in Fig. 40 (i) where AB, AC are tangents to a circle, 
any line through A cutting the circle and BC is cut so that AF, AQ, 
AR arc in h.p., or as it is more usually expressed, AQ is the h.m. 
between AP, AR, or APOR is divided harmonically. 

Again, in Fig. 40 (ii) when P, Q, R, S arc any four points joined 
up as shown, every line in the figure is divided harmonically, e.g. BG 
is the H.M. between BQ, BR ; AC is the h.m. between AF, AG ; RP 
the H.M. between RC, RF., and so on. 

The name harmonic progression is derived from the fact that if 
the strings in a stringed instrument such as a harp (or a piano) give 
an even scale, their lengths arc in harmonic progression. 

Examples on h.p. arc usually worked by considering first the 
corresponding a.p., or if there are only 3 terms concerned, by using 
the formulas (I) or (II). 


Example I. The first two terms of an H.P. are 2 and J ; find the 5th 
term and the «th term. 

The corresponding a.p. has .* and J as its first two terms and so as 
common difference. Of this a.p. the 5th term is a + 4 . i = ;] and the «th 

term is i + (« - i) i --* 

4 


for the H.P. the 5th term is § and the «th term • 


n + I 


Example II. In an h.p. the first term is - i and the 6th term is ? ; 
show that the fourtii term is 1 and find the number of the lirst term which 
U less than 
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For the corresponding a.p. the first term is -1 and the 6th term 
If is the common difference, 5i/ = '3 —(—i) = ^3-; d = |. 
The A.p. is - I, -J, i, t, ... . 

The H.p. is - I, - 3, 3, I, 6, ... , and the fourth term is i. 

A term of the h.p.<iV, if the corresponding term of the a.p.>i5. 

The «th term of the a.p. is — i + (w — i)| ^ • 

3 

- 5 

-=^>15 ff 2 k- 5>45 or 2?/>50 or n>2$. 


^ j X 2 

The 25th term is - i +——*15 ; the 26th and subsequent terms 

3 


[ 

will be greater than this.J 

The first term of the H.P. which is less than iV is the 26th term. 

Example III. If a, b, c arc in G.P., show that the ratio of the h.m. of b 
and c to the h.m. of a and b \sb : a. 

If r is the common ratio of the g.p. we have b = ar and c = ar^. 

zbc 2<7-r® 2<7-r- 


Thc H.M. of b and c is 


The H.M. of a and b is 


b + c ar ( I + r) a (i + r) 
2ab 2a-r 


a + 6 fl(i + r) 

The ratio of the first h.m. to the second is seen to be r, which is A : <2. 


Examples 61 

1. The first two terms of an h.p. are i j and J; show that the sixth 
term is 4 and find the twelfth term. 

2. d'he third and fourth terms of an H.P. are 12 and 3 ; find the first 
term and sliow that the sixteenth term is *3. 

3. . B are two points on a line 3 in. apart. Points P and Q on the 

line divides AB internallv and extemallv in the ratio 2:1. Show 

• ^ 

that A}\ AB, AQ arc in harmonic progression, and so also are 
O OI\ QA. 

4. (u ncralise No. 3 with AB x inches and P, Q dividing AB internally 
and externally in the ratio A : ft. 

5. .-lOIi is a diameter of a circle centre O ; X and Y are taken on .‘15 
so that 0 .\ . 01 = 05 ". Show that AB is the harmonic mean of 
AX and . 11 '. 

6. Il a b'^-Cy and a, b, c are in harmonic progression, show that 
o a - b 

“ = ^ ^ ^ ’ Show that this is also true if a<b<.c. 

['1 his property has sometimes been taken as the definition of 
hanvionic progression.] 
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7. Find the arithmetic mean, the geometric mean and the harmonic 

mean of the pairs of numbers (i) 4, 9 ; (ii) P +?, where p, q 

are positive and p>q. 

Verify that the A.M.>the G.M.>the H.M. in each case. 

8 . b+c, c + a, a+b are in a.p., prove that a, b, c are in a.p.. but if 
b + c, c + a, a+b are in h.p., prove that a-, h-, c‘ arc in a.p. 

9. Jf A, G, H are the arithmetic, geometric and harmonic means 
between a and b, express each of them in terxiid uf a and b 
and prove that 

G^ = AH and A>G: H. 

10. If flj, Cg, Oj, ... are in h.p., prove that 

a^a.i + a.a^ + a3af + ... +a„_^a„=(ti - 
[Hint: Add first two, then add third, and so on.] 


The Sum of a G.P. to a large number of Terms 


The sum to 50 terms of the G.P. 2 


A ^ U 


... has a short ^xn:hol{c 

2(1— f r)'”’} 

answer given by the formula -5 —■ or 6 - 6(j)*“. This appears 


•j 

3 


quite short, but to work it out accurately is scarcely practicable, and 
in any case would be a complete waste of time. '^I'hc best we can do 
is to find an approximate value for 6(a)^'’ using logarithms. 'I'his is 
9*55 X 10-®, as seen by the work at -o ^ log (n) = 5o x 1-8240, 

the side, and the required sum \ 41 •20^£ir9-20, 

—^>-9-55 log {b ^ (a) ’"l==^-7S f 9-20 

= 9 q 8 . 

When the sum of a g.p. is asked for to such a number of terms as 
40 or 50 terms it must be assumed that an approximate answer, to 
be obtained by using logarithms, is wanted. 

Such sums arc of two classes according as r is numerically greater 
than I or less than i. 


Qf“^ Cl 

If r>i,-or - is so big that hardly counts; while 

l-r r-i i-r ^ 

if r<i numerically,-is so small that it hardly counts and the 


I - r 


sum is very nearly 


a 


I — r 


Thus in the worked example above, it is shown that the sum of 
the series 2 4 -Jh S -h... to 50 terms differed from 6, which was the 


value of 


Q 


1 —r 


by a term approximately equal to 9-55 x 10 


-9 
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For this reason, and because by going to a still larger number of 
terms we can make the difference as small as we please, and feel sure 
that if we go even further the difference will become even smaller, 
the number 6 is called the limiting sum of the series. 

It is also called “ the limit of the sum ” or “ the sum to infinity ” 
and we can write >6 as n—>-oo , where ” is read “ tends to . 


Positive and negative values of r 

In the series just mentioned, the sum to any number of terms is 
always less than the limiting sum, but this is not the case if r is 


negative. 

Consider, for instance, the G.P. 4 

a __4 _ *6 ^ 

lTr~Tn~'J 


3 + 1 


« • • 


in which 0=4, 


r= - i , so that 


Here5„ = V--V(-f)". 

The limiting sum is 16/7. If w = 6o the sum is less than 16/7, 
but if « = 6i the sum is greater than 16/7, the difference in each case 
being very small. 


The Modulus notation 

It is convenient to use the modulus notation | r | for the numerical 
value of r. 

W’liat has been said above can be summarised by saying : 

If I r |>i the sum of a G.P. to n terms becomes very large as n 
b‘'Cf>iiies large ; but if | r |<i the sum of a G.P. to n terms, as n 

bccoiiu s large, approaches very closely the value » which is 


cnl)<.al ‘1 
If ; 

In ti,'* 

call bv' Ti; 


n'".itiiig sum or sum to infinity. The series is said X.o converge, 
i there are tlie two cases r=i and r= — i. 
t case the .-series is + a + <2+... , of which the sum 
;.ae large as is w ished by increasing the number of terms. 


'i'lw .'tries i.' saul to diidi'e. 

1 M tin .aul easv iln. >erics is a~a-ha-a + a^a + ... , of which 
tht nni i-> any mhl number of terms is a, while the sum to any even 
number ot i< rms is zero, 'i'lie series is said to oscillate. 


How j r" 1 diminishes if ' r j •r' i 

If jr|<i, multiplication bv r must always diminish a number 
numerically, but it ini-jlit be supposed wrongly that if 1 r [ is nearly 
I the value of | r" [ would not ever become really small ; but in fact 
it always docs so. 
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If, for example, r = *9 we can show that r" becomes quite small 
while n is still less than 150. 

To show that (1%)" is very small, is the same as to show that 
is very large. 

Now log= log 10 —log 9 = 1 - •9542:ii:-0458 which >*04. 

So log (\-)'’>w X -04. 

If we wish to make (*9)" less than ^ or ooooi we must make 
(^)" greater than 10® and therefore log (\-)">5- 

Now n X •04>5 if «>— , i.e. >5 x2S or 125. 

*04 

So (^o)" will be less than ^ if m = 126 or a greater number. 

(It need not really be so great, for the ’0058 has been left out, but 
in such questions it is not necessary to find the least possible value of n 
unless this is specially asked for.) 

That x"-»■ o as n^ 00 if o<a:<i may be proved thus: 

I X 

• x’^-cr- .-which ^o as «-»-co. 

* ’ n I — X 

For extension to the case of w.v" see Ex. 68, No. 41, 

[Proof due to R. L. Goodstein, 1954.] 


Recurring Decimals 

Recurring decimals are instances of g.p. s which have limiting 
sums; for instance, *7 = 1^0 + xso + TbVo + ^nd the sum to infinity 

is -^-^(1 - Td ) = l ' 



^ 4. ^ and the sum to infinity is 
10* 10* 

2 3 . /t 

ibo“U ” 100; — 


Formulae for G.P. 

For the G.P. a + ar + ar* + ar^ +... 


S„ = 


ar 


n 


or 


Sn = 


ar 


fi 


i-ri-r r-ir-i 

If I r I < 1 the series has a limiting sum or sum to infinity, 

a 


The sum to infinity — 


I -r 


P2 


T.A.A* 
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ar 


n 


The difference between S„ and the sum to infinity is - and 


I -r 


if I r I <1, r"->o as n-^oo. 

It is sufficient to remember the sum for n-r + r® + ,.. 
which is (i — — r). For the general g.p. it is only necessary 

to multiply by a. 


Example I. If the sum to infinity of i + r + r* + r® +... (r being positive 
and less than i) is double the sum to infinity of i -r + r^ , find 

the value of r and show that, in this case, if n is even S„ for the first series 
is double •$„ for the second. What happens if n is odd? 

It is given that = 2 . i+r = 2-2r; r = ^. 

S„ for the first series is 0(i -(3)"} and for the second 

If n is even the first of these is double the second, but if « is odd 

and the first S„ is less than double the second. 

Example 11 . Find the value of recurring decimal *21945. 

The first three figures give —^ » the next two . and the rest 

IO'‘ lO"' 


45 ^ 45 ^ 
io‘ 10* 


For C.P., starting with the , the sum is given by ^ where 

45 j I 

a = and r = —a . 

10^ 10- 

the sum is - A) = — * 

to* \ loV lo-* 99 

Soll.c^..lueis + +5 _^945 -ai9 _^i-36. 

1000 99000 99000 99000 

[Tfa rule has been learnt in Arithmetic for dealing with such decimals, 
this is tin point at w liieli to sec that the rule agrees with the above result. 
Another piuut is this : 

, ** ^ -V =-219454545 

'O'* • = 21945-454545 both decimals going on 

10^ •.v= 219-454545 ..J indefinitely. 

Subtracting: (lo*'- io-'’).v = 21945 -219 

= 21726; 

90 ooo.v = 21726. 

The same result as before.] 



THE PROGRESSIONS ; MEANS 


l6l 

Example HI. The first two terms of an infinite C.p. are together equal 
to I and every term is twice the sum of all the terms that follow ; find the 
series. 

With the usual notation the first condition is 


a + ar= I. 

QT QT^ 

The second condition is a = z -, ar^z -, ..., all of which follow 

I-r I-r 

from the first, which is a —ar = zar. 

This gives r = and then the other gives a = ^. 

So the series is | +-i + ... . 

Examples 6z [The series are g.p.’s.] 

1. If <2 = 6 and | r| = ‘4, show that the limiting sum of the g.p. is 10 
or 4I according as r is positive or negative. 

Find approximately by how much the sum to 50 terms ditfcrs 
from the limiting sum in each case. 

2. How large must n be so that (i) (•7)"<-ooo5, (ii) (i)'*<-oooi ? 

3. Find approximately the looth term of the sequence 12, iS, 27, ... , 
and the 50ih term of the sequence 36, 24. 16, ... . 

4. Show that the 15th term of the series 16+8+4 + 2 + ... is less than 
•001. Write down a formula for the sum to 15 terms of this series, 
and determine (i) the sum to infinity, (ii) the amount by which the 
sum to 15 terms falls short of the sum to infinity. 

5. Find approximate values for the sum to 80 terms of the series 
8 +24 + 72 + ... and to 150 terms of 108 + 36 + 12 + ... . 

6. Show that the 150th term of the series i + 1-2 + 1*44 + ... is greater 
than 5 X 10”, while the sum of these 150 terms is less than 5 x io‘*. 

7. Express each of the following recurring decimals as fractions ; 

(i) -14 : (ii) -203 : (iii) -407- 

8. How many terms of the scries i +-6+(*6)^+(-6)® + ... must be 
taken so that the sum may be greater than 2-49? Can you by taking 
further terms make the sum greater than 2-5? 

9. Find the sum to zn terms and the sum to infinity of 

4 — 2+1— 2 + 4 “ .... 


10. If 3.72 and z — Jz arc the first two terms of a g.p., show that the 
third term is J (3 - 4) and that the sum to infinity is 'LL}. 


II. The inventor of the game of chess is said to have claimed as his 
reward a single grain of corn for the first sejuare ol the chessboard, 
two for the second, four for the tliird, and so on in G.P. up to the 
64th square. 

Find approximately the total number of grains of corn claimed. 
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12. Find a formula for the sum of the series a ¥ax ax^ 
starting at the loist term as far as the 150th term. 

If x< I, what is the limiting sum of ti^e terms of the series after 
the 150th term? 

Compound Interest and G.P. 

If a sum of money is allowed to accumulate at compound interest, 
the values it reaches at the end of 1, 2, 3, 4, ... years form a sequence 
of terms in G.P. 

Thus accumulating at 3% compound interest reaches at the 
end of 1.2. 3,4. ... years, the values^1-03, £1-03^ ;£(I■03)^ 

... and readies \aIuesP times tlicse. 

If has to be paid nwe in order that £100 may be received 
10 years hence we must have £P x {i-03)*‘’=-;riooorP= 100 x (1-03)"*®. 
£P is called the present ralue. 

'I’hese ideas are of importance in reckoning what lump sum must 
he paid now to ensure an annuity later on. 

Example : IIow much must be paid in order to receive ,^100 a 
year for 7 years, the first payment to be received 10 years hence, if 
compound interest is reckoned at 2^%? 

I'or the ist £\oo to be paid 10 years hence the present value is 
£100 (1-025) ^ 

The total \alue is 


/• ' »i. 11 ,£\ which wri 

y.IOO- •: 1-025“*'’ - 1-025“***... I-025’*’> . 

J in reverse o: 


ntten 

order 


/'lOO 

,, ;i T 1-025 + .. 


I I 025)' - 1 

. - / 
' I • 1 Si > I') 

> 025=- / 


1-025®} 


Z-i'- 

1 'C'2 K ' ' 

rC* / l/ (K 


r-' ; I *02 

•. ' j 

‘■h 


I -02 5 

! -0107239 

1-025^ 

1 - 0750^73 

'~ 75 (r“: 

f * 1 

i 2-8785 

1-025*® 

•I 71 5S24 

509-2 

2-7069 


should secure the 7 pavments of ;^ioo. 

Aote. .-Vimuit',.-' u.->u.j!I\ .ire ctiutinm-iit on the age and end with the 
deatli of tile cinr.uir.uii ; so tlie e\pc-ciation of life at various ages 
is taken into acc'Mnit bv InMiiancc Companies when fixing the 
purchase price ol annuities. 
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Examples 63 

X. A father, wishine; his son to receive a payment of over his 

2ist birthday, pays on his behalf ^£2$ annually from his first to his 
20th birthday. If interest is added at 2i% compound, how much 
should the son receive? If the payment was to be exactly ;C500, at 
the same rate of interest, how much should the father pay each year? 

2. Savings Certificates bought at 15s. each are to be worth 20s. 6d. in 
ten years’ time. What rate of compound interest is this? 

3 * A firm credits each employee with ^^50 deferred pay at the end of 
each completed year of service. If these sums earn interest at 4‘\, p.a 
find the amount of deferred pay expected by a man who worked 
35 years for the firm, [log i-04 =-0170333.) 

4. The amounts at compound interest of £2,400 at after i, 2, 3 ... 
years form a g.p. Write down the //th term ot this g.p. 'I'he loga¬ 
rithms of these amounts form an a.p. Give the first term and 
common difference of this A.P. and write down its «ih term. 

5* £2,500 is invested at 4% compound interest and is to be repaid in 
15 equal annual payments, the first instalment to be paid in 15 years’ 
time. Find the amount of this annual repayment. 

Exponential Graph and G.P. 

Ordinates of an exponential graph such as y=i'2' (Fig. 41) at 
points evenly spaced along the x'-axis form a sequence of terms in 
G.p. 

A simple case is given by x= o i 2 3 4 ... 

y= I 1-2 1 - 2 * 1 - 2 ^ 1 - 2 *... 



Fig. 41 

Sunt of G.P shown as an area 

The sum I + 1*2 4-I+ I-2® + 1-2^ is shown above as the area 
enclosed by the black line. 
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If instead we take the area up to the dotted line it is 

1*2+ 1-22 + I-2®+1-2^ 

The area below the curve, denoted by | 1*2* dx, is intermediate 
between these two. 

This illustrates the way in which sums of G.P.’s may be used to 
obtain approximations to the area below an exponential curve. 

Examples 64 

X. In the above, calculate the two sums mentioned and thus obtain two 
values between which the integral lies. 

2. If in the above ordinates were drawn when .r = o, i, i-J, 2, ..., 

find the nvo sums corresponding to those in No. 1 and so get two 
numbers closer to the value of the integral. 

3. By using a graph in the same way as in Fig. 41, show that j i-i* dx 
lies beuveen 4*64 and 5*11. 

4. By using the graph oiy = ifx in the same way as in Fig. 41, show 
that \ - dx lies between i + i + i and 2+^ + 4. 

5. Sketch the graph of y —1’2”* and by the method used above show 
that J 1-2"* dx lies between 2-58 and 3'ii. 

Averages 

It is usual to call the Arithmetic Mean of two numbers their 
; when the average of ttvo quantities is required, however, 
it will not always be given by finding the Arithmetic Mean. 

Consider the following examples : 

Example I. Two things cost, one a shilling and the other eightpence ; 
wiiai is the average price? 

If each had cost lod.. the total cost would have been the same. 

Thus the average price is J(i2 + S) pence, the arithmetic mean of the 
two prices. 

Example 11 . A cyclist rides 24 miles with the wind at 12 mi./hr. and 
returns against it at 8 mi.'hr. ; what is his average speed? 

Here the ax^erage speed is jwt .! (12 + 8) mi./hr. 

The whole trip of 48 miles takes 2 hours out and 3 hours back, in all 
5 hours. 

If the speed had been nai./hr. all the way, the total time would have 
been the same. 
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Thus the average speed is —^ ^ mi./hr., the harmonic mean of the 

I 2 “f“ O 

two speeds, for this is 

Example III. The population of a town increases each five-vear period 
by the same percentage of its value at the beginning of the period. 

In 1920 the population was 100,000. and in 1930 was 121,000. \\’hai 
was its population in 1925, and what is the average rate of increase for 
a five-year inter\ al? 

Here we should find the population in 1925, Pgs* thus : 

P • P ~ P • P ■ 

hence is the geometric mean of Pjy and Pog and is 

.y [ 100,000 X 121,000] = 110,000. 

In 5 years the increase is from 100 to 110, an increase of ro%. 

Here the geometric mean is used in finding the average rate. 


Examples 65 

1. For a journey of x miles at u mi./hr. followed by one of x miles at 

V mi./hr., show that the average speed is the H..M. of // and v. 

2. For a journey of y hours at u mi./hr. followed by one of y hours at 

V mi./hr., show that the average speed is the a.m. of u and v. 


3. If 5.v>' things are bought at x for a shilling and another ^xy at y for 
a shilling, what is the average number bought for a shilling.^ 

4. If /> shillings are spent on things at x for a shilling and another 
P shillings on things at y for a shilling, 
what is the average number bought for a 
shilling? 

The first lot being bought as before, if 
only q shillings arc spent on the things at y 
for a shilling, what is the average number 
bought for a shilling? 

5* If equal sums of money arc spent on apples 
at u for IS. and on apples at v for a shilling, 
show that the average number of apples 
bought per shilling is the a.m. of u and v, 
but that if equal numbers of apples arc 

bought at these two prices the average number of apples per shilling 
is the H.M. of u and v. 



6. Find the average cross-section of a frustum of a cone (Fig. 42) whose 
base is a circle of radius 4 inches, whose top is a circle of radius 
2 inches, and whose height is 10 inches. 

[The average cross-section is that cross-section which if constant 
would give the same volume.] 



l66 SEQUENCES ; SERIES ; 

Verify that the result can be found by applying Simpson's Rule^ 
which states that 

Average section =® ^{suni of end-sections + 4 ^ nud-section}. 


Here the mid-section is gn, and the rule gives 


^■|^l67r+47r+4X = 


7. If 3 boys are of height 4 ft. 10 in. and 5 others of height 5 ft. 2 in., 
by how much does the average height exceed 5 ft.? 

[It is not necessary to find the total height of all the boys.] 

8. A fruiterer buys 50 lb. of apples at 8d. a lb. and 40 lb. of apples at 
X pence a lb. If the average cost of all the apples is yd. a pound, 
find X. 

9. A fruiterer buys 50 lb. of apples at 8d. a lb. and y lb. of apples at 
5d. a lb. If the average cost of all the apples is yd. a pound, findy. 


Means for more than Two Numbers 

When more than two numbers are concerned, the word mean ” 
is understood in two different senses, but there is not much likelihood 
of confusion between them. 

If a^, a^, 03, ... , On are in A.P., then the terms az, ... , are 
said to be « - 2 Arithmetic Means between ai and 

If ai and are given, the others are easily found, for d, the 
common difference, is given by =s a, + (/i - i) d, and then the other 
terms are found from 02 — ^1 +d, a3 = <Zi + 2if, and so on. (See 
Examples 66.) 

The other, and much more important, sense of the word “ mean ' 
is for ihe A..M. of any n numbers a^, ... , namely 


- («! 4 - «., + ^3 + ... + On). 


Thus the A.M. of ti numbers is what is usually called their average. 
The same usage <^>f “ means ” as intermediate terms of a series is 
customary fur tlic f;.P. and the a.p. 

I'he Geometric Mean of any « numbers Oj, defined 

to be n-/ \ 

i.e. the positive wth root of their product. 

The Harmonic Mean II of f?,, ..., a,^ is given by the equation 


n _ I 

a 


I I 

-h ♦ ♦. H-• 

^2 
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Examples 66 

1. Insert 6 arithmetic means between 2 and 23. 

2. Insert 5 geometric means between 2 and 128. 

3. Insert 3 harmonic means between J and -i*!. 

4. Insert 5 arithmetic means between a and b and show that the third 
of them is 

5. Insert two geometric means between and b^. 

6. Insert three harmonic means between 3 and 5. 

7. Prove that the arithmetic mean of « arithmetic means between a and 
b is the arithmetic mean between a and b. 

8. If a^, ... iire in a.p., show that the a.m. of a, and is 

\ {a., + 03 + ... + flfi). 

9. If a,. ^3 ... ao are in G.P. and «« are in n P., show that the 

terms of the G.P. are all equal. [Common ratio i.J 


Calculation of the Mean 

The arithmetic mean of a set of numbers is the mean most fre¬ 
quently employed ; unless stated to the contrary, the a.m. is intended 

when the single word “ mean ” is used. 

In the statistical examination of a set of numbers, the calculation 


of the mean is generally the first step. 

It should be realised that sets of figures differ in character ; for 
instance, the number of cars passing a certain point on a road 
between 12 noon and i p.m. is a definite number, but the height of 
a man who passed along the road could only be gi\en to a certain 
degree of accuracy; a height which lay between 5 9 i 
5 ft. loi in. would probably be recorded as 5 ft. 10 in. If the heights 
of a group of people were being recorded it is probable that several 
would be given the same height, although it is unlikely that any two 

of them had exactly the same height. 

The number of times a measurement or the result of an observa¬ 


tion is repeated is called the frequency. 

The following table gives the heights of the men in a certain 

infantry platoon. 
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The straightfonvard method of finding the mean is to obtain the 
total height of all the men (i.e. the sum of the products of each 
height by its frequency) and then divide by 33 (the number of men). 

Alternatively, the mean of the number of inches by which each 
height exceeded 5 ft. could be found. (This is equivalent to taking 
a new zero) 

i.e. {7x2 + 7^ x5+8x6 + 8^ x9 + 9x7 + 9|x2 + iox2)-^33 

==278/33=8-424; 

the average height is 5 ft. 8-424 in. 

Another arrangement, and the one most frequently used in 
statistical work, is given below ; the class-nmnber o (zero) is assigned 
to one height (or class), and class numbers + i, +2 ..., — i, -2 ... 
given to the other classes. 

The work of the previous example is arranged as follows : 


Height 

Frequency 

if) 

Class- 

-number 

(^•) 

f.x 

S' 7 ” 

1 

2 

-3 

-6 

5 ' iV 

5 

- 2 

—10 

5 ' 8" 

6 

— I 

- 6 

5 ' 8r 

9 

0 


S' 9 " 

7 

-f I 

+ 7 

5 ' 9 l” 

2 

+ 2 

+ 4 

5 ' 10 " 

2 

+ 3 

+ 6 


33 


- 22 +17 

= -5 


X of Mean (denoted by a') = —^ = — -1^2 

33 ^ 

the average height is -152 class-inter\'als less than 5 ft. in. 
(in this example tlie class-interval is in.) 
the average height - 5 ft. 8.^ - ^076" 

This last method does not show up to advantage when the numbers 
in\ oh ed are few as liere, but it will be found to be far less laborious 
than other methods in cases where there are many recordings. (See 
No. 5 below.) 
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Middle of Class 

In the example just given, the measurements are supposed to be 
taken to the nearest half-inch. The 5' 8" or 68" class includes the 
men whose height lies between and 68]", and of this class the 
middle point is 68" exactly. 

It is however more usual to name a class from its starting point. 
Thus the classes might be 

height 68" and not as much as 69", denoted by 68"- 
height 69" and not as much as 70", denoted by 69"— 

and the table above would be shortened to 

Class 67"- 68"- 69"- 70"- 

/ 7 15 9 2 

Here measurements having been taken to the nearest half-inch, the 
class 68— really extends, not from 68" but from 67-4" to 68] , and its 
middle point is not 68J", as might be supposed, but 68|". 

If, however, measurements had been taken to the nearest ] inch, 
the 68"— class would extend from 67^" to 68^", with mid-point 68^ . 

It will be noticed that with this greater accuracy of measurement, 
a man whose height lay between 67-4" and 67^" would be transferred 
from the 68"- class to the 67"- class. 

Statistics 

The work of these last two pages may be regarded as a first lesson 
in the subject of Statistics. Those who require further work in this 
subject—work dealing with dispersion, correlation, sampling, etc.— 
are referred to books dealing solely with this subject. 

Examples 67 

I. Find the average height of the 33 men in the example worked above 
by assigning the class-number zero to height (i) 5 ft. 8 in., (ii) 5 ft. 
92 in. 

*• Eggs are bought at the prices shown : find the average price per 
dozen. 


Price per dozen - 

z/6 

2/9 

3/0 

3/3 

3/6 

No. of dozen 

20 

25 

28 

'9 

12 


3* The ages of boys in a school were recorded in class-intervals of 
6 months, e.g. ages from 15 years 3 months to just less than 15 years 
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9 months being recorded as I5|- years. The following table was 
produced. 


Age - - - 

II 

I rij 

1 

■ 12 

izh 

1 

13 

132 

Number of boys - 

32 

40 

45 

47 

50 

48 


Age - 

14 

1 

14I 

15 

IS2 

16 

16J 

Number of boys - 

43 1 

46 

38 

41 

37 

23 


Find the average age by assigning class-numbers taking 
(i) the 132 class as zero, (ii) the 14 class as zero. 

4. In a recent examination the marks awarded to the first 20 scripts 
were 32, 57, 43, 65, 28, 60, 47, 52. 39, 48, 25, 53, 47, 52, 62. 31. 38, 
46, 72, 51. The marks can be put into classes 25-29, 30-34, 35-39» 
etc., these classes being indicated by 25 +, 30+, 35 +» etc., to give 
the following table : 


Marks - . - 

1 

1 

25+ ! 

1 

30 + 

35 + j 40+ ! 

45 + 

No. of scripts 

2 

z 

2 

1 

4 


■IMarks - 

1 

1 

50+ I 55 + 

60 + 

65 + 

70 + 

( 

1 No. of scripts 

4 1 

I 

2 

1 

1 


I'Ind ihe mean by the ordinary* method and also by assigning class- 
numbers (note that the class 40+ (i.e. 40-44) has 42 as its centre, 
and tlii-re are five marks between the centres of adjacent classes). 

5. I Ik l•,vl<2lus of a number of men were classified to give the following 
tai'h-. in wlueh bo- means a height between 60 and 61 inches. 


^ 1 K iiieht-s - ' 

' 60- ' 

^ 61- 

62- 

1 63- 

64- 

65- 

1 r'retiiiencv 

4* 

CO 

169 

394 ; 

669 

990 


I b uiit. inches 

' 66- . 

1 67- 1 

6S- 

69- : 

1 70- 

71- 

j r rc^jiiciK V - - 1 

1 >223 

>329 j 




392 


Find the mean lieight, taking tlie middle of the 67- class, for instance, 
as 67-5 inches. 
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6. Show that the middle of a class depends on the accuracy with which 
measurements are being taken by showing that in No. 5, if measure¬ 
ments are to the nearest i inch, the middle of the 67- class is tyi, 
but, if measurements are to the nearest ’ inch, it is 65 ,’i. 

[Hint. Measuring to nearest \ inch, all heights between 64I and 
65 are counted in the 65- class.] 

Examples 68. Miscellaneous Examples on the Progressions 

X. If four numbers are in a.p. prove that tl^e product of the two 
middle ones is greater than the product of the two end ones. 

If the first, second and fourth of these numbers are in G.i’. prove 
that the common ratio of the G.p. must be 2 . (B.) 

2. Show that if a, b, c are in arithmetic progression and < 3 , b, i are in 
geometric progression, then 

/^at — (a + cY. (I^-) 

3. Prove that of the squares of three consecutive numbers the middle 
one is the a.M. between the a.m. and g.M. of tlie two end ones. 

Prove that the same is true if the three numbers squared arc in 
A.P. 

4. In an arithmetical progression whose first term is a and common 
difference d, write down four consecutive terms, the first of the lour 
being the wth term of the series. 

Show that the prodtict of the second and third of tliese terms is 
greater than the product of the first and lourtli by 2d~. (L.) 

5. If s is the sum to « terms of an a.p. of first term a and common 
difference </, show that 

n-d - n(d - 2d) - 2s=o. 

Hence, if a and d are integers, prove tfiat {d - 2a)~ + 8 sd is a perfect 
square. 

If j = 247, a « I and 3, verify that this is so and find ti. (L.) 

6. If the (n—i)th and (M + i)tli terms of a g.p. arc the a.m. and the 
H.M. between a and b, prove tliat the wth term is ^(ib. 

7 * The A.M. between a and ft is (i + x^)'^ and the h.m. is (i —x^)~. 
Find the g.m. and determine a and ft. 

8. If two numbers a and ft are taken to be the areas of two circles 
whose radii are 17 in. and 19 in., verify that the arithmetic mean 
of log a and log ft is the logarithm of the geometric mean of a and ft. 

Verify, with the above values of a and ft. that their geometric 
mean is less than their arithmetic mean and that the area of a circle 
of radius j 8 in. is intermediate in value between these two means 

(B.) 
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9. If the mth and «th terms of an a.p. are in the ratio im — i : 2w -1, 
prove that the sum of the first m terms is the sum of the first n 
terms as m- is to nr. (O. &: C.) 


10. (i) Find the sum of n terms of the series whose «th term is • 

(ii) Express 0*23 as a \'ulgar fraction. 

(iii) Find the sum of n terms of the series 

•23 +-2323 + -232323 + -23232323 4-..., 
by first finding (i - lo*^-) times this sum. (B.) 

11. An -Arithmetic Progression and a Geometric Progression each have 
p as first term and q as second term, where q<p. \\'rite down the 
expression for s, the sum to infinity of the G.P., and prove that the 
sum of n terms of the a.p. may be written as 



12. Find the ratio of two numbers for which the a.m. : the G.M. as 5 : 4. 

13. Find an a.p. such that .S'„ is (« + i) times \u„. 

14. Prove that be -a-, ca -b-, ab are in a.p. if a, b, c are in a.p. 

15. 'riiere are p arithmetic progressions, each beginning with unity, 
and the common dilTerences arc i, 2, 3, ...p. Show that the sum 
of their /ith terms is a{ (n - i)/>- +(« + !)/>}• 

16. .Assuming that the value of a machine depreciates each year by an 
amount which is of its value at the beginning of the year, obtain 
an expression for its value at the end of n years if its present \'alue 
is 

Takit^g /*J = 3000, r=i2, calculate (i) the value when /i=io 
(ii) in how many years the value will be reduced to one quarter of 
its present -'ahic. (L.) 

17. I-ind tile sum o{ n terms of an Arithmetical Progression whose first 
term IS a, second term b. 

I'iiul the sum o( all tlie integers between 1 and 200, excluding 
those th.it are multiples of 3 or 7. 


18. Sum tlu- series 1-2-13 - 4 r ••• to 2tt terms 

(il by taking it a.s i 2 -t-3 -t-4 -t- ... - {2 4 6 + ...}, 

(ii) l\v taking the terms In pairs. 


19. A journey consists of a miles travelled at u miles an hour, followed 
by /> miles at r miks an hour and c miles at zv miles an hour. Find 
the average speed. 

It the average speed is miles an hour and tt = lv = show that 
c= 2a. 
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20. If A, G, H are the arithmetic, geometric and harmonic means of a 
and b and if A =kH, prove that A- =kG-. 

Find the ratio of a to 6 if A = 

21. A set of 100 drives with a golf ball were classified as follows : 
Length in 

yards - 150- 160- 170- 180- 190- 200- 210- 220- 230- 
Frequency -4 16 9212314 7 5 I 

Find the average length of these drives, taking the mid-point of 
class 150- as 155, etc. 

22. Marks in an Algebra paper obtained by candidates from one school 
taking a certificate examination were distributed as follows : 

Percentage Mark - 10- 20- 30- 40- 50- 60- 70- 
Frequency --24872168 

Find the average mark. 

23. Find the sum of n terms of the series 

2+a+u + ... . 

Show that however great n be. the sum can never exceed 6 ; find 
the least number of terms whose sum exceeds 5-99. (L*) 

24. Find the sum of the first six terms of the geometric series whose 
third term is 27 and whose sixth term is 8. 

Find how many terms of this scries must be taken it their sum is 
to be within iV% of tbc sum to infinity. (L.) 

25. The sum of n terms of a series is 3«“ for i, 2, 3, ... . Find the 
rth term of the series. What is the first term? 

Calculate the sum of all numbers between o and 201 which are 
multiples of 5 or 7 ; that is, find the sum of the series 

5+7 + 10 + 14 + 15 + ... + 35 + ••• + 200. (O. & C.) 

26. Find the sum of nine terms of a geometrical progression of which 
the 4th term is 7 and the yih term is 4. 

The amplitudes of the oscillations of a pendulum diminish in 
geometrical progression, the ratio of consecutive amplitudes being 
®'975* If the amplitude of the 50th swing is i®, find alter what 
swing the amplitudes are less than 2'. (L ) 

27. Find the sum of n terms of a Geometrical Progression whose first 
two terms are a and b. 

A pendulum swings in such a way that the amplitude of each 
swing is 0*89 of the amplitude of the preceding swing. If tl>e 
amplitude of the first swing is is"* tint! after how many swings the 
amplitude will be less than i'’. Find the sum of the amplitudes 
of the first 9 swings. (L.) 
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28. A man borrows ^^1,000 and agrees to repay it by 10 equal annual 

payments, the first pajTnent being made at the end of one year and 
interest being charged at the rate of 6% per annum, calculated 
annually, on that part of the sum which is not yet repaid. Find the 
value of the annual payments. (L.) 

29. A manufacturer orders machine plant to the value of ^^5,000. It is 

agreed that ^2,000 shall be paid on delivery and that the balance 
of the debt shall be discharged by three equal annual instalments, 
t!ic first instalment becoming due at the end of one year from the 
date of delivery. Find the amount of each instalment, interest 
being reckoned at 5% per annum. (L.) 

30. The ?vth term of a series is + zn. Find the sura of the first 

;/ terms and evaluate your expression when n— 10. (L.) 

31. Find the sum of ?/ terms of the series 

<2 + a.v + ax- + ax^ + ... . 

The cost of replacing a machine is estimated at /3.500. \Miat 
annual sum paid into a fund and taking compound interest at 4% 
per annum will suffice to replace the machine alter 15 years? [The 
first repayment is to be made at the end of the first year.] (L.) 

32. kind the sum of « terms of the scries 

a +ar + ar- + ar^ 

Prove that the sum of n terms of the series 


5 + 55 + 555 + 5555 + — 

is fio"* - 10-g//]. (LO 

33. ll .S„ denotes the sum of the geometric series 

I 3 ^ u ••• j 

sliow as a graph with n as abscissa and S„ as ordinate the sum of 
n ti rnis lor \alijes ol n from 1 to 6. Take i inch as unit for ft and 
5 iui iies as unit for .S'„. 

i iiid i1k- least number of terms of the series whose sum differs 
from thv- --'.li. lO infinity by less than io~'*. (F.) 

34. i'lad the sum ot the first n terms of the series 

I + .V + .V- + .v^ + ... . 


.•\ mail lias initially £P invested in a security bearing r°/o interest 
pci ahnutn. .At tlic end of each vear he draws the interest and sells 
suilu i.n! i-tock t(/ make the total sum withdrawn up to £p. Prove 
that alter u y ar.-. the amount of his capital remaining is 


FT?” -p 


7?" - I 

R -1 


where R \ ^ r tec, and show that if />=P/20 and r = 4 he can 
continue tor 41 \ .-.ui witliout his capital becoming e.xhausied. (L.) 
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35. A solid is formed by fastening together ten solid circular cylinders, 

each of height one inch, whose radii are in arithmetical progression. 
The radius of the smallest is 3 in. and that of the largest is 15 in. 
The cylinders are placed with their axes coincident and each one 
rests on the next larger one. Find the total surface area ol the 
solid. (*^0 

36. The number of new motor-cars produced by a certain manufactur¬ 
ing firm is the same in each year, whereas every year i5'’o of ‘til 
the cars existing at the end of the previous year are scrapped. At 
the beginning of a certain year there are 10,000 of the firm s cars 
on the road ; at the end of the tenth year after this there are 15,000. 
Find the number of new cars produced by the firm each year. (L.) 

37. Find the present value of an annuity of £A to continue for n years, 
interest being reckoned at per annum. 

A man owns the lease of a house which has 45 years to run ; 
the rent he receives for the house is annum, the repairs 

and other expenses amount to ^^25 per annum, and the ground rent 
is £20 per annum. Assuming interest at 6*’o, find the present value 

of his lease. 

38. Obtain the formula for the sum of « terms of a geometric progres- 
sion with a as first term and r as common ratio. 

lf5 = c3+(a+i/)r+(a + 2J)r- + ...+(«+"- prove that 

-T)S = a+(Jr^ 

Hence find the sum of the first 10 terms of the series 

1+2.2 + 3. 2" + 4 -2^+.... ) 

39. Prove that the purchase price of an annuity of £A payable tor 
n years, the first instalment beittg due ni years hence, is 

A(R‘' - i) 

- i)* 

where R is the amount £1 at the end of one year. (L.) 

40. If the birth and death rates in a country remain constant at 20 and 
15 per thousand respectively, and if there is no emigration or 
immigration, prove that the populations at annual intervals form a 
geometric progression, and find the percentage increase in popula¬ 
tion in 100 years. 

If all the people live to the same age v, i.e. if all who arc born m 
any one year die x years later, sho\\ tliat 

i-oos-* - 4/3, 


and thence find x. 


(L.) 



(0 


176 SEQUENCES ; SERIES ; 

41. If o<jc<i it has been proved (p. 159) that 

nx^< 


1 - X 


Taking x* between x and i, replace x in (i) by and show 
that 

X - X 

Deduce that wa”-^o as w—>00. 

[Due to R. L. Goodstcin.] 



CHAPTER VIII 


PERMUTATIONS; COMBINATIONS; BINOMIAL 

THEOREM; PROBABILITY 

Arrangement of Permutations 

For a given number of objects, in how many ways can they be 
arranged in order? 

To answer this question it is well to take a few special cases and 
then attempt general reasoning. 

Represent the objects by letters and consider in how many ways 
3 or 4 letters can be arranged in order. 

The three letters H, A, T of the word H.AT may be arranged in 
the six ways HAT, HTA, ATH, AHT, TllA, TAH. It will be 
noticed that with any one of the letters in tlie first position tliere 
are two ways of arranging the other two letters, and so there are 
3x2 arrangements altogether. 

For the four letters of the word HATE, the number of arrange¬ 
ments of the letters is obtained by recognising that w ith any one of 
the four letters in the first place there are 3x2 ways ol arranging 
the remaining three letters. 

there are 4x3x2 ways of arranging the four letters. 

Again, xY\& five letters of the word 11-\'1ED could be rearranged 
in 5X4X3X2 ways, since with any one of the fite letters in the 
first position the other four letters could be arranged in 4x3x2 
ways. 

A permutation is an arrangement of some or all of a number of 
things ; so the number of permutations ol all the letters ol the word 

HA'I’ED is 5 X 4 X 3 x 2 or 5 x 4 X 3 X 2 xi. 

The shorthand way of writing this product 5X4X3X2X1 is 5! 
or I 5, and either of these is read as factorial 5. 

Again, ( 7 or 7! stands for 7X6X5X4X3X2XI. 

It is usual to think of 5! as the product oi five factors, 

5X4X3X2XI. 

With this definition it is seen that i! = i. 

The argument above can be extended to show' that tlie number of 

permutations of n dilferent things is nl. 

177 
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Examples 69 

1. Find the number of permutations of all the letters in each of the 
following words: 

(i) PLACE ; (ii) GANDER ; (iii) HALTING ; 

(iv) DOWNRIGHT. 

2. In how many ways may six men and six ladies form couples for a 
dance? 



Simplify (i) ; (ii) 4 = i f'") 


12 

lO 


n! 


(n-2)r 



(n-i)!* 


4. In how many ways can a batting order be drawn up for a cricket 
eleven? 

5. How many different 5-fig\ire numbers can be made from the figures 
8, 6, 4, 2, o (zero must not appear in the first place)? 

6. Find the values of: 


(i)9!-i-8!; (ii) - 3) I; 

(ill) - i)(n - 2); (iv) (10! 8! 4!) ^(7! 61 51); 

(V) io\~{5\r; (vi)(3!)®-i-(sl)=‘. 


Case when some Letters are repeated 

As an example, contrast the possible arrangements of the letters 
of the word SPEED with those of the word SPEND, for which the 
numl^er is 5!. 

Any one arrangement of the letters of SPEED, for example 
SLl’I-.D. will, witliout altering the positions of S, P and D give two 
arr Sltl'ND and SNPED, of the letters of SPEND. 

It lidluws tliai the number of ways of arranging the letters of 
St'!. Li) e.^activ half the number for those of SPEND, that is 
5! : nt wiiitli is tlie same thing, 5!-r2!. 

A ; .in. conip.ip the arrangements of the letters of BRASSES with 
thoM, lit tlie of IIRACKET. 

t l. u-.ing anv one set of positions for B, R, A and E, say EB . R . . A 
usi...! i!u- K tiers ol IjR.ASSh'S, we must fill the three vacant places 
with S in i.ieti plaee and get one arrangement, EBSRSSA. 

But sii'ee the tlire- letters C, K, T can be arranged in 3! or six 
ways, wilt I Is. R, uud A in the same positions we get the 6 possible 
arrangenu'ius : 

EBCRKTA, EiiCBTRA, EBTRCKA, EBTRKCA, EBKRCTA, 

LBKRTCA. 
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Thus each arrangement of the letters of BRASSES gives 6 or 3! 
arrangements for those of BRACKE'l', for which the arrangements 
total 7!. 

7! is six times the number of arrangements for the letters of 
BRASSES. These can therefore be arranged in 7 !-^3 ! ways. 

Similar reasoning w'ill show that the letters in PAINT ING can 
be permuted in 8!-r(2 x 2) ways, while the letters in PALAl.ABLE 
can be permuted in 9 [-^-(2! 3 !) ways. 

As the things concerned need not be letters, it is usual to speak, 
not of repeated letters, but of like things, or ol n things oj uhich p are 
alike. The general case is : 

Find the permutations of n things, when p are alike of one kind, q 
alike of another kind, etc. 

Let X be the required number. With any one permutation, if the 
p like things were replaced by p unlike things, these unlike things 
could be permuted among themselves in p \ ways to give p \ diflerent 
permutations without changing the positions of the other things. So 
this change would result in the total number of permutations being 
x.p\. 

In the same way if the q like things were tlien changed to q unlike 
things these could be permuted in q\ ways and tlie new total would 
be X . p\q\. 

If this process were carried on till all the groxips of like things 
had been changed to unlike things, all the n things would be unlike 
and the number of permutations would be «!. 

X . p \ q \ ...=«! 

n\ 

^~p\ q\ r\ ... ’ 

Examples 70 

X. Find the number of permutations of the letters, taken all together, in 

(i) SCHOOL ; (ii) HARASS ; (iii) ISOSCELES ; 

(iv) MISSISSIPPI. 

2. Seven peas and five beans are arranged in a row. If no distinction 
is made between any two of the peas or between any two of the 
beans, how many arrangements are possible? 

3. A bag contains 2 white balls, 5 red balls, 3 blue balls and a green 
ball. Find the number of different orders of the colours when the 
balls are taken from the bag one at a time and not replaced. 
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Forecasting football matches 

The first match (A versus B) may have 3 results : (i) a win for A, 
(ii) a draw, (iii) a win for B. 

Similarly the second match may have 3 results, any one of which 
may occur with any one of the 3 results of the first match. 

there are 3 x 3 = 32 ways of forecasting the first two matches. 

Again, the third match may have 3 results, any one of which may 
occur with any one of the 9 possible results of the first two matches. 

there are 3X3X3=3=» ways of forecasting the first three 
matches. 

I his argument can be extended to show that there are 3^® ways of 
forecasting 10 matches. 

Similarly, when a penny is tossed, the result may be a head or a 
tail (// or 7 ’). If it is tossed twice the possible results are HH, HT, 
III, "IT, the number of which is 2- ; if thrice, the number is 2^, 
and so on. 


Examples 71 

1. A hoy writes out 100 ways in which the results of 5 football matches 
may occur. Show that he has not written half the possible results. 

2. .\ man with to friends decides not to dine alone, but to have one or 
more of his friends to join him. How many different dinner parties 
are possible.' [He may, or may not, ask each one.] 

-Nor. 3, 4 ore preUmiuory for the next paqe. 

3. Se\en steamers travel between England and Ireland. In how many 

a\s is It possible to cross by one steamer and return by a different 
ne? 

4. I lii'ie are c; routes by which a motorist can go from Winchester to 
lo'iirncinouth. Iti how many ways can he go by one route and 
letnrn bv a dilh-ivnt «*ne? 

5. ll'iA m.my dilkifiu signals of 5 symbols can be sent using the dot 
atui d.isli oi the .Morse codc.^ How many if 5 symbols or less may be 


w 
one; 




6 . 1 h' te arc three post pillars in a road. In how many ways may 12 
bi- p..si in the ro.id.^ 

numbered one to six is thrown 10 times and the 
(;. ■)[ the svi'.u.iie ilirows written down. Show that tiiere are 
more than 6 •. lo’ possible results. 

Permutations when all the things are not used 

(ji\en a number ni (>l>iocts, it may be required to find the arrange¬ 
ments of a smaller number selected from them. 
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For example, given 7 letters, a, b, c, d, e, /, g, it may be asked in 
how many ways it is possible to fill 3 places, with 3 of tlie letters. 

The first place can be filled in 7 ways. 

When this has been filled in any one way, the second place can be 
filled in 6 ways. Hence the first two places can be filled 107x6 ways. 

When two letters have been selected to fill the first two places in any 
one of these 7x6 ways, the third place can be filled in 5 ways. Hence 
the three places can be filled in 7 x 6 x 5 =210 ways. 

This number is usually called the number of “ permutations " of 
7 things 3 at a time and is denoted by the symbol -P3. 

Note that in 7P3 the last factor is 7—2 or 7-3 + 1. 

What has been shown on p. 177 is that — 41,5^5 = 5 U ,.Pn = ft-- 

General Case 

To find the number of permutations of n different things taken r at a 
time, 

The first position may be filled in n ways. 

Having filled the first position, («- i) things are left, and so the 
second position can be filled in (« - i) ways ; i.e. with each of the 
n ways of filling the first position the second position can be filled in 
{n - i) ways. 

there are «(«— i) different ways of filling the first two places. 
When the first two positions are filled, (« — 2) things are leU from 
which to choose the thing to occupy the third position. 

there are «(« - i)(h - 2) difi'erent ways of filling the first three 
places. 

Similarly there are k{w — i)(« — 2)(« — 3) ways ot filling the first 
four places. 

Notice that the last bracket {n — 3) =(« - four + i). 

Extending the above argument, the number of different ways of 
filling the first r places is n (« — i) {n - 2) (« - 3) •. • (« - r + 1). 

_ n ! 

♦ /> — . -- • 

•• '* *■ («-r)! 

Note that when all the things are used, the number of permuta¬ 
tions is nl To make the formula just given fit this case also, we must 
define o ! to mean 1. 

Examples 72 

X. Write down the different ways of filling the first two places with 
two different letters chosen from the five letters a, b, c, d, e. 
Show that the number agrees with the formula 5 l-.- 3 h 
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2. Write down the formula for „P-^ in factors and also using factorials. 
What is the last factor in the formula for „P,? 

3. Which is the greater, or 20^3* ^^d by how much? 

4. Write down in factorial form the values of ,0^3, 5P4, 2o^^, igPfi. 

5. Show that „P^. („.„P, = „P.. c„-.)^r and that each is equal to 

[Of course, n must be not less than r+r.] 

6 . Find « if anPo-1 =5(n^2 -*)• 

7. In how many ways can a forward line of 5 players be arranged if 
there are 8 fonvards to choose from? How is this number reduced 
if 2 of the players can only play outside right and i can only play 
centre? 

8. On a bookshelf there are 26 books, 6 bound in red, 5 in blue, 5 in 
black and the rest in green. In how many ways can the books be 
arranged on the shelf if books of any one colour are kept together? 

9. Find the number of ways in which 30 books may be arranged on a 
shelf if two particular books are kept apart. 

10. ,-i, D, C, D enter a railway carriage in which there are eight scats; 
in how many ways can they sit (i) if there is no restriction? (ii) if 
A must sit facing the engine? (iii) A and D do not sit directly facing 
each other? 

11. 'rhe “ registration number ” of a car is SLJ953. How many dif¬ 
ferent “ registration numbers ” would be made from these letters 
and numbers, if the letters must come first? 

If the above were replaced by SL4953, how many possibilities 
would there be? 

12. 'Fhe ten figures 1, 2, 3, ... 9, o are each used once to form a ten- 
figure number. Show that 40 x S! of these numbers are odd. 


Selections or Combinations 

1 lu' <iiicsti«m <‘t the number of wavs in which a number of objects 
in.i\ be sihrffJ from a larger number is closely connected with the 
]'!•' •. i> >us work. 

I ,r example, tliat it is required to find in how many 
wa}3 of lb. ~ !ar. is </. h, c, d, c,J\g can be chosen, no regard being 
had t'> ihcir <-rd;'i'. 

If we Comp ir. ;'i, -. quired number with the ,Pg permutations of 
the 7 lett; 3 ;ii .1 til!;.', wc see that for any selection of 3 letters, say 
a, r, e, ttiere are (* «*r 3I arrangements to be included in these jPg 
permutations. 

It follows that tile number of selections is 7P3 t 3! 
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This number is usually called the number of couihinattons of 7 
things taken 3 at a time and is denoted by the symbol 7C3 or ’C3. 
We therefore have the result 


7 




7 - 6 - 5 . 

1.2.3 


The argument given above is clearly general. 
For each selection or combination included in 
r\ permutations included in 


„C, there will be 


•• .r.- 1.2.3...^ r! (« - r)! ' 

Another way of getting the formula for ,.C, is suggested in Ex. 9. 

Notice that 7C3 = 7C4, since if any 3 of the 7 letters , a, b, <r, d, e, /, 
say a, c, e have been chosen, there are 4. viz. b, d, /, g lett, and we 
might have chosen the 4 to be left out in place of the 3 to l)e taken. 

Similar reasoning shows that nC,. = 'Ihis also is clear Irom 

the formula for „C,. 
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1. Write down (i) the combinations, (ii) the permutations of the letters 
a, b, c, d taken 3 at a time, arranging them so as to show that 6 per¬ 
mutations correspond to each contbination. Ot what general result 
is this a particular case? 

2. Do the same as in Example i for the five letters a, b, c, d, e taken 
two at a time. Also write down the combinations of these five 
letters three at a time, and arrange so as to show why ■’C2=*'C3. 

3. Calculate “C,. 

4. Out of 14 players, in how many ways can a cricket eleven be chosen 

(i) if no places in the team have been filled ; 

(ii) if 8 places have been already filled? 

5. Find the number of ways of choosing three letters from the names 

(i) SOUTHEND ; (ii) CROYDON ; (iii) LONDON. 

6. Wriie out the values of 

(i) ’C,. for r= I, 2, 3, ... 6, 

(ii) for r= I, 2, 3, ... 7, 

and hence explain in general terms how ’'C, changes for v.alues 
r=i, pointing out when there is one value of r for 

which "C, is greatest, and when there- arc two such v.aliies. 

7. In how many ways can 3 factors be selected from the product 

(i +ai)(i +« 3 )--(* +"«)? 

Ev^uatc this number if « = 15. 


c 


T.A.A. 
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8. Write down the combinations of by c, d, e taken 3 at a time, and 
show that the number of those that do not contain a is while 
the number of those that contain a is 

By generalising this result prove that 

Verify this by using the formulae for "C,, etc. 

9. Write down the combinations 2 at a time of a, b, e, d: from each 
one (such as ab) form the 3-at-a-time combinations got by adding 
one of the other letters (such as abc, abd), and show that the 3-at-a- 
time combinations will by this process be obtained 3 times over. 

Show that "C,. =- - -. How can the formula for "C, 

be obtained from this result? 

10. In the number of ways in which 6 articles can be chosen from 10 
different articles what is the number of combinations in which a 
particular thing occurs? 

11. In "Cg show that the number of combinations in which a particular 
tiung occurs is one-third of the whole number. 

Show that the same is true for 

12. Find n (i) if „C3 = 6 . ; (ii) if = 5 . (n-ajCg. 

13. In how many ways can a committee which is to consist of 3 masters 
and 3 boys be chosen from 15 masters and 30 boys? 

14. Mow many of the committees which could be chosen in No. 13 
would not contain a particular master and a particular boy together? 
(i.e. the master may be on the committee but not the boy, and vice 
versa). Give a symbolic answer. 

15. A newspaper holds a Christmas competition in which 10 suitable 
songs are to be selected from a list of 24 songs. In how many ways 
is K possible to make the selection? 

Alternative Notation 

In /, the number of combinations of « things taken r at a time, 
botli ft .iiid r are necessarily positive integers ; but in the formula 
lor ,,t ,, thiiugb. r mu>t be a positive integer, n need not be so. The 
expressiun inucli used, e.g. in the general Binomial Theorem, with¬ 
out the re;ti ictioa on the value of n ; so an alternative notation is 
introduced. 

We define f i)(>. - 2 ) .. . ( «-r + i) _ 

/ I . 2.3 ... r 

The denominator is usually written rl. 
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Note that, since in general r!=r.(r—i)!, it is convenient to 
define o! as equal to i, so that i ! = i . o!. (Also see p. i8i.) 

In the same way we define = i, which fits with o! = i. 

It has been shown that if « is a positive integer, n>r^ 

but if n is not a positive integer greater than r, no meaning can be 
assigned to the r.h.s., {n — r) being negative or fractional. 

Example. Show that • 

Explain by considering selections. 


Solution. ' 

W \ 3 / I . 2 . 3 • 4 




8.7.6 


I . 2 

8.7.6.5 +8.7 


3 

6 


I . 2 
9.8 . 7.6 


3 • 4 


In selecting 4 things from 9 things of which one thing will he called A, 
we either select A or we do not select A. In the first case the number of 

selections (choosing 3 from the remaining 8) is . In the second case 
we choose 4 from the remaining 8 in ways. 


Permutations, New Usage, Block-Perm. 

Suppose a choice of nine football matches is 
to be made from twelve. This can be done 
in 12^*3 or 220 ways. 

Denoting the twelve matches by the letters 
A to L and marking those chosen with an o, 
three possible choices are shown in the diagram 

(Fig- 43 )- 

If now the matches are divided into two blocks, 
labelled P and Q, and “ block-perm. Q with P ” 
is added, then instead of three selections there are 
shown nine selections, since the meaning is that each 
of the three selections of four of the matches in 
block Q is to be taken with each of the three 
selections of five of the matches in block P. F*c. 43 

This is one of the ways in which those who fill in forms for “ the 


A 

0 

0 



B 

0 


0 


C 


0 

0 


D 

0 

0 

0 

P 

E 


0 

0 


F 

0 

1 

0 



0 

0 

1 


H 

0 

0 



I 


0 

0 


J 

0 


0 

Q 

K 

0 

1 

0 

0 


L 

0 

0 

0 
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Pools ” are saved the trouble of writing out separately a large 
number of selections. It is a slightly new sense for “ permutations ”, 
though not far from the ordinary English meaning of the word 
“ permute 


Examples 74 

I. Show that in general ^ ” i) ' 

z. Simplify 

3. Find the value of 4- 4 - 

4. Find the value of Q + Q + Q + Q • 


5. Show that is positive if r is odd and negative if r is even. 

6. What is the smallest value of r for which i® negative? 

7. Show that 


8. If five matches are to be chosen from the first seven of twelve matches 
and four matches from the last five, show that instead of jgCg = 220 
possibilities there are 105. Why cannot these be completely covered 
in II columns, block-permed? 

9. Suppose that in the case of twelve football matches, five are to be 
chosen from the first six and four from the second six. In how many 
ways can this be done? 

Using 4 columns and adding, ** block-perm those in first six with 
those in second six ”, show that 8/45 of the possible selections are 
included. 


Miscellaneous Examples in Combinations and Permutations 
In problems on selections and arrangements there are often 
various restrictive conditions, and the formulae for „Cp and can 
frequently not be applied to give the answer directly, but only to 
help. Any examples worked below should be gone through care¬ 
fully. 

Examples 75 

1. How many “ words ”, each of 4 consonants and 3 vowels with the 
vowels in the even places, can be made from the letters of the word 
'^equivocal"} The “ words ” need not have any meaning. 
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[Solution. There are only 4 consonants, so they must all be used. 

3 vowels can be chosen from 5 in sCg= 10 ways. 

The 4 consonants can be arranged in order in 4! ways. 

The 3 vowels can be arranged in order in 3! ways. 

The required number is 10x41x3! ways = 1,440 ways.] 

2. Repeat Example i if the given word is "facetiously ”, counting y’ as 
a vowel, and placing vowels in the odd places and consonants in 
the three even places. 

3. Find the number of changes that can be rung on a pea! of 7 bells, 
each bell to be used once, and the last bell being a definite one. 

4. How' many different signals can be sent with 5 flags displayed (i) 3 
at a time, (ii) 4 at a time, (iii) 2 at a time, (iv) any number at a time? 

5. How many straight lines are obtained by joining in all possible 
ways 4 points of which no 3 are in the same straight line? 

How many points of intersection are there of 4 straight lines, no 
2 of w'hich are parallel, and no 3 of which meet in a point? 

6. In a telegraphic code there are two signs, a dot and a dash. How 
many letters can be made with these signs i, 2, 3, or 4 at a time? 

7. In how many ways can 5 ladies and 5 gentlemen sit at a round table, 
so that no two ladies sit together? 

If the positions of the host and hostess are fixed, in how many 
ways can the party sit? 

(At the round table, it is supposed that the position where the 
first person sits does not matter ; a general shift one place to the 
left, for example, would not change the order.] 

8. In how many ways can 20 books be arranged on a shelf, so that a 
particular pair of books shall (i) come together in a particular order, 
(ii) not come together? 

9. There are 4 letters and 4 directed envelopes. In how many ways 
can the letters be put into the envelopes, so that each is in a wrong 
one? 

('Po generalise this to n letters and n envelopes is a difficult 
problem, needing an elaborate method for its solution.] 

10. Find the number of permutations three at a time of the letters in 
the words (i) PRESS ; (ii) ENVELOPE ; (iii) SWEL'iMEA P. 

[Solution, (i) Consider the letters P, R, E, S. 

These may be arranged three at a time in 4x3x2 ways, i.e. 24 
ways. The arrangements in which the two letters S appear have 
still to be counted, ^^’ith the two letters S any one of the three 
otl.<.r,s may be taken. Thi.? gives 3 such selections. Each of these 
3 selections gi\eb rise to 3 arrangements, for the third letter chosen 
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may be placed in one of three places ; first, between the two letters 
S, or last. 

Thus there are 9 of these arrangements, which with the 24 in 
which not more than one S occurs make a total of 33 permutations.] 

Show that the answer to 10 (iii) is the coefficient of a:® in 




A- A 
H— I + ■ 

2! 3 


D( 


X 


D 


I + (J 


3 > 


2 1 


Explain the connection. 

[This is a step towards a very complicated general formula.] 

12. Prove that ,04 = 50.,+ 2.5O3 + 5O2 without using the formulae. 

[Solution. Suppose 7 letters a,, a^, 6,, b.^, 63, b^. 

I'hen -O4 is the number of ways of choosing 4 letters. 

But the three terms of the right-hand side represent 

(i) the number of ways of choosing from the b's only; 

(ii) the number ol choices if one a is taken (in one of two ways) 

and the other 3 letters chosen are b's ; 

(iii) the number of choices if both ij’s are taken (in one way) 
and 2 of the b's. 

Hence the result follows.] 

13. As in No. 12. prove that (i).C4 = 5C4 + 4C 

(h ) = fiCTj + gC, . gCj + 3C2 . jCg + 

(iii) = ,C4 + 3C, . ,C3 -i- 3d . ,Cj. + 3d . 7^1. 

^ [To generalise Nos. 12, 13 gives an important theorem known as 
Vanciermoiule’s theorem.] 

14. How many difTerent terms each of the seventh degree can be made 
with the three letters a, b, r? 

(Sohition. Con.sider three such terms a^b^c^, a-b*c, and 
riticn in lull these are aaobbcc, aahbbbc and bbbbbcc. 

I tu se can be denoted by x\x|\x!x.\, xx|.\xxx)x and |xxxxx|xx. 
I; \vm 1 Ih- seen iluit in each term there are 7 crosses and 2 lines and 
ti:f fiUTiihcr n\ sucli term? is the number of ways we can arrange 
7 .inJ 2 lines, which has been shown (p. 179) to be 

9 !-:-( 7 ! 2 !).] 

15. rtic t.'- ncra! ease corresponding to Ex. 14 is to find the number of 

j rojiu ^ o.uh ot degree r to be made from n letters—these are 

uMi.ihs i .ilK d the h./nio^tucous products of degree r and their number 

is den .ii il h\ // . Show by similar reasoning to that of Example 

14. i.ther m aiKJihcr special case or if possible in the general case 
that 

Jfr -(n-rr- i)!-i-{r! {n - i)!}. 
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Miscellaneous Examples 76 

1. A rectangular dormitory with a door at the middle of each long 
side contains 16 beds. 8 along each long side. In how many ways 
may 16 boys occupy the beds (i) if any boy may occupy any bed, 
(ii) if 2 of the boys must not sleep next to a door? 

2. In how many ways can 5 rabbits run to earth if there are 10 holes 
that can be used, the order in which they run down the holes not 
being taken into account? 

3. Find the number of ways in which the six letters, 2 N’s, 2 O’s, L, D 
can be arranged so as not to spell LONDON. 

4. Twenty cricketers on tour consist of 2 wicket-keepers, 6 bowlers, 
and 12 batsmen. How many different teams of ii players can be 
chosen if there must be at least one wicket-keeper and four bowlers 
in each team? 

5. (i) How many different 5-figure numbers can be made with the 
figures o, 1, 2, 3, 4, 5, 6, 7 (o must not occupy the first place and 
each figure may only be used once)? 

(ii) With the figures used as in (i), how many of the five-figure 
numbers are multiples of 5? 

6 . N boys in a class each hand in an exercise hook. In how many 
ways can the books be placed in a pile if two boys insist that neither 
of their books should be on top of the pile? 

7. If132 : I, find r. 

8. How many closed paths of six sides can be formed by joining up 
the six points A, Ii, C, D, E, Fi 

9. If there are « lines in a plane with no two lines parallel and no three 
lines concurrent, find the number of points of intersection. 

10. How many different sub-committccs of 3 men and 3 women can be 
formed from a full committee of to men and 8 women? 

11. In how many ways may 14 threepenny pieces and 10 pennies be 

divided amongst four different people so that each receives the same 
amount? (N.) 

12. The results of 21 football matches were to be predicted, and any 

side couhi win, lose or draw. How many different predictions 
could have been made in which exactly 18 results were given 
correctly? (N.) 

13. If a diagonal of a polygon is defined as a line joining any two non- 
adjacent vertices, how many diagonals has a convex polygon of 
n si<les? 

If no four vertices of the polygon are concyclic and n'-b, find 
how many circles can be drawn so that each passes through three 
vertices of the polygon, no two of which arc adjacent. (N.) 
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14« {a) In how many ways can the letters <2, b, c, d, p, q be placed in a 
row beginning with a, b, c or d and ending with p or q, each letter 
being used once only? 

(6) Given tw’o sets of letters : 

fl, b, c,d,e\ 

Pi q-, r, s, t, 

find in how many ways a row, beginning with a letter from the first 
set and ending with a letter from the second set, can be made by 
taking all possible selections of seven letters, containing four from 
the first set and three from the second set. (N.) 

15. State and prove a formula for the number of permutations of n 
things, taken all at a time, of which p are alike of one kind, q are 
alike of another kind, and the rest are all different. 

In how many ways can nine balls, of which four are red, four are 
white and one black, be arranged in a straight line so that no red 
ball is next to the black? 

In how many ways can the same nine balls be arranged so that 
no red ball is next to a white? (N.) 

16. I'nn e that the number of permutations of « different things taken 
r at a time is «! {11 - r)L If all are taken togctlier, but arc alike, 
another n., are alike, and so on, w hat is the number of permutations, 
and wliv? 

Sh.ow that 6 black and 4 white balls can be arranged in 2io 
diilej'enl ways. 


The Binomial Theorem 

TIic binomial theorem provides a rule for w'riting down the 
exp.nnded form of (v rt)" or of (i -r-.v)". 

At first the restriction is made that ri is a posilive viteger. It has 
bcin shown on p. too that in this case the coefficients can be found 
fr( Ill the table known as Pascal’s Triangle. In this method it is 
necessary to work up fr<im the start, so tliat, to obtain the coefficients 
f(! liic case — 12, one must lirst find those for all the cases given 
by //=.!, 2. 3 ... up to II. 

It will now be exf'laincd how the coefficients for any positive 
integral \aliie of n can be found without reference to those for 
smaller values of «. ’Plus needs the formula for ,.C,. 


Binomial Theorem (n a positive integer) 

In fuiming the expansion of (.v+a){.Y - fl)(.v-rrt) each term is got 
by taking an x or an a from each bracket and multiplying tliem 
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together; if it is decided to take an x from one of the brackets and 
the a from the remaining two brackets, a terms xa- is obtained, and 
such a term can be obtained as many times as it is possible to choose 
the bracket from which to take the x; i.e. can be obtained 
3 times, and so the term 3.va‘^ appears in the expansion of (a: + <2)^. 

In the general case, the expansion of (Ar + a)" : 

(i) X taken from each bracket gives the term a.-". 

(ii) jc taken from («—i) brackets and a taken from the other 

bracket gives the term This term will be obtained as many 

times as it is possible to choose the one bracket from which to take 
the a ; i.e. the term x^~^a is obtained „C, times to give „C|.v"-*<3. 

X taken from —2) brackets and a taken from the remaining 
2 brackets gives the term x^~'^a -; the two brackets may be chosen 
from the n brackets in „C2 ways, and so the term „C2-v"--a® appears. 

In the same way, x taken from {n — r) brackets and a taken from 
the remaining r brackets gives the term x'^~^a''\ the r brackets from 
which to take the a may be chosen in „C, ways, and so the term 
appears. 

(iii) a taken from each bracket gives the term o'*. 

Hence 


(jf + a)" =Ar" + „CiX'*~^a + +... 

.(A) 

Result (A) is called the Binomial Theorem for a positwe integral 
index (i.e. n is a positive whole number) and the right-hand side is 
called the Binomial expansion of (.v + fl)". 

Notice that the cocfiicients in the expansion are symmetrical since 


c ~~ c 

The student should verify in one or two cases that the coefficients 
given in the Pascal Triangle of numbers agrees with (\). 

Various other expansions are easily deduced ; for example, 

{a - 2hY =a^ + { - ^h) + - zl))~ + { - zby 

+ sC,a ( - zby -f ( - 26)5 
= a^ — loaPb + ^oa^b- — 8o<3*6^ + Soab* — izb^. 

The minus sign of -zb makes every second coefiicient minus. 

The term in in the expansion of + must be obtained from 


X , and so its coefficient will be oCg, this being the number of 
ways of choosing two brackets from nine brackets. 


G2 


T.A.A. 
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If in the identity (.v + =(jc-r^2)(A:+ we expand both sides 
and equate coefficients of .v^ we see that „*iCr = „Cr„C^_i. This 
is, in fact, the rule by which the Pascal Triangle was obtained. 


(h) ( 3 : ('■) (3 --i:)®; 


Examples 77 

1. Write out the expansions of each of the following : 

fi)(a-if; (til (x - 2)*^ + (.v-r 2)** ; (iii) (2a - 

3. Write out and simplify : 

3. Find the term in .r‘ in the expansions of: 

+ (it) (a--2)*“; (iii) (2.V --trtF; 

- / . 

(VI) ( 2 .V- + 1 * 

4. Find the term in x* in the expansions of; 

(i) (I +.v)-(2.v+ i)^; (ii) (1 - .v)'^(.v + 2)^ : 

(iii) f2 + 3.v)(i +.Y)^ (iv) (3 - .V)(! -r 2.V)“. 

[Solution (i). The required term is found from 
(l r 2 .V + .V^)(...+,r,( 2 .V)'-^,C,( 2 .v)T I- + jC3(2aT. 1 ^ + ...). 
The term is (jC'i . 2* + 2 . -C,. 2^ + . 2-).v* 

= (5 . 16 -r 2 . 10.8 10.4).v* « 2Sov‘.] 

5. Write down and simplify the cocllicieni of P in (2.v + 3ry)’. 

6. l iiiil ilie coelhcicnt of .v" in 

li) ((/' -2v-rii +.V) : (ii) (i -rt.v)(r +a^x-)K 

7. ['iiul ih e coftlieiet)! of A'‘ in 

fi)(i-v)*(i .V)'; (ii) ^A ‘ -(-A-)'*. 

\\ rile ami siinpMly : 


{ <'U >llj tc 


ci in ot 


(--j 


10. The fniJi 


I 1-c iiudklle term oi ^ ‘ ) * 

j.lic :ei-m Ot ( ''■" -■^"V 

3 '/ 

11. The term indt p-. lutciit ul a- m ^ 

12. The expansion ot ov t s 2)'' 1 {x s 2)” 


Id 
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13. Find the first four terms in the expansion of (i 

(Solution. {I + (:v + jc-))" = i -t-«(,v + .v^) + ^ (^' + 

+ r +. 

which as far as the term in .v^ 

= r + WA- + {n + .jw(w - i) }a-' + {«(/i - i) + i// (n - i){n - 2) }a*'’ + ... 

= I + «A + a («2 + n)A- + i// (w - i)(« + 4).v'' + ... .] 

14. Prove that the coefficients of .v^ and in the expansion of 

(2 + zx +X-)'* 

in ascending powers of x are ti-2''~^ and \n(n- - 1)2""*. (L.) 

15. Find the positive integral value of n u liich makes the ratio of the 

cocflicient of .v* to that of .v’’ in the expansion of {i + 2 a + 3.v-)'’ in a 
series of powers of a' equal to 121 28. (L.) 

x6. By giving special values to a in the expansion of (1 +a)'', prove 
that 

(i) I + "Cj + "C-i + ... + + 1=2"; 

(ii) I - "C, + "C.y - ''C3 + ... - o ; 

(iii) I - 2 . "C, + 4 . "Co - 8 . "C;, + ...=( - I)". 

17. Find the sum of the coefficients in the expansions of 

(i)(^(ii) (a + 2j)-'; (iii) (3.V - 

Ratio of one term to the previous one 

In (i + .v)'' the terms in x'~^ and .v'’, which are the / tli and (r -t- i)th 
terms, are 

i-v'-* and 

or .v-i 

I . 2 . 3 ... (r - i) 


and 


n(« - i)(w - 2) ... (// - r 1 2){// - r + r) ^ 
I . 2 . 3 ... (r - i)(r) 


I'he second of these terms is got from the lirst by tnultiplying by 

n - r + 1 


X. 


This is the ratio of the (r + i)th term to the rth term ; for example, 

2G ^(y ^ f j 

the ratio is - . , so that the ratio ol the itlh term 

5/ 5 


in (..i) 


to the 12th is ^ 

12 5 30 
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1. 

2 . 

3 - 

4 - 

5 - 

6 . 

7 - 

8 . 

9 - 

10. 

11. 

tz. 


/ l\20 

In the expansion of write down the ratio of the (n + i)th 

term to the nth, and show that it is less than i if «>5. 

Write out the expansion of ^1+-^ until the greatest term is 
reached. 

Find the greatest term in the expansions of 

(i)(t+- 3 r; (ii)(i+-07)«>. 

Find which is the greatest term in the expansion of (4 4- 3a:)* 2 when 

x = (L.) 

Find (i) the greatest numerical factor of any term in the expansion 
of (3^ + 56)**, and (ii) the greatest term in the expansion when <2 = 
b = t (L.) 

W hich is the numerically greatest term in 

(0(5- 3')" if A- = 2 : (ii) (7 - 2xY' if a = 2 ; (iii) (I - 2 .r)Mf A = J? 

[T he minus signs in these expressions have no effect on the 
answers.] 

W hich is the largest coefficient in the expansions of 

( 0 ( 2 * + ^^) ; (u){i+xy-\ 

\\ hich term in the expansion of (1 +a)'’* has the largest coefficient? 
\N hich is the largest term if a = 5 and n = 10? 

I he expression (3+5)“® is expanded by the Binomial Theorem; 
without writing down the expansion, prove that each of the 2nd, 
3rci, ... loth terms is more than doiibl ■ the term which precedes 
it, and tliat each of the iith, i2lh, ... 21st terms is less than double 
the term which precedes it. (N.) 

In the expansion ot find between what values a must lie 

in r>rdcr that the seventh may be the greatest term. (B.) 

Use the results (i +a)" = (i +a)(i +.a)"-* 

= (i +a)“(i + .v)'*-* 

= (i +-.v)^(i +a)"- 3 , 

by Cijuating cueflicients of .v', to prove that 

(0 Ti^'r — n-i^r +»j-iU'r-i \ 

(ii) ..r. = „ ^ 2. ; 

(***) f + 3 • »* - 3^r-l 3 • n-a^r—2 3^r-3* 

\cnly the* Rsulis of Xo. ii by use of the formulae for etc* 
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Binomial Expansion without notation for combinations 

If the formulae obtained previously for „Ci, nCj, etc., are written 
in full, the earlier terms of ^e binomial expansion read as follows : 


/ «(n-i) , 

(l + 4C)" = 1 + WJC + —+ 


1 . a 


n(« — i)(« — a) 

1.2.3 




or 


+ 


n(n- i)(«-a)(«-3) 


I . 2.3.4 


x-*+... 



In cases where the terms diminish rapidly, which will occur when 

X is small, or in the corresponding expansion for {a+bY when - is 

small, these early terms may be used to give an approximate value. 

Thus (I'Oi)*^ — (1 + —^ 

\ 100 

I IIXIO I II.IO.Q I 

— I + 11 . ' +- . -^ +- * -; 4- ... * 

100 1 • 2 200^ 1.2.3 


The terms are diminishing rapidly; the third is 55/10^ and the 
fourth is 165/10*, so the value of (i-oi)*^, found by tlie 
addition at the side, is i‘i 157 to 4 decimal places. 

Again, (a-o8)* = a®(i +-04)® 


... 


o 8.7 , 

I + o X *04 H- - X -ooio 




1 . a 
8.7.6 


X ’000064 + 


1.2.3 

and in the { } the ratio of the 5th term to the 4th will 

u 5 I 

be - X *04 =— . 


...} 


4 ao 

•*. (a'o8)®=j:i2®{i + *32 + 28 X ’0016 + 56 X -000064} 
:£ii2® X I *3686 = 350-4. 

4-figure logarithm tables give 350-5. 


i-i I 

•0055 
•000165 
II15665 


1-32 

•0448 

■00358 

•00018 

1-3086 


For the use of the Binomial Theorem in approximations, the 
important point is the rapid diminution of the terms. This occurs 
more often in practical applications than might be supposed, because 
it is so often needful to calculate the effect due to small changes in 
the data. 
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Examples 79 

1. Use the first three terms of a binomial expansion to find approxima¬ 
tions to 

(i) i-oi® ; (ii) (1-005)** ; fiii) (2-03)*. 

Compare with the results given by 4-figure tables. 

2. Se\en-figure tables give 1-003*®^ 1-030408. Show that taking 4 
terms of the binomial expansion for (i-f-oo3)*® gives this result 
Find by how much the result of taking only 3 terms falls short. 

3. I'he radius of a sphere is increased by -2%. Show that the volume 
is increased by approximately - 6 %, but actually by rather more than 
this. 


\\ rite down the first three terms in the expansion of ^ 


I + 


5200/ 


Compound interest is paid on a sum of money at the rate of ^ 

per week. Show that this is ver}- nearly equi\aJent to 5-02% P®*" 
annum. (L.) 

Apply the Pinomial Theorem to evaluate 

503X1- 

600/ decimal places. 


( 


(L.) 


The Binomial Theorem for any index 

Ii w is not a positive integer, the expression „Cr is undefined and 
meaningii.ss ; but the Binomial Theorem, in the form 

ri{n - i)(« - 2) 


I 1.2 


+ 


1.2.3 
ti{ n - i)( » - 2) ... {Ti-r+ i) 
I . 2 


•3 -f- 

I • • • 


X' + .. 


(I) 


3 ... r 

is found to be tnic t'f x is fiwncricalh’ less than 1. 

1 liL prool is beNond tlic scope of this chapter, except in a few 
special cases, but tlic theorem will be used in examples. (For proof, 
see \\ 228.) 

It i a positi\c integer it will be recognised that this expansion 
on the u.n.s. ul (I) is i r "C.A'- +... + -i- ... and will 

terminate wiili 'C „a", i.c. witli .v", for subsequent terms will all be 
zero. (I utting r - 4 -7 in - r-r i gives a zero coefficient to x"’*'*.) 
On tlic ()ther hand, putting ti=l or -3, for instance, in the R.H.S. 
of (0 gives a series which goes on and on ; i.e. contains an infinite 
number of terms, for no one of the coefficients will be zero. The 

coefficient of is 





BINOMIAL THEOREM ; PROBABILITY 


197 


Case of n a Negative Integer 

The following are some simple cases for which n is a negative 
integer and which can be verified by elementary methods. 


1 1.2 1,2.3 

(-i)(- 2 )(- 3 )(- 4 ) 

I* A • 

1 . 2 . 3 . 4 

= i- x + x^-x^ + x*- .(i) 

I 1.2 1 , 2.3 

, (' 2 ){- 3 ){- 4 )(- 5 ) 

A ^ * • * 

I . 2.3.4 

= I - 2.V + 3Jf® - 4Jc" 4- - .(ii) 

(, + ^)-3 =. ^kil). ^L-lMz_4)^3^^ 

' 1 1.2 1.2.3 

4 ) (- 5 ) 1 ^) 

1 . 2.3 • 4 

3*4 9 4 ’S t 5 ’^ 1 /•••\ 

= I - 3 ^*+-^^ A Jf*-. (in) 


Of these, the R.H.s. of (i) is a g.p., first term i, common ratio —x, 
and therefore sum 1/(1 - ( - a:)) =(i + a*)-*. The result is therefore 
true if I A- 1 < I. 

Tlie result (ii) is given by the division below, which can be carried 
as far as is wished. 


I + 2a: + a:* 


1 + 2 a: + A* 
-2.x- X* 


1 - 2X + 3X® - 4.V* + ... 


— 2.V 


- 4x2 - 2 X* 

3X® 4- 2.x® 

3x® + 6x® + 3.V* 
- 4X® - 3x^ 


Note, however, that putting x=2 in (1 +x)“* gives the result 1/9, 
while putting x = 2 in the expansion gives i - 4 f 12 - 32 + ... , a 
series of integers which cannot be equal to 1/9. In fact, the result 
is not true unless | x |'<i. 
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Case of n a Fraction 

Suppose that (i +a-)i = i + + + and try to work out 

<?, b, c ... . 

Squaring i + :c = (i + ax+hx^ + cx^ ■¥ + ax + bx ^...) 

= I + zax + {a^ + zb) x'^ + z{ab -t- +... 

Equating coefficients, 2^7 = I, 

<2^ + 26 = o, 

2(f2i + c) = o, 
etc. 


These give a = 5 , I+2& = o; b= -I, ah + c = o\ f=+^, 

and this process can be continued till our patience is exhausted. 
Now if llic binomial expansion fits this case. 


(l = . ^^ X^ + 


Z ! 


X^ + ... . 


This also gives a = },, b= - c = so the use of the binomial 

expansion seems to be justified. 


Approximation 

These cases of the Binomial Theorem when « is a fraction are 
valnalfc for rapid approximation if x is small. 

I'or example, cube roots for numbers near unity will be given by 


(1 + .v)i = i + + + + 

2 ‘ 3! 

Suppose it is desired to cslculate -^'(1-02) using this last scries. 
Disregarding sign, the multipliers giving the successive terms are 
^ ^ 5 ot ^ V i’o or y’y, 

So ilie calculation goes thus : 


60 - nr A-. 


3 ) -020.000,0 

3 ^oct>,6(i<>,y 2nd term 

50 ) -002,222,2 

90 ) -00 0.044^ 3rd term 

75 )_ooo.ooo.5 4th term 

•coo,oco.o ::th term 

% 

1 hus ^ 1 02 = I *006,622,8. 


1*006,666,7 
+ * 000 , 000,5 
l*OO(>,h07,2 

^•000,044,4 

1-006,022,8 
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Using logarithms 5-figure tables give 1-006.7, 

while 7-figure tables give 1-006,623. 

Thus the binomial series gives the 7-figure result using 4 terms, and 
would give 2 more figures if the 5th term were used. 

Example L Find ^626 by the Binomial Theorem. 


626 = 625 + I and 625 = 5^ ; 

4/626 = ^( 5 * + 0 = 5 (I + ^4)* 


Ui-i) 


Z . 2 



To get the third term from the second multiply by 

-3/8x5'*= - 3/5000 
= - 6/10000. 


The second term is 1/4 x 5® = iqqq ~ 'ooz. 

The third term is -002 x ( — 6/10000) = — -0000012. 

0020000 


4/626=|_ 5; 


0000012 


= 5-0019988. 


Seven-figure logarithm tables give 5-00200, 


Examples 80 

1. Write down and simplify the series for (i -x)~^, (i - (r - 
and note that all the terms are positive. 

2. Write down and simplify the series for (1 -a-)^ to sLx terms, and 
note that after the first all the terms are negative. 

3 . U rite down and simplify the first four tenns in the expansions of 

(i) (I +a-) 3 ; (ii) (i - 2 a:)-S. 

4. Write down and simplify : 

(i) the 7th term of (i - 2 a-)> ; 

(ii) the 6th term of (i -x)-^ 

5. Write down and simplify : 

(i) the rth term of (i +je)* ; 

(ii) the (r + i)th term of (1 -x)"^ ; 

_p 

(iii) the (w + i)th term of (1 — x) « . 

6. Find to three places of decimals, using the binomial expansion : 
(i)Vioi; (ii) 4^1003 ; (iu)4/63. 
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7. Write down and simplify the first five terms in the expansion of 


“ i)^> hence show' that the sum of the series 


2 2 

- + 


9 2! Vo 


2\2 2 
+ - 


is 1-3^ 


8 . Use the Binomial Theorem to expand both of the expressions 

2-3X 


V(1 -2X), 


2-X 


in ascending powers ot x as far as the term in x* in each case : state 
tJie range ot values of x for which each of the expansions is valid. 

Prove also by putting x*^^o in your expansions that ^6 differs 
from by less than o-ooooi. (O. & C.) 

Application to Small Changes 

I o show that the coefficient of cubical expansion for a given material 
is three times the coefficient of linear expansion it is only necessar}' to 
to show that if a is increased by x^q when x is small, then a® is 
increased by 3.v%. 

If a is cliangcd to ^7 [ i + - ) then a® becomes a^ (j -t—but 

\ 100/ ^ 100/ 


X -^x 3x2 ^.3 

looj ■^700^.00= when * is small 


100 


I bV 


.. becomes -+• and has been increased by 3^%^ 

Again, Kepler discovered the law t lat 

7 lu square of the periodic time of a planet is proportional to the 
cube oj its average distance from the sunf' 

or T- = kD^ or T=^lk . D* 

Ptipposc now that D were increased by a small percentage x% 
NMili the re.suk that T was increased by y%. 


’J -n n 


1 +^) ifxi 
200 / 


^^k.D 


is small 


\ 200 / 


Hence ti c rcrcenlnttc increase in T is approximately lx, one-and-a- 
half times the peiceniage increase in D. 
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Examples 8i 

1. The time of the to-and-fro swing of a pendulum of length x inches 
is 277 -^/(x/ 386) seconds. Find the percentage increase m the time if 
X is increased by'*2% (i.e. if x is replaced by a* x 1-002). 

Find also the length of the “ seconds ” pendulum (such that the 
above time is 2 seconds) and how much a clock loses in the day if the 
“ seconds ” pendulum expands by -i inch. 

2. If in a fraction ^ the denominator a is increased by -i^o show that 

the fraction is decreased by -1% approximately, hut that the decrease 
is somewhat less than -1*^0 if calculated more accurately. 

■X. If in a fraction ^ the denominator q is decreased by -1% show that 

9 

the fraction is increased by *1% approximately, but that the increase 
is somewhat more than -1% if calculated more accurately. 

4. If the area of a square is increased by a small percentage such as -3, 
show that its side is increased by approximately half tJiis percentage. 

Is this approximation in excess or in defect.' 

5. The speed of a train is decreased by -2%. What effect does this 
have on the time taken for a given distance? 

6. A given length of ground is to be measured out with a yard measure. 
Owing to heat the measure expands by -2 inch. By how much % 
will this cause the estimate formed of the length to be incorrect? 

7. Show that the saving in the time of a given journey due to a slight 
increase in the speed is to a first approximation the same as the loss 
in time due to an ctjual decrease, but that to a second approximation 
the latter is the greater. 

Probability 

Nearly cvcrx'one knows what is meant by saying th.at “ tlie odds 
arc two to one against ” a certain event, or what is the s.ime thing 
“ the chance or probaliUty of the event is one in three ” ; but it is 
less easy to give an exact definition of probability. 

'Fhcrc arc two definitions commonly given ; to both there arc 
theoretical objections, but both work out well enough in practice, 
and both lead to the same methods in attacking problems invohing 
chances or probabilities. 

One method implies the knowledge of a large number of sin.ilar 
ez'enfs. 

Suppose that we know that in a certain town only 4 days of May 
—taking the average of many years—are rainless ; what is the chance 
that May 15th next year will be rainless? 
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The answer would be that the chance of no rain is 4/31. 

Again, suppose a “ mortality ” table has the following entries 
dealing with 100,000 persons alive at the age of 10 : 

Age - - - 

No. of survivors 


10 

100,000 


40 

82,284 


50 

72,726 


These entries show that the chance of a person of age 40 being alive 
10 years later is 72,726-^82,284^-884. 

It is easy to see that this method of estimating probabilities is not 
perfect. In the first example, more accurate study of the records might 
show that the middle of May is less rainy than the beginning or end. 
In the second example, the 82,284 would include men who had joined 
different trades, some of which would be less healthy than others. 

Both solutions imply the idea of “ equally likely '* ; in the first it 
has been tacitly assumed that rain is equally likely on one day of 
May as on another; in the second that, of tlie 82,284 persons, one 
is as likely to die as any other. 

The other definition of probability starts with the idea of equally 
likely, and the natural examples are from games of chance, e.g. 
tossing coins or dice or drawing cards from a pack. Thus if a penny 
IS tossed, we assume it is equally likely to fall “ head ” or " tail ”, 
and the chance of a ” head ” is one-half. 

It a die in the form ol a cube is not loaded in any wav, then if it is 
tlirown, any one of the 6 faces should be equally likely to end upper¬ 
most, so the chance or probability of throwing a six is 1/6 • the 

chance ot throwing a six or a five is 2/6 ; the chance of not tiirowing 
a SIX IS 5 6. 

A weak spot in this way of starting is that it assumes a knowledge 
tliat SIX possible results have equal probabilities in order to explain 
what probability means. 

Ilowevt-r, this definition is usually given : 

It an c\Lnt can happen in .v ways and tail in v wavs and all these 
^\ays are equally hluly to occur, then the probability or chance of the 

event happening is - ' and of its failing is - 

' y * X 4- V 

The other way of looking at it gives this definition : 

It, on taking a ver>- large number A' of a scries of cases in which 
an event A is m question, A happens on M occasions, the probability 

of the event .<d is ‘ ♦ 

A 
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That the two definitions come to much the same thing in practice 
will be seen by considering that if a “ die *’ were tossed 600,000 
times, the number of sixes tossed would be approximately 100,000, 
since there is no reason why one face should appear more often than 
another giving the chances as i /6 as before. It is, of course, extremely 
unlikely that the number would be exactly 100,000 ; on the other 
hand, if the number was completely different from this, say 150,000, 
the immediate inference would be that the die was untrue and 
weighted so as to be more likely to fall at “ six ” than it ought to do. 

Suppose now that 9 pennies are tossed ; what is the chance of 
there being 6 heads and 3 tails? 

This sort of question is answered by thinking about combinations. 

The total number of different possibilities is 2*, for it is 2 tor 
each of the 9 coins, i.e. is 512. 

In how many of these cases are there 6 heads and 3 tails? 

The choice of the three pennies to come “ tails ” can be made in 
flCg ways, and for each of these ways there is exactly one arrangement 
of the heads and tails. So the number of cases of “ success of 


the 6 heads and 3 tails appearing—is —“ =3 x 4 x 7 = 84. 

1 • Z • X 


The chance therefore is 84/512 = 21/128, or just under one-sixth. 

Card games are fertile in such questions of chance ; for instance : 
the hearts in a pack of cards are separated and shuffled and four of 
the 13 cards are drawn ; what is the chance that the king is among 
the four? 

Four cards can be drawn from 13 in jaC* ways all mpposed to be 
equally likely. If the king is to be one of the four, the other three 
are chosen from 12, the number of ways being ijCj. 

'I'he chance of success is therefore ijCa-riaC,. which 

_ 12 . 11 . 10 I ♦ 2 .3.4 _ ^ ^ 

“ 1.2.3 13 . 12 . 11 . 10 13 


Examples 82 

1. Show that with 9 pennies the chance of 5 heads and 4 tails is 
63/256 or just under one quarter. 

2. Find the chance of 5 heads and 2 tails if 7 pennies are tossed. 

3. (i) What is the chance of throwing 2 sixes with 2 dice? 

(ii) What is the chance of throwing exactly 2 sixes with 3 dice? 
with n dice? 

4. From the 13 hearts, 5 cards are drawn ; what is the chance of 
drawing both king and knave? 



204 PERMUTATIONS ; COMBINATIONS ; 

5. From the full pack of 52 cards, 7 cards are drawn ; what is the 
chance of the ace of spades being one of them? 

6. A bag contains 7 apples and 6 oranges. Two fruits are drawn at 
random. Show that the chance that 2 apples are drawn is 

and evaluate this. 

7* Show that the chance of throwing 10 with 2 dice is one-twelfth. 
Explain W'hy the chance of throwing 7 is double this. 

8. In forecasting the results of 10 football matches, find the chance of 
(i) having all correct, (ii) having 8 correct. 

9. Two boys each throw 2 dice. If the first scores 10, what is the 
chance the second will not score less? 

10. Two brothers and two sisters enter for a tennis tournament for 
mixed doubles for which partners are drawn. Find the ciiance 
that neither brother is partnered with a sister if there are 32 couples. 


Compounding Probabilities 

(i) If two events are inutually exclusive, the chance of one or other 
happening is the sum of their probabilities. 

'I'hus in tossing a die the chance of a six is J and of a five is J. 

Hence the chance of tossing either a five or a six is t 

(ii) If two events are independent the chance that they both happen 
is the product of their probabilities. 

I'or example, if two dice are tossed and the question is asked, 

uhat is the chance of a six on the first and a five on the second the 

answer is x ; for whatever number occurs on the first die 

there are b possibilities for the number on the second to go with it. 

So there are 3O equally likely arrangements of which one is that 
required. 

1 lus last case is a good example of the care needed in the wording 
of questions on probability. 

throwing a five and a six in a throw with 
twet dice r IS a difjcivnt questior.. for the five may be on the first 

dii- so there are (zm .if the 36 arrangements which give five-and-six, 
and the clumce is or 

AiL.tlRr in>tance is when a pack of 52 cards containing 4 kings is 
^ ‘ j dunce that a card drawn from the pack would be a 
i-v. 1.,. H a king were drawn and not replaced, the 
chance that the next card drawn would be a king is since of the 
possible results of ilie second draw only 3 would be kings. 

I he cliance that tiie tw o draws would give kings is -/jr x 5^. 


This 
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result can also be arrived at by recognising that the 52 cards can be 
arranged in pairs in 52 x 51 ways, while the 4 kings can be arranged 


in pairs in 4 x 3 ways; 


hence the chance of drawing 2 kings is 


4^3 . 

52 X51 


Examples 83 

I. A die has its faces numbered i to 6. What is the chance of throwing 
fi) less than 3? (ii) more than 3? 

z. What is the chance of drawing at least one ace when two cards arc- 
drawn from a pack of 52 cards containing 4 accs (i) when thf card 
first drawn is replaced betore the second draw? (ii) when tlie card 
first drawn is not replaced? 

(In (ii) consider the number of arrangements i)t the curds m pairs 
and the number of these containing r or 2 aces.) 

3. A bag contains 5 white balls and 7 red balls all the same size. It 
two balls are drawn from the bag. find the probability that they will 
be (i) both white, (ii) both red. (iii) one red and one white. 

4. Two people are each asked to write down a number less than 20 
(o not allowed). What is the chance that the numbers (i) are both 
less than 10? (ii) are the same? (iii) add up to 10? 

5. What is the chance that a three-figure car number will contain (i) at 
least one figure seven? (ii) at least 2 se\ens? 

6. A and B toss a coin alternately. Show that the chance .1 tosses the 
first “ head ” is 2/3. (Hint : the chance that .4 to.sses a head at ilie 
first, second, third attempts, etc., are terms ot a o.i’.J 


Using the Binomial Expansion to calulate Probabilities 

Certain types of probabilities arc best obtained by making use of 
the binomial expansion, and are illustrated by the following examples. 


Example I. Find the chance of throwing a six three times in eight 
throws of a die. 

The chance of throwing a six in any one throw is i, while the chance ot 
nof throwing a six is 0. 

If the order in which tlie sixes are to be thrown is prescribed, then the 
chance of throwing the three sixes in the particular throws is i ^ i 
while the chance of no/ throwing a six in the other throws is 


Cl 




i.e. the chance for a particular order for the three sixes is (*,)* x (J))^. 

Since it does not matter which three throws give sixes, their positions 
may be any of the ** 0 ^ ways of choosing the three throws to give sixes 
from the eight throws. 

the chance of throwing three sixes is '*Ca(i)*(5)*. 
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This chance will be recognised as a term in the binomial expansion of 
(a + §)®. and it can be shown that each term in the expansion gives the 
probability for a similar occurrence. 

For instance, the chance of throw'ing a six four times is 
while the chance of not throwing a sLx is (0)®. 

Example n. Find the chance of throwing at least five sixes in seven 
throws of a die. 

As in Example I, the chance of throwing five sixes is 

Similarly the chance of throwing six sixes is ’C0{u)®(e), 
and the chance of throwing seven sixes is ( J)’. 

The chance of throwing at least five sixes is the sum of the above 
chances, and so the required chance is 


1/7.6 

6 .(,: 2 - 25 + 7.5 + > 


561 _ £87 ^ I 

6’ “933I2“4^* 


Example III. Three dice are thrown at the same time ; find the 
prohal^ility that the sum of the numbers thrown is 10. 

Here it is necessary to find out how many arrangements of the numbers 
2, 4, 5, 6 three at a time will give 10 for their sum when any number 

ma\ be repeated. 

It will be seen that the coelficicnt of .v*® in the expansion of 


(.v* + + at* + at® + 


is the required number of arrangements. 

'Fhe coetHeient of .v*'* in a-’(i +a-+.V'+A r* 

of A*" in - 



+ A-®)® is also the coefficient 


i.e. in x^(i - 3 A’^ ... )(i - .v)-3. 


I.e. in .V 


"(I - 3 V'’ ... ) (1 + 3.r + .v" + ■ 5 .v3 + 

\ 1.2 1.2 


8 0^. \ 

1.2 / 


• • 


the coefficient of a*® is ^ ^ - -j ^ 

1.2 ^ *■'* 


Aho the number of possible arrangements of the scores on the dice is 
6^-216 

the probalulity ot throwing a total score of to is , i.e. - • 

216 8 

Examples 84 

1. Two diec are thrown at the same time ; find the chance that the 
tola score is li. (.•. [{ se method of Example III above, and also from 
hrst ideas of probability.] 
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2. Four people are each asked to write down a number less than to 
(zero being excluded). What is the chance that the sum of the four 
numbers should be (i) 7? (ii) 16? 

3. A and B throw a die in turn. Find the chance A throws the first 
six. 

4. In eight throws of a die, what is the chance of throwing five five 
times? 

5. Two numbers less than 10 are chosen at random (zero being ex¬ 
cluded) ; what is the chance that their product is greater than 25? 

6. \^'hat is the chance of three “ heads ” being obtained when 4 coins 
are tossed? 

7. When three dice are thrown, what is the chance of the total score 
being 8? 

8. If in throwing a die, to throw 5 or 6 is counted “ success ” and 
throwing i, 2, 3, or 4 is counted “ failure ”, show that continuous 
“ failure ” in 5 throws is 32 times as likely as continuous success, 
while the chance of three or more ” failures ” is to the chance ol three 
or more “ successes ” as 192 : 51. 

Miscellaneous Examples 85 

1. (i) If nPa —„F 3 = 20. "■ 

(ii) Prove that = „C,. + 

(iii) Prove that „C,. = 1 + « 

2. Find the number of permutations {a) two at a time, (h) four at a 
time, of the letters in the words (i) SHINGLE ; (ii) PAS'I'KY ; 
(iii) GEKANIUM. 

3. A rugby side consists of a scrum of eight and seven outsides. If 
each member of the scrum can play in any of the eight positions 
and each outside can play in any outside position, how many dif¬ 
ferent arrangements are possible? 

If in addition two members of the scrum can play in any of the 
seven outside positions while two outsides can play in any scrum 
position, how many dilTerent arrangements are possilile? 

4. A dramatic club has 15 women members and 12 men members. 
How many different casts of 5 women and 3 men can be chosen? 
(Any way of choosing the men is possible with each way of choosing 
the women.) 

5. Find the coefficient of in the expansion of • If t^bis 

coefficient is equal to that of x -’ in the expansion of ^, prove 
that 06si. (LO 
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6. Show that the coefficient of the middle term in the expansion of 
(i is equal to the sum of the coefficients of the two middle 

terms in the expansion of (i 
Find the coefficient of x in the expansion of 



7. Show that the expansion of 


(L.) 



in ascending powers of x contains a term independent of x if n is a 
multiple of 3, and evaluate this term (i) for n = 3, (ii) forn= 12. (L.) 

8. (i) Show that the sum of the coefficients in the expansion of (a+A)® 

is double the sum for preferably without evaluating the 

coefficients. 

(ii) In the expansion of (i +x)'*, what is the ratio of the coefficient 
of X* to the coefficient of .v^? (B.) 

9. By considering the multiplication of (i +x)" by (i +x) prove that 

«+>C3 = "C3 + ’'C2. 

Find the coefficient of the middle term in (i +x)" if «= 16. (B.) 

10. If ti is a positive integer, what is the fourth term in the expansion 

of (o -^by} 

In the expansion of (i +0‘i)" the ratio of the fifth term to the 
fourth term is 0-4 , what is the value of «? (B.) 

II- (i) If 

(1 + .v)" =ro + f,.v + CA.v2 + ... +c^’'+ ... 

and 


12. 


(I -f .\y-'=bn+b^x+by\^+ ... 

pr()\ (• that 

(ii) I-ind the coefficient of a"' in the expansion of 

(2+*+.v)‘“- (B.) 

Ml* down and simplify the first five terms in the binomial 

eN[-;;nsi<in for (I -^ A)' and also the ratio of the {« + i)th term to 
tla /;t!i term. 

I iin.1 li.e sum t*") intinitv of the series 
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13. If (i + A-)" =Co + <r,x + CgJc- + ... +c„x", show 

(i) ffl + c, +C2 ... +c„ = 2". [Put a:= I.] 

(ii) Cq-Ci+C2 ... + ( - t)"^n = O. (Put X= - I.] 

(iii) C0 + C2+C4 + ■..=Ci+C3+Ci+ ... . 

(iv) Cl + 2C2 + 2^3 + ••• + ” • 2"“*. [Differentiate.) 

C'") + + 3<^2 + ... +(n + = + 2") . 2"“^. 

(vi) + -* + -^ + ... + = (2'*'"^ - 1)/(« + I). 

''123 n+I 

[Use integration.] 

(vii) Cf,^ + Ci^ + C2^+ ... +c„® = (2 «)!/h! n!. 

[Pick out coefficient of a" in (i +Jir)" x (a + i)".] 

14. The letters of the word EASTER are jumbled, and then set out in 
a row. What is the chance they will again make the word E.ASTER? 

15. A coin is tossed 6 times. Find the chance there will be three heads 
in succession. 

16. Four players A, B, C, D throw a die in turn. Show that .^’s chance 
of throwing the first six is 6^/(6^ - 5^). 
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Fundamental Equation 

If is a function of a positive integer n, the terms w^, Mg, ... 
form a sequence^ and when these are added together we get the series 
Mi-fM2 + M3 + ... + M„, of which is the Mth term. 

Taking to be the sum to n terms, w’e have 


+M2 + W3 + ... +M„_j +M„ 

and 5 „_i = M, + M2 + n3 + ...+K„_j, 

so that 5 „- 5 n_, = K„. (I) 

This equation is fundamental in summation of series. 

The equation (I) can be regarded as in (i) and (ii) below : 

(i) Given the function then //„ and the series can be found, 
e.g. To find the series for which 5 „ = «2. 


‘S’fi-i — (« i)^ and S„ ~Sn-i = n^ - (n — i)® = 2« - i ; 

. . M„ = 2« — 1, Mj = 2 . I — I = I, 1/2 = 2.2 — 1 = 3. 


Therefore the scries is i + 3 + 5 + ... + (2?i - i) + ... . 

(ii) Gi\en the function u„ it is sometimes possible to find 
e.g. i o find the sum of the scries for which 
^I'he identity //(//-, i)ms2m leads to 



2M„ = 2« = W (« + I) - (/; _ 1) 


riting 

» % 1 

- 1) for M : 

2H„ 

riling 


r lor u : 

2M, 

A A . . . 

^^’^iti^g 


2 tor f : 

▼ V • # ^ 

2M2 

riting 


I tor r : 

zu^ 

If all the 


lines similar to 

the L.H. 

si 

des would 

be : 


pairs of tenns cross out, e.g. 2nd term of first line with first term of 
second line, and only the »(;/ ^ i) of the top line is left. 

.. 2.S'„ = n [n + I). i.e. S,^ — hi (« + i) 
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The method of example (ii) depends on being able to express 
as a difference in the form/(w) -/(« - i) where in this case 

f{n) = ln{n+t). 

A set of important identities of this type, which should be noted, 
are : 

n(n + i) = ln(n + i){n + 2 ) - “ 0 (")(«+ 0 . 

«(« + i)(« + 2) = + i){« +2)(n +3) - i (« - i)(«)(w + i)(n +2), 

etc. etc. etc. 


At this stage it is convenient to adopt another notation ; 

n 

is taken to denote the sum of all the terms obtained by giving r 


n 


all the values from i to and thus 27 r = i 

I 

10 

so that, for example, i 7 r =i + 2 + 3 + ••. + 9 + lo. 

I 

Consequently the result proved in (ii) may be written 


n 


^ r = In {n + i). 

I 

The other two identities given above can be shown to lead to 


n 

£ r {r + i) = ln{n + i){n + 2) 
i 
n 

and 2'r(r -j- i)(r + 2) = i«(« + i){n T 2){« + 3). 

I 

(These results have some analogy to integration ; the first may be 
compared with /x* dx = ^x^.) 

Now = r{r + 1) - r, so r® =i 7 r (r + i) - 

1 I I 

= Jw . (« + 1) (// + 2) - . (// + i) ; 

/. = i-n . (« + I) ( 27 / + I). 

1 

n 

Extension of this method enables 27 to be found, making use of 

L 

n n n 

the results for £r and 27 r*; similarly 27 ,etc., can be found in 

1 1 1 

succession, each summation depending on the results of the previous 
ones 
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Again, to find the sum of n terms of the series 


1.3 + 2.4 + 3 .5 + ..., 

of which the rth term is r(r + 2), we see that the sum required is 

Er{r + 2), i.e* and knowing and Er the sura can 

1 I 1 11 

be found as + i)(2« + i)+ 2 . ^w(n + i), 

i.e. -i-w(« + i)(2« + 7). 

Check : When n = \ this result gives 4(i)(2){9), i.e. 3 and Wi = 3. 

Use of Undetermined Coefficients 

It may have been noticed in the previous work that if f{n) is an 
integral function of n of degree k, then the degree of /(«) -/(» - i) 
is - I. 

For example, 


- (« - i )3 is 3^2 _ j Qf degree 2, 

- (« - I y is 4/1* - + 4« — I of degree 3, 

and in general - (n - x)* is + lower terms, and so is of degree 


.. if S„^i is an integral function of degree A — i, it is reason¬ 
able to assume that is of degree k. 

Therefore the series i . 3 + 2.4 ^ 3 . 5 + ... may be summed to 
?i terms as follows : 

.Since the /uh term, which is S„ — Sr,_^, is n(ri + 2), it is reasonable 
to assume that . 9 „ is an integral function of degree 3. 

I -et .S'„ = An^ T Bn~ + Cn -t- D where A, B, C, D are, as yet, undeter¬ 
mined. ^ 


ilien = i) + B(2n- i) + C 

= ZAn^^{2B~-iA)n-^A-B^C. 

If this is the same as ^ 2n for all values of «, we have 


These give A 


Now .S*! — 1 


3^-1, 2 B~^A = 2 2 nd A~B + C = q. 
- I, zBr^T, qtB = 1 and C=B~A=l 

-f 3«2 + |n + Z). 

■3-i '2 l^D; D = o. 


Hence5„--(2«=4 9/1 + 7) ^ before. 
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Three Available Methods 

There are thus three available methods to find the sum of a series 
whose «th term is an integral function of n : 

I. Use the sums for n, n{n + i), n{n + i)(n + 2), etc., for each of 
which the sum is the next in the series divided by its number 
of factors. 

II. Use the sum for n, n*, n®, ... , having memorised them. 

(This should be done as far as at least.) 

III. Assume to be an integral function of n of degree one higher 
than with undetermined coefficients. 

Example 1 . Find if “r = 

Assume S^ — An* +Cn* + Dn +£. 

Then = ^(« - i)^+5(« - i)=*+C(n - i)= + /)(« - i) 

/. = ^{4«3_6/|2+4« - i)+B( 3 «=* - 3 n + i)+Ci,zn - i) ^ D. 

Equating coefficients of powers of n : 


4.4 * I ; 

• J — A 

« « “ 4 * 

- 6 A +3^ = 0, 

• * ^ a > 

4^ - 3B + zC = 0, 

.-. C-i; 

A + B -C + D ^0, 

.-. £»=o; 


Sn = \in* + 2n^ +n-)+E. 

Since S, = i it follows that i =i(i + a + i) +£. and soE^o. 

Note that i» + 2=* + 3® + ... + «* = {* + 2 + 3 + +")“* is a surpris¬ 

ing result and worth remembering. 

Example n. Find 2'(2r® + 3 ^® - r). 

ist solution : i7(2r® + 3r® -r)*=2Z*f^ + 3irr--irr 

i 111 

«■■*{«+ 1)^ 3M(H + r)(2n + i) nOi + i) 

4-6 “ 2 

^ n(n + + i)+( 2 « + I) - 1} 

= Jn 2 («+ i)(n + 3 ). 

and solution : Let - r ^ a{r){r + i)[r + 2) +b{r){r + ij +c(r). 

Equating coefficients gives a^z ; 

3<7 + 6 = 3, 6 = - 3 1 

za +b +c ~ - i, c=-2. 

/. «, = 2(r>(r + i)(r + 2) - 3 (r){r + I) - 2 (r). 
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' «? — _ 
. o„ — — 


2{w) (w + i)(?^ + 2){n + 3) 3(;/)(w4 - i){n + 2) 

4 3 

—{ (m + 2) (n + 3) - 2 (n + 2) - 2} 


2(«) (« + i) 

2 


= 2«“(« + i)(7z +3) as before. 


Examples 86 

Use the identity 5 „- 5 „.,=k„ to find in the folloNving cases, and 
find whether the result of putting n=i in and «„ gives the same result. 

1. S„=«(7z+i). 2. 5 „ = n(n-i). 3. S^=?i{2n + i). 

4. 5„=7j(« + i)(7i + 2). 5. 5 „=«(«+l)(2»+7). 

6. S„ ~n{n ■¥ i){n + 2)(« +3). 

7. Show that if = + i)]^, then u„ = n^ and deduce that 

n n 

£r^ = (Zrf. 

1 1 

8. Find the sum of the first 20 terms and also of the first n terms of the 
series: 

(i) I . 2 + 2.3 + 3.4 + ... ; (ii) 1.3+2.4 + 3.5 + ...; 

(iii) 2.5+4.7 + 6.9 + ...; (iv) 3.7+5.9 + 7. n+...; 

(v) I . 2.4 + 2 3.54-3.4.6+...; 

(vi) I .2.S+2.3.6+3.4.7 + .... 

9* Find the following sums : 

(i) I" + 2 =+ 3 ^ + ...+ 5 o 2 ; (ii) 12+32+ 52 + ..,+7^3; 

(iii) 2“ + 4- +6“ + ...100“; (iv) 3-+ 6“ + 9- + ... +99^. 

10. Find the sum of the cubes of the whole numbers from 1 to 30. 
Deduce the following sums : 

(i) 2^ + 4=* + 6^ + ... +60^ ; (ii) 3^ +6=^ +9’ + ... +90U 

11. Find (i) r jr^ + ar^+r} : (ii) f _ 3^2+3r - i}. 

1 i 

12. find the sum of the squares of all the numbers less than 100 which 
arc not multiples of either 2 or 3. 

13. Show that (r + i)(r + 2)(r+ 3) 

- .U(^+ 0(^ + ^)(^ + 3)('' + 4) - ^('' + i)(^ + 2)(r + 3)]. 

Use this to find the sum to n terms of the series 

2 ■ 3 - 4 + 3 • 4 • 5+4 - 5 • 6 + ... . 

14. Use the mctlioil illustrated in Xo. 13 to find the sum to n terms of: 

(i) I .4.744.7. 10 + 7 . 10 . 13 + ... ; 

(ii) 2.4.6.S + 4.6.S. 10 + 6.8. 10.12 + ..., 
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15. Show that —r——^ can be written as -- - — , 

r(r+i) r r+i 

Hence find the sum to n terms of the series —~ H—-—1- — + .... 

1.2 2.3 3.4 

Has this series a limiting sum? If so, what is it? 

16. By expressing the rth term as the difference of two fractions, find 
the sum to n terms of each of the following series. Also give the 
limiting sum, if any. 


(i) 

(ii) 

(iii) 


III 

- + ■' + - + 

4.7 7 . to 10 , 13 

II 1 

- +-h- + 

3*7 7. II II . IS 

III 

--{---i- 

5-9 9-13 13 17 


* 


■ 

I 

9 



III 

3.4 3.4.5 4-5'6 


Series of Fractions 

In Examples 86, Nos. 15 and 16, cases have been given where 
a fractional function of «, was expressed as a difference of two frac¬ 
tions in the form /(«)-/(«- i), and thus iT u„ found. 

Other cases will now be discussed. 


Example I. Sum the series 

I 2 


i.e. to 


7 . II . 15 iz . 15 . 19 15 . 19.23 

I 


to n terms, 


(47»+3)(4«+7)(4/7 + ii)* 

Using the identities 

_^ _L_ 'I 

7 . II . 15 8 \7 . II II . 15/ * 

__^ ^ 

II . 15 . 19 8 Vii .15 *5 • * 9 / ' 


= ‘( 


(4#» + 3)(4«+7)(4/i + ii) 8\(4 /j + 3)(4/j+7) ( 4 ^ 

the required sum is seen to be 


(4^i+7)(4/i + ii))’ 


_ 

8 \7 . II 


(4« + 11)} * 


8 f7 . II (4/i + 7)(4« 

Note that the 8 is the product of 4, the common difference of the A.P. 
and 2, the number of factors left in the denominators. 

H T.A.A. 
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Note also that the limit of S„ as n—^oo is = .-. 

87.11 

This method depends on the factors of the denominator being in A.P. 
and tlie first of each set of factors forming the same a.p. 


Example II. Find S ^—77-v . 

1 ( 4 ^ + 3 )( 4 ^ + 7 )( 4 ^ + iS) 

Here the a.p. of the first factors in the denominator 7, 11, 15, ... is not 
adhered to in the 3 factors of each denominator for in the rth term above, 
4r + II is omitted. 

To use the method it must be put in above and below and the numerator 
transformed thus 4r+ii=4r+i5-4: 

4r+ II 

{4^ +3) (4^ + 7) ( 4 ^+ii)( 4 »'+i 5 ) 

=_?_ 4 _ 

(4r + 3) (4r + 7)(4r + 11) (4r + 3)(4/ + 7) (4r + 11)(4r 4 -15), 

whence it can be shown, using = 3, that 

^^_iii_iiiii 1 

"“8*7'II 3'7 ' II * i5~8(4« + 7)(4n + ii) 

I_ 1 _ 

3(4«+7)(4« + ii)(4” + I5)* 

Here the first two terms give the limit of as «->co. 


Examples 87 

h'ind the sum of the following series : 

I 


H 

1. T 


, r(r+i)(r + 2)- 


2. 


n 

V* 


ti 


^ T _^_ 

T (.V+ i)(.V +4)(3^ + 7)' 

5. bum to 71 terms the series: 

_I I 

I . 2 • 4 ^ • 3 

6. Find a and h so that 

6// + 7 


4, 27 ; 


1 ^(r+2)* 

I 


PI 


io(V-2)r(r + 2)’ 


+ 


5 3 - 4-6 

an -^-b 




_ __ a{ti +1) 

{2H - I j(2« + l)(2n + 3)~ (2« - l)(2H + l) (2H + l)(2rt + 3 ) * 
and hence sum to n terms the series 


^3 

*• 3-5 3 - 5-7 5 - 7'9 

7. Show that - 1 — = —?— 

«! («+i)! (« + i)r 

Hence sum to n terms the scries - + ^ + 3 + .... 

2! 3! 4! 

8. \\ hat are the limits of as «->co for the series in Nos. i to 7? 
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Find the first four terms of the series for which 

n n 


(i) = 


(ii) S„ = 


10. 


2H + 3 571 + 2 

In each case also write down the 77th term. 

If S„ is taken to be — and u„=S„ —S„_i as usual, show that the 

ft • 


series i _ ^ _ A _ is obtained if u^ =5,. 

Sum the series of negative terms (i) to 4 terms (ii) to n terms. 
[No. 10 illustrates the need for care with the first term; the series 
starts with and Kj= 5 i=i/i! here. If however we put n=i in 

to give Ul=S^-S^t, this leads to Mj » i/o ! - i/i! = o 
since o! has ^ready been defined as i,] 

Mathematical Induction 

A theorem thought to be true for all values of the integer n can be 
proved true by showing that 

(i) if it is true for n~r, then it is also true for 77=7*+ 1 ; 

(ii) it is true if 7/= i, 

for from (i) and (ii) it follows that the theorem is true for 77=2, 3, 
4 .in succession. 

This process is called “ mathematical induction 


Example I. Prove that the sum of the first n odd numbers is 772. 

Assume that i + 3 + 5 + ...(2r - i) = r^ .(a) 

Add the next odd number to both sides. 

Then 1 + 3 + 5 + ••• + (2»' “ 0 + (2r + *) “'’* + 2 r + i 

= (r+i)2. 

This is the same result as (a) with r replaced by r + i. 

Also I = 1 + 2 = 2^ i.e. the result is true for 77 = 2 and hence true for 

^“ 3 ' " = 4 . etc., in succession. 

the result is true for all integral values of n. 

Note. It will be seen that the method is equivalent to using 

(r+i)2-r2 = 2r+i, 

i.e. to diflPerencing r*. 

Example D. Prove by induction * that 


n 


1 : r2(r+l) = i»^-77 ( 77 + l)(77 + 2)(377 + l). 


(b) 


Induction in general language means the inferring of a general law from 
various particular iiustances, as when we infer that heat expands bodies from the 
ooserved result that heat expands some bodies. 'There is in it some uncertainty 
'vnich IS not the case with the more limited ” mathematical induction ” (heat does 
not expand ice). 
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Assume the result true for n — r and add the next term to each side. 
We must show that 

A‘r(r + i)(r + 2)(3r+ i) + (r+i)®(r + 2) = i^(r+ i)(r + 2)(r + 3)(3r + 4). 

Now i)(*' + 2){(r + 3)(3r + 4)-r(3r+ i)} 

= -h (r + I)(r + 2){3r2 + i3r + 12 - 3r2 - r) 

= V_f{r+ i)(r + 2 ) I 2 (r+ i) = (r+ i)"(r + 2 ). 

This proves that we can move on from n = rto n = r+i. 

But if w = I, L.H.S. of (b) = 2 and r.h.s. = 2 . 3 . 4 . 

the result is true for n=i and hence for « = 2, 3, 4, ... in succession. 
The theorem is therefore proved. 

Note that the method of mathematical induction is only useful for 
proving a stated result or one which might be suspected; it is of no use 
for discovering the result to be proved. 


Examples 88 

L'se the method of mathematical induction to prove the following 
results (Nos. i to 5): 


1. (i) = r)(2n+i) ; 

(ii) I - + 3^ + 5® + ... to « terms = \n - i). 

2 . f_12r-5__^24(H+I)-II_ 

(2r- i)(2r + i)(2r+ 3) 4(2« + i)(2« + 3) * 

3. Amount at compound interest on for n years at r% =/'^i i 

4. ;r-« is divisible by 6. 

5. 7*" - 4.S« - I is divisible by 48“ ( = 2304). 

6. For the series 


I + /,+ t(p+j) ++ 

3 


write down the \ alucs of i'o, ^3, and guess a value for S^. 
the lesult bv induction. 


Prove 


7. Prow by intiuction that the sum of n terms of the series whose rth 
teini is r(r -‘ 2;fr- 4) is i;/{n+ t)(N + 4){« + 5). 

8. Pio\e !‘y induction that x" ~ a" has (a* - u) as a factor for integral 
values ot n. 

\eri(y that the same method fails to show that a"+ <2” has (A’ + a) 
as a factor. 

[Use This shows 

tliat a factor for tuo consecutive values of n will be a factor always.] 
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Power Series 

If Sn = OiX + +... +<2„.r" where a,, <23, etc., are constants 

independent of x the series is called a potver series. 

If On is an integral function of w, a formula for 5 „ can be found by 
using the same method by which the sum was found for the g.p. 
* + +... which in essence consisted in multiplying by i - x. 

The process will be seen by an example. 

n 

Find E{r^ “ 3 ^ + 3 ) 

1 

For the series =:c + jr® + 3Jr* + +... - 3n4-3)r’*; 

/. xS„= X-+- + 3x-^+ ... + ((«-1)'- 3(//- i) + 3)r" 

+ («— 3 « + 3 ).v'‘-^». 

S„( I - x) =X + OA* + 2X^ + ^X* + 

+ {zn - 4).^" — («■” — 3W + 3)a''*'^* ; 

5 „(i -A)-A + («»-3« + 3)A'‘+‘=i’(2r-4)A:^.(i) 

•f 

Again, let S' =oa® + zx^ + 4JC* +... +(zn - 4) a-'*, 

then xS' = oa^ + 2a^ +... + {2(« - i) - 4}.r’' +(2w - 4) 

(i - a)5" = 2 .r’ h 2X* +... + 2 A" - (zn ~ 4 ) a"^^. 

(l - x)S' +(zn - 4) A" + ^ = 2A'^(l + A+ ... + A"-®), 

i.e. (i - a) 5 '+(2n-4 )a''+‘ = 2a^ . " .(ii) 

From (i) and (ii) S„ is quickly found. 

'File result is 

9 . . - 3 ” + 3)^"'*'^ (2«-4 ).V"*^ 2 (.A^ ^ 

” ” T -X {T^X) ~ (I - a)"”^ ’ 

In general it will be seen that multiplication by t - a gives a result 
consisting of a term at each end of the original scries and a new series 
for which the coefficient of x' is one degree lower in r than at first. 

Repetition of this process \vill eventually lead to a set of isolated 
terms and a series of terms in G.P. which can be summed. 


Examples 89 

Sum to n terms each of the following series (Nos. i to 8) ; 

1. 1 +2.V + 3A® +4A-'’ + ... +(r + i)x'+ ... . 

2 . I + 3A + 5A* + 7A^ + ... + (2r + i)a'^ + ... . 


3 . I -2A + 3A®- 4 A® + ... . 
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5 * + + 6 . i+2^x+ +4^:^ + ... , 

5 5 5 

7 . (i) I - 2’‘x^ + 2'x* - 4 ".*® + ..- , (ii) I - 2 ®x + 3 V- - 4^x-^ + _ 

8. I +(2=^-i):>;+(32-i)x2+(42-2)a:3 + „_ 

9 . Find Zr(r~i)x’'-K lO. Find 2^ (r^+ 2 r - i)x’'-K 

•• = 1 r = l 

Note. No. I can be solved thus : 


*+x- +A,-^+... +*"«= 


n. x(i-x») ^ 

i-x * 


series No. i = 


dx 



Recurrence Equations and Recurring Series 

bornetimcs the terms u^, tu, ... of a sequence are connected by an 
equation of the form 


tir + aur^i + 6«,_2 = 0 .(i) 

where a and b are numbers and it is required to find «„ (mj and 
being given) and also to find 

i 

(i) is called a recurrence equation and the series Ui-<rU2X 4-u^X'.., 
a recurring scries. 

1 he method used is illustrated by an example. 

If Wi = 3, H^ = I and - zh^-i - 3»r-2 = o, find u„. 

H3 = 2»2 ‘ 31/, = 11; //j =r 3Hg + -jHg = 22 + 3 = 35, and in like manner 
succeeding terms are determined uniquely. 

Now suppose K,-• v^ and so v'- ■^y^-‘^ = o. 

Hence \-^-2v-3=o. giving 7 = 3 or -i, so that either 3'’ or 
( - tor satisfies the equation - 2 k^_, -3«,_2 =0. 

Neitlier of these values, however, will give Hi= 3 and H2 = i, but 
if we take u^ = A . y ^ly ^ve can find values of A and 'B to fit. 
1 he equations for A and B are 


whcnr:=i: /I . 3 ^ - i) 

when r=2: H . 9 ZJ( - i)i= ij ^ = B = - 2. 

Thus the solution is 

he. H„ = 3'>-^ + 2(-i)'*-h 
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Again Z = (i + + 3^jc- + . • • to n terms) 

i 

+ 2(i — X + ... to n terms) 

t 2 • • 

I — 3 a; I + a: 

using the formula for g.p.’s. 

In this example the relation (i) is between three consecutive terms 
and is said to be of the second order ; the relation 

Ur + + bUr-<i + CUr-^ = O 

is a third order relation. 

An alternative method of using the recurrence equation is given 
below, in which we multiply by (i +ax+6.v-), which is called the 
“ scale of relation ” corresponding to u, +au,.i +A//^_o = o. 

Here the scale of relation is i - 2a; - 3.v^, since the recurrence 
equation is Ur - 2u,_i — 3«,._2 = o. 

‘S'f. — 3+ x+ ii.v* + 25a:^... + 

- 2xS„ — ~ 6 x - 2x~ - 22a:^... — 2 m„_iA:”"* - 2u„:i^, 

- 2 x^Sn— - 9 X^- 3 -x®...-3 «„_2 .v"-‘-3 «,. .,.v"- 3 M,..v’’+h 

Adding these three rows we notice that where the columns are com¬ 
plete the sum is 2ero because of the given recurrence equation. 

(i- 2 x- 3x^)S„ = 2 - 5^ - (2W-. + 3«n-i)^" - 

o 3 - 5 * (2 m..+ 3 «„_i).v'‘ + 3 »«.v''^* 

^ ■_ ^ 


Hence 


.2 


(A) 


1 - 2.V - 3a;^ 1 — 2a; + 3a: 

The first fraction here is called the generating function^ and it can be 
used to find the form of u,. 

3 - 5 * _ I 2 


By partial fractions - 

\ ~2X - 3^;'^ 


The rth terms in the expansions of 


- + - 

1 - 3vV X + X 

I 


and 


arc (3.v)’-» 


I — 3a; I + a; 

and 2 ( — and so u, = 3’’“^ + 2 ( - i )'’** as before. 

Sum to infinity 

In the formula (A) above for 5 „, the second fraction, by substituting 
the values found for «„ and w„_i may be reduced to 

{3" + 2( — + {3" + 6( - i)'*-' 


1 — 2X - 3 a: 


2 


This should be checked by the student. 

If X is sufficiently small, for example if x = iV> this expression will 
have zero as its limit as //-roo. 
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In this case the sum to infinity of the series is 


3 - 5 ^ 

1 - 2 x- 3 a:- 



For the series to converge to a finite sum, a: need not be as small 
as ; it will be sufficient that | 3:^ l<i. 

The point to note is that, in cases similar to this, if x is sufficiently 
small, the series will converge and the generating function is also 
the sum to infinity. 

The series U is a recurring series whose scale of relation is 

(i -xf since - 3 (« - 0" + 3 (« - 2)= -(n -3)2 = o. 

Hence the series ^n-x’*~^ may be summed as follows: 

5 „ = I + 2 =V + 3 V + 42 +... + 

- 3 -V‘^.= -3^ - 3 - 2 ^v 2 - 3 . 32 .r 3 -„._ 3 („_i)a^n-i_ 3 „ 2 ^n^ 

+ = 3a:' + 3.+ ... + 3 (k - 

+ 3 (n-i) 2 A:'> + 3n2a:"+i, 

- - a:®-...-(«-3)2 a'«-i 

- (w - 2 )-a:'* - (n - i)2.v'’+*-n=ar"+“ 

• • •^n\^ = I + X + ox^ + OX^ + •.. + — (// + I 

+ (2«'^ + 2« - 

.<? = I +a:-(??+ i)g .v" + (2«2 + 2n- i - «2.v«+a 

( 1-^3 • 

Those who have worked Xo. 6 of Examples 89, proceeding step by 
Step, will see that the above work is much easier. 

As in the previous example, if .v is sufficiently small, the series will 
have a sum to infinity which will be (i +a-) '(i -Ar)^ 

Notice that if is any second degree function of «, the series will 
be a recurring one with scale of relation (i -Ar)^ 

Similarly if a, is a third degree function the scale of relation will 
c (i a;) . Nos. 9 and lo of Examples 89 can therefore be worked 
in -ne stage, each using (i - x)^ as the multiplier. 


Examples 90. 

1. Guvn the recurrence equation - 4»„-, +3«„-,-o, express u, in 

terms of w, and //,. -r , j „ 2 y 6 

2. If in ihc sequence ^3. ... jt is given that «. = 3 «._j+419-2. 

3nd express «g in terms of «, and ii.,. 

3* . low t at I u ^ = 2 ^ 2 ^ then satisfies the recurrence equation 

^ write down the first four terms of the 

sequence. 
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4. Given the recurrence equation «„ + w„_i = i2Wn_2 with the initial 
values w, =2, 1/3 = 34, find u„ and show that after the terms are 
alternately negative and positive. 

5. If u, satisfies the recurrence equation */, ~ 3t/r-j + show that 
if It, =3, 1/2 = 5, then Uy = 2' + i, and find u, if u,=’j and 1/3 = 43. 

6. Sum to n terms the recurring series 

l/j + Kg + ... + U„ 

being given that */r = 7Wr-i” i2i/,_2 and that u, and t/g are i and 2 
respectively. 

7. Sum to n terms the series 

X - 3.v2 + 7A-3 - I + ... - ( - I )-■ (2*-- I) + ... 

being given that the scale of relation is 1 + 3X + 2x^, and show that 
if X is sufficiently small, the limiting sum is x. 

8. Sum to n terms the series 

I + 8x + 2 ox* + 26 x* + 46.V* + ... 

being given that the scale of relation is of the form i+px + ^x*. 
[First find p and q from equations such as 46 + 26/)+ 107 = 0.] 

9. If t/, = 2 . 3''- 3. 2', what is the recurrence equation satisfied by 
w,? ^^'ritc down the first four terms of the series and show that 
the recurrence equation can be found from them. 

n 

If show that the series can be obtained from the 

I 

partial fractions equivalent to t/g/fscale of relation). 

10. Find the coefficient of in the recurring series 

4 - 6x + I ox* - 30x^ + 34x'‘ - lafix'’ + ... , 
being given that there is a relation of the form 

+ ^r-8 + “ © 

between the coefficients. 

What is the generating function? 

Examples 91 : Miscellaneous 

z. Find the series w’hose sums to n terms are ; 

(i)n(n + 5): (») ; (hi) 

in each case writing down the first four terms and the rth term. 

2. (i) Calculate the value of i® + 2* + 3* + ... + 10®, and also express 10® 

as the difference of two squares. 

(ii) Express as the difference of two squares. 

3. Express 6® + 7® + ... + 11® as the difference of two squares and 
explain how your method enables the sum of the cubes of any set 
of consecutive numbers to be expressed as the difference of two 
squares. 


H2 


T.A.A. 
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4. Express J(« + 2)*(n + 3)2-i(«-2)2(n-3)2 as the sum of 5 cubesj 
and show that 45^ - 28- is the sum of Uvo cubes. 

5. Find the sum to n terms of the series whose rth terms art 


(i) 

6. Use 

1 . 11 


— I —. fii)_ I _ 

r(r + 3 )’ ^ ( 2 r+i){ 2 r + 2 ){ 2 r+s)' 

the result (n + 1)! — n! . «1 to sum to n terms the series 
+ 2.2! +3.3! + ... . 



Show that T-- 

(«-2)! n! nl 

and hence find the sum of the series 


1 

n\ 


~n-I 


14.11 + ^ . .379 

» • I* ^ • l" ♦ • • T* ' 


2! ' 4! ' 6! 20! 

8. Find the sum of the numbers from 50 to 250 inclusive which are 
not multiples of 3. 

9. The sum of n terms of a series is for «= i, 2, 3, ... . Find the 
rth term of the series. What is the first term? 

Calculate the sum of all numbers between o and 201 which are 
multiples of 5 or 7 ; that is, find the sum of the series 

5+7+10+14 + 15 + ...+35 + ...+200. (O. & C.) 

10. Prove that, if « is even, the sum of the first « terms of the series 

1= + 2 . 2= + 32 + 2.42 + 5® + 2.6= +... 

is J«(n+ r)2, and find the sum if n is odd. (O. & C.) 

11. If 12 + 22 + 32+ ... +n^ = An{n - i){« -2) +B7i{n - i) + Cri + D 

for all values of «, find the values of the constants A, B, C and D. 
Sum the series 

I+3.2 + 5 . 22 + 7.2^ + 10 7J terms. (L.) 

12. Find ilic \'alucs of a and b in terms of n if 

(.V - H + i )3 ~(x~ n)^ = 3*2 + ax +b 
for all values of x. 

P.\ atiilinp together equations of this form for = 0 and n = i, 2, 
r, obtain an expression for 


I 


I 


ir. (L.) 

13. Verify that 

r2(r+i)2-(r-i)2r2 = 4r3, 
and deduce, or pro\ e othenvise, that 

i'' + 22 + ...+„3^^„2(„.^ 

Prove that 

1^ + 3“ + 5" + -+(27/-I)“ = «2{2«2_x), 

and find the sum of the cubes of all odd numbers less than 50 that 
arc not multiples of 5. (O* & C.) 
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14. The odd numbers are bracketed in groups thus: 

(i): (3.5): (7.9.*I): (13. *5.17.19);— 

the nth bracket containing n numbers. Find the sum of the 
numbers in the nth bracket. fM.) 

15. Find the sum of all the odd numbers which are less than 6n +1 
and are not multiples of 3. 

16. Find A, B, independent of n, such that 

1 A B 

n(n + i){n + 2)“n(n + i) "^(n + i){n + 2) 
for all values of n. 

Prove that the sums of the first n terms of the series whose rth 


terms are - -. and -- - ^ are 

(r + i)(r + 2) r(r+i)(r + 2) 

1 I . 1 1 

- —- and -- 

2 n + 2 4 2(n+i)(n + 2) 


(O. & C.) 


17. Find the sum ol the first n terms of the series 

> • 3 - 5+3 • 5 -7 + 5.7 • 9 + --- • 

Prove by induction that the sum of the first n terms of the series 


1 ■'•3 t.3.5 . i.3. 5.7. 

2 2.4 2.4.6 2.4.6.0 

1.3.5... (2n4>i) _ ^ 

2 . 4 ... 2n 


(O. Sc C.) 


18. Prove that 


r« 

r r(r + i)(r+ 2)=i«(n + i)(n + 2)(n + 3), 

r-»l 

f r» = Jn*(n+ i)^ 

r«=-l 

Prove that n = i is the only positive integer to satisfy the equation 

24i7r*= £ r(r+i)(r + 2). (O. & C.) 

19. Find the numbers A and independent of which are sucli that 

n* = An^{n + 1)’ +Bri^{n + i)* - An^(n - 1)® -Bn^(n - i)-. 
and use your result to find a and b when 

+ 2.^ + ...+n^ = -^.pi^{n lYian^-^bn - i). (O. & C.) 

20. (i) Prove that a, b, and c may be chosen so that 

S (4r + i)* = <z«+i+i>i 7 r 2 +<ri 7 r(r + i). 

f-u r —O r«l> 

(il) Prove by induction that 

i;r(r + .)...(r+A-. 

,-l H + I 


(O. & C.) 
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21. Prove that {i.n + 2(«-i) + 3(w-2) + ...+(n-i)2+n. i}/n® tends 
to a limit as n—><x> and find this limit. 

[Hint. Prove { } = Jn(M + i)(n + 2).] (N.) 

22. Find the value of u„ given 

(i) Un + tt„.i = 6«„_2, u, = i, tt2 = 47 ; 

(ii) u„-k„_i = 6w„_2, u^=i, U2 = 73. 

23. If each term of a series is the sum of the two previous terms (a 
“ Fibonacci ” Series), show that S„ — (2u„ + w„_, - u^) and give the 
corresponding result for the power series 

24. Find the sum of the cubes of the first n terms of the a.p., 2, 5, 8 , 
1 1, ... 

25* “f» = 5^'n-i f 2 und = 3, hnd 
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The Binomial Theorem and Differentiation of Power Series 
The Binomial Theorem states that, if | :r |<i, then 


/. . tn(fn-i) ^ tn(m - i)(m - 2) 

(1 +x)'^ = i+mx+ ^ i + .(I) 

^ * 

the (r+ i)th term being 


- i)(m - 2) ... (m-r + i) 
r\ 


This has been proved in Chapter VIII for the case when m is a 
positive integer, in which case there is no restriction on the value of 
X, since the number of terms is finite. It has also been proved true 
when m=s - I and the early terms of the series have been obtained 
for m = - 2 and m = J ; in these cases | x |<i is essential. 

We proceed to compare the results f^or m = - i and m = -2. 


(l+x)“^=:l- X+ X‘- X^+ X*-X* + ..., 

(i +x)“* = i -2x + 3x*-4x^ + 5x^-... . 

It will be seen that if we differentiate (i +x)-* we get -(i 4-x)-*, 
and that if we differentiate the series for (i +x)-* term by term we 
get -(i-2x + 3x*-4x^ + 5x^-...). 

In this case therefore it appears that to differentiate the series 
term by term gives a series equal to the derivative of (i +x) -*, the 
sum of the original series. 

Differentiating the series for (i 4 -x)-a gives another example of 
this, since it will be found that the series for (i -f x)-® is obtained. 

These series consist of terms in ascending powers of the variable x 
with constants as coefficients of these powers of x. 

Such scries are called "power series 

Let us therefore make the assumption that if the pozver series 
concerned are convergent, it is legitimate to differentiate term by term • 
so that, if 


/(x) = «7o + <7,X + <7jX* + tfgX* + a^x* + ... 

/' W = + 2 . 0 ^ + 3rt3x2 + +- 
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then 




(II) 
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With this assumption it is possible to obtain the general binomial 
expansion without any reference to the special case of a positive 
integer as exponent. 

Two methods of using this assumption will now be given. 


First Method 

If y = {i-irx)'^ then 



so that 


{i+x)^=my .(Ill) 

Hence, if in ( 11 ) we put /‘(jc) —(i +jc)"*, equation (III) gives 
(I + a:) (<z, + 2a^ + + ...) = m{aQ + a^x + 

Equating coefficients: 








fU - 

1 

<2i + 2a2 = tna^ 

or 

“=■ 3 

- 



m - 


2^2 + 3^3 = ^^2 

or 





3 



/ \ , m-r+1 

(r - I) Or-i + ror = or Or =- - — 

This gives the series for (i +j[:)”» multiplied by the constant viz. 


{i+x)”* = ao( 


I+mx + 


m{m- i) ^ . m{m- i){m-2) , 


2! 


X- + 


x^ + 


•••)■ 


In this, putting x=o shows that 0^ = 1. 

Thus the expansion stated in (I) has been obtained. 

It is easy to show that, except for a constant multiplier, the solution 
of tlie (differential) equation (III) is unique. 

(1 +a)"' is one solution ; suppose yj to be another, so that 

Then provided |a;|<i, so that (i+>;)'" cannot be zero, we can 


differentiate ;— ' ^. , obtaining 


(i + j:)”> 


(i+xY- 


m 
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This equals 


(i 


=0, 


Vi 

so that ;—-—^ is a constant. 

(i +x)"' 

Note. The proof that, under certain conditions, a power series 
may be differentiated term by term, as assumed in (II), js beyond 
the scope of this book. 

Those readers who require the proof are referred to Whittaker 
and Watson’s Modern Analysis, p. 31. 


Second Method 

We now give an alternative method, which may be found easier, 
of arriving at the binomial series. Assume, as before, that with 

1* l<i, 

(i + a;)'" =^0 + + ... , 

and differentiate both sides r times ; this gives 

m(i + = a^ + 2a.iX + ... +r . , 

m{m- i){i +A:)"*-*s 2 fla +3 • + ^ . 3 . a^x- + ... 

+ r{r- 

m(?« - i)(m- 2 )(i +x)”*-» = 3 ! ^3 + 4.3 . 2a^x + ^ . 4 . 3 avV- + ... 

+ r(r- i)(r-2)<2 ^v’-3... , 


- i)(m -2) ... (/« - r+ i)(i + x)”*-'‘ = r(r- i)(r - 2) ... 3.2 . o'- 

+ (r-f i)r ... 3 . + . 

In these identities put x=o ; the results are 

I =^0. 
m = a„ 

m{m- i)—2^2, 
m{m - i)(w — 2)... = 3! 


m{in — i){m — 2) ... {m - r + i) = r I <7,. 


These equations give the series 

(i+x)”* = i-i-'x® + . 

3 


+ 


m{m - i) ... (w - r + i) 


x' + 


which is the Binomial Theorem. 
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It will be seen that if m is a positive integer the process terminates 
at the stage — ... (m-m + i) = m! giving = i 

and showing that all subsequent coefficients are zero. 

Convergence of (i - x)"” 

If X is positive and less than one and m is positive, (i 
and so only becomes large if m is large ; but the case of (i - j;)" is 
different. 

If X is nearly one, (i - x)'”' can be very large even if m is less than 
(say) 10. 

The series can, however, be seen to converge in any special case 
by the method shown in the following example. 

The simplified form of the coefficients for (i -a?)"” should be noticed. 


Example I. Write do^vn and simplify the first four terms in (i - 

If a: = ’9 and m=7 show that the terms do not begin to diminish till 
after the 55th term. 

Show also that starting at the 55th term, the terms are less than those 
of a convergent G.P., so that the series is convergent. 

Solution. (i 

I 1.2 ' 

1.2.3 

-=>1 + - x + - - ' i- -t 3^,., , 

I 1.2 1.2.3 

If a: = '9 and m — y these read 

I 10 1.2\I0/ 1.2.3 ^ 

the (;j + i)th term, being ^ 1 • 


» • 


u„ n. 10 ion 


Now gn + 54 = iom if n = 54, so the 54th and 55th terms are equal, being 

60 / 9 y* ^ 


^8.9...59 /gya 7.8-9 ••• 

I . 2.3 ... 53 \ioJ 1.2.3... 

The multipliers to produce the following terms will be 


54 ■ (loy 


61 


-X 9 


62 


63^ 9 

55 10 56 10 57 10’ 


. X 9 
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rTM- j-i j- • • L • n+6^ (n + i) + 6 

1 hese steadily dimmish since -> --. 

^ n n + i 

i.e. since n- +7^ + 6>«^ + yn. 

c f .1 61 9 549 

00 if we take r = — x — 

55 10 550 

“56 = " 55 ^»’. W 58 <“wX'^. 

and so on. 

Hence starting at the 55th term, the terms of the series are less than 
+ r + r- + H 4-which is a convergent G.P. since 1 r | Ci. 

Thus the given series is convergent ; * its value is 




Generalisation 


(i-x)-"‘=i-h-A.-+—--'-jr’-f-..., 

' ' I 1.2 1 . 2.3 


. , .. , ■ w (w + l){w + 2)... (w 4-/J - 1) 

the (/!+I)th term, being-- , 


so that 




. X. 


This is greater than x (o<jc< 1) if /«> i : but if n is large enough 
for any given it can be shown to be less than a constant, which 
is itself less than one though larger than a:, for instance, .1 (i 4-.v). 

For if 2{m+n - I)jc<«(i + jf). 

n 2 

i.e. if 2(m - i)x<w(i - x), 

, . . -r 2(«/- i)x^ 


which is true if 


i — X 


, 2{m - i)x . , . . 

If p is the integer next greater than - — . then the sum of the 

terms of the series from the />th term onwards will be less than 
u^{i +r + r- +r^ + ...) where r = i(i-»-A:), and so the series will be 
convergent. 

In the case given in Example I, (i with ^-^=g, 


and we have n >• 2 x 6 x 9 and r = . 

20 

• This argument uses a special case of the ccneral result that n series of 
positive* terms if " bouii(iud above is coiivcrgciit. A diagram to illcrate the 
general caae U given in Chapter XIL 
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Thus /> = i09, and the above has shown that the sum from the 
109th term onwards is less than «io9/(i -^§) or 20. «io9. 

This proves the series convergent, although we have not started 
from the term at which the terms begin to decrease. 


Examples 92 

1. By differentiating the binomial series for (i+x)”^ obtain that for 

(i +x)-\ 

2. Differentiate the scries for (i — x)“^ and state the result obtained. 

3. \\’ritc down the binomial series for (1 +x)- by putting m = .V in (I), 

p. 227. By differentiating obtain that for (i and verify that 

putting m= - ^ in (I) gives the same result. 

4. Use the binomial series to show that if x j<i then 


(0 

(ii) 


1 +x- 


(I - xf 

1 +x _ 

(T-.vj=^ “ 


I +3X + 7X- + I3.V® +; 
I +x + 3x^ + 3x-‘’ +.... 


5. Show that when the series 

X® X® 

I + X + —. H-: + 

2I 3! 

is differentiated term by term the same series is obtained. 

6. Assume that (t+.v)'* =<7o + fljX+t’2X-+... and find the expan¬ 
sion from the equation (i + -v) ^ = 6jv, showing that it terminates 
at the term in x®. 

7. Sliow that the equation (II) can be regarded as giving the result of 
passing from the second series to the first by integration. 

Obtain a result by integrating both sides of 

(I + .v)^ = I + ’ .v2 + + ... . 


8 . If (i+.v)" =Co+riX + C2x2 + ...+c„x'‘ where « is a positive integer, 
slunv that + Cj +C2 + ... +c„ =*2”. 

By differentiation and integration, find the values of 

(i) r, + 2C2 + 3C3 + ... +nc„ ; 




n +1 



In the case of the series for (i - .r) 


^4 


p. 230, show that 


ti 


>1+1 


u 


-^9 

100 


if 60. 


with x = considered on 
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10. Write down the first five terms of (i —.r) ® and simplify them. 

If x = % show that the 20th and 21st terms are equal, and that 
starting at the 21st term, the terms of the series are less than those 
of a G.P. whose common ratio is 104/105. 

11. Write down the first five terms of the series for (1 - x)~^ and show 

that the fifth term = — ' ^ ^ o ^ 

2.4 . O . o 

When do the terms begin to diminish if * = -7? 

12. If y = 1 — - , expand in powers of y as far as the term in y®. 

13. Write down and simplify the (r+ i)th term of (i 

If x = -9 show that this term is numerically less than the previous 

one if T> 18. 

14. If o<x<i and r-t<m<r show that the expansion of (1 +x)^ 
consists of r +1 positive terms followed by negative ones. 

15. If p and g are positive integers with g>p and if o<igx<C.i, expand 

{i ~gx)^, giving the first four terms and the general term. 

Show that the ratio {n + i)th term//ith term <qx. 

16. Expand (i+x-hx^)^ in ascending powers of to lour terms: 

(i) as {I + (a: + x^)}^ assuming | x + 1 < i and 

(ii) as(i 

Further Examples on the use of the Binomial Theorem 

Examole 1 . If — ^ —r, is expanded in powers of x, find the 

I - yx + 12.tr 

coefficient of x" and the range of values of x possible. 

The fraction s_?_+ —^— . Each of these fractions can be expanded 

I - 3 .V I - 

by the Binomial 'rheorem, or regarded as the limiting sums of geometric 
series. 

The first fraction is x + 3X + s^x* + 3®x» + ... + 3"x" + ... and is valid if 

I 3-^ '<*• 

while the second is 1 + 4X+4^x2 + 4®x® + ... + 4"x''+ ... and is valid if 

|4X|<i. 

Consequently the given fraction is 2+(3 + 4 )-'-'*'( 3 ” 

valid if I X i<i. 


The coefficient of x" is 3" +4’*. 
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Example II. Expand ^ as j:®, given \ x 

The expression = (i -jc)(i 


<1. 


{I-X) |i+(-i)(-*=)+ Li^)( 



= (i -A,-){i +2X® + |a:* + ...) 

= i - x + iA*® - +.... 


Example III. If | x [< J, find an expression in powers of * as far as the 

term in x* for ;-^ • 

(I - .x) (I + 2A-)^ 

Suppose the given fraction s ——|- - -1- ^ • 

i-x :+2.v (i+2a)2 

Then I s<2(i+4 .v + 4.v-)+6(i+a:-2a-)+c(i-a) and equating terms 
gives 

a+b+c=i 1 Adding these equations gives ga — i. 

4^7 + Z> - r = o j 

4a~2b =o I a = |, 6 = 1, c = |. 

[The “ cover-up ” rule also gives a = ^.] 

The given fraction is —^-+- - -H- - -. 

9(1 -A') 9(i+2.v) 9 (i+ 2 x )3 

Expanding by the Binomial Theorem, j 2X \ being <i, the fraction is 
the sum of the series 

ifi+.v + .v 2 +.v 3 +.x^ + ...} 

+ i; ; I - 2 .V -j- 2 -.V- - 2 \\^ + + ...} 

+ [; ; ! - 2 . 2 A- + 3 . 2 -A' - 4 . 2^X^ + 5 . 2 ^A^ ...} 

and so is i {9 - 27 a-+ Si.v-- 207A'3 + 513.V* - 

= I - 3 A-+ 9 .v 2 - 23^3 + S 7 A'* - . 


Recurring Series 

It is worthwhile to examine Example III from another point of 
view. 

Suppose ''' ^ 

Then i _ (i 4 -3a-- 4.v’)(ao + «i.v + + Oa.v® + ...). 

Equating coclhcients gives rto = i, Oi + 3t2o = o, a2 + 3ai=o, 

• • ^0 — ^— 3 » ^2 ” 9 » ^3 ” *” ^ 3 * 

This method is quicker than that using partial fractions. 
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The general relation between the coefficients is 

and the series obtained is a recurring series with scale of relation 
I +3* -4x^. (See p. 221.) 

Example IV. Expand in ascending powers of x as far as 

given Put jr = i and hence find the value of 9^. 

(2+x)4=2* 

\ 3 2 2! 4 3' ^ ) 

.1 ( . X . 5^ \ 


\ 3 2 2! 4 3 ^ 8 

, f X \ 

Putting X ss i, 

(4)*-i”3^6■"■ ■•■} 
=^ 2 -of ^3333 

- -003472 
+ -00024 
si2-c8oiO 

/. gi —2 0801 to 4 dec. places. 


3 ) - 0^3333 

8 ) -027:77 

•003472 

5 

9 ) •oj73^ 
8 ^ -oo 19^ 

•00024 


Examples 93 

Express the following functions in partial fractions ; find the first three 
terms and the coefficient ot a*'’ in the poucr scries equal to tliern» stating 
in each case the range of values for x for which the series are valid* 


I +x - zx^ 


X ^ i 


3 + A 

2 . ' 

I - X- 

I + 2 A - A* 


14 A* - I 
1 + 2A - 8.V^ 

. a + 6 + (a - 2h)x 

V* - ■ .y~“ 

I - A - 2 A'^ 


-t- 6 -I 3 A + 6 A- 2 - I -A^ I - A- 2 A- 

7. Calculate 4/28 to 4 decimal places from 3(1 + i/3'’)^- 

8. Expand (1 -x^)"* to 3 terms and by putting x = i calculate 

9. Identify the binomial scries i 4-2X + 3.v^ + 4.\-^ + ... . 

For what value of x is its sum equal to 10000? 


10. If I X |<i 


show that | + .y/(; ^2 2 
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If 


_- is expanded in powers of x show that the 

( 1 -x)(i-2 X)(l - 3 .V) 


coefficient of is 36, and that this term must numerically oc less 
than xh for the expansion to be valid 


12. Find the expansions as far as for Nos. i and 3 without using 
partial fractions. State in each case the recurrence equation 
between 3 consecutive coefficients. 


13. If logjy'=;i log 


I +x 
1 - .V 


show that (I - x^) 



Hence if 


prove that (r+ i)<ir+i “ =® given that | x I<i. 

Obtain a corresponding relation if =£brX'. 

14. It - =flo + <j,.v + <7«x2+...+^j„x’‘+... , the senes being 

^ 2 - 7 .V T O.v- 

convergent for sufficiently small values of x, prove that 

2an-7"n-l+6a„-2 = 0 

for all integral values of ti from 2 upwards. 

I'sing partial fractions find the value of a„ and determine for 
what range of values of a* the series is convergent. (B*) 

15. Use the Binomial 'I'heorem to expand both the expressions *,'( i - 2x) 

and ^ in ascending powers of .v as far as the term in x* in each 
2 - X 

case. State the range of values of x tor which each ot the expan¬ 
sions is valid. 

Prove also, by putting x = in your expansions, that ,./6 differs 
from tuo by less than o-ooo,oi. (O- ^ 


The Exponential Series 

It has been explained in Chapter IV that the derivative of is of 
the form ka^ where k is a number, depending on the value ol a but 
not on the value of .v. 

Also that there is a number e (approximately 2'7) such that, in the 
case ^\hen a — e, the number k=i. 


■r 1 

/. if y = e^, then = e* 


</v 


and satisfies the equation ~y 


(I) 
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As for the Binomial Theorem, which involved the more difficult 
relation (i +») easy to show that the solution of (I) is 

unique except for a possible constant multiplier. 

For if^/j is a solution different from e*, so that ^ since 

e* is never zero, we can differentiate to give 


± fjf'j ^ ^ 


,2r 


= 0, 


dx \e^I e 

so that yije^ is a constant. 

/. = where A is a constant. 

Now if the power series aQ-\- OiX -r a.^x~ is a solution of (I) 
we have 

fl, + za^ + 3 < 23 Jc® + 4 « 34 A.'® + ... =^0 + fli'V r tiiX- -t- UbA" t ...» 

and get in succession : 


<1\ — ^0 




I 


II 

N 

0, = ^ 

^0 



i 

3«3=«2 

«3=2 

• 3 



1 

404 = 4*3 

« 4-2 

• 

1 • 


a 


o« 


so that the solution is 


Oo 




.2 


2! 3 




It follows that 


Putting x = o on both sides wc sec that /< = ao ; 


£•'=!+- + 


r! 


.(IT) 


12!’ 3 * 

The series on the right is the expo/ieufial series and will be denoted 
by exp X, this notation meaning the series. 
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Thus ( 11 ), which is the Exponential Theorem, may be restated as 


e* = exp X. 



Note that e = exp i = i + - + —j 



Second Method 

On p. 229 we gave a second method for obtaining the Binomial 
Series, the coefficients being found in turn by repeated differentia¬ 
tion followed by putting x = o in the resulting identities. This 
method is equally effective for the Exponential Series, and its 
application is left as an exercise for the student; it will be dis¬ 
covered, however, that it is no more simple than the preceding 
method. 


Convergence of the Exponential Series 

Unlike the Binomial Series, the Exponential Series is convergent 
for all values of x. 

Consider, for example, the case when a: = 6. 

The first six terms are 



6 = 6 ^ 6 ^ 6 ® 


2J 


t 


! 


I 


So far the terms increase steadily, the last one being 324/5 =£= 65. 

'rhe seventh term is equal to the sixth. 

The next six terms get steadily smaller, for moving on we multiply 
by I, A> rr. 1%. -‘nd so reach the 13th term. After this we 
multiply by f-j, vi, rs, and so on, and each term is less than half the 
preceding one. 

Calling the 13th term w,3, the sum of n terms starting at the 13th 
is less than ^ 4 -v i +... to « terms), i.e. is less tlian 



However far we go the sum is less than M13 x-^ or 21/13, and the 

whole series less than sum of ist twelve terms + Uvice 13th term, and 
so is convergent. 

An exactly similar argument applies for any positive value of x. 
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Suppose the integer r^x, then if we go beyond the 2rth term each 
term is less than half the previous one, so that however far we go 
the sum is less than 

the sum of the first 2r terms + twice the (2r+ i)th term. 

Now consider the case when x is negative, for example - 6. 

Every second term is negative ; the 13th term is the same as before, 
and the odd-numbered terms starting there are less than 

*<13(1 + i + •••)» 


while the even-numbered ones are negative but are numerically less 
than «i3(| + g + 3V + ...). both of which series have finite sums 
however far they are taken. 

Thus (the first series)-(the second series) gives a finite result. 

The general case of exp ( — ■*) may be dealt with similarly. 

It should be noticed that since exp is a convergent series, the • 
remainder after n terms can be made as small as may be wished by 
increasing n. 

Now in the series exp(-/t) the remainder consists of the same 
terms as for exp k but has every second one minus, so that the 
magnitude of the remainder at any stage in the series exp(—/<) is 
less than that in the series exp U, so that exp ( - A) is the more rapidly 
convergent of the two. 

There is no possibility of oscillation as in the case of the series 
I + ( _ 1) + ( _ ,)2 + ( _ 1)3-,-... since, after a finite number of terms, 
the terms of any exponential scries diminish indefinitely. 

The student must make sure of remembering tliat 

The binomial series for (i +x)"’, where m is not a positive 
integer, is only convergent if 1 xj <x, but 

the exponential series exp x is convergent for all values of x. 

Of the other series to be considered in this chapter, some will be 
like the binomial series and some like the exponential series as 
regards convergence. 


e is not a Rational Number 

For if e were a rational number ^ where p and q are integers, then 

<1 

q . e would be an integer and so would e{q\). 


But t ,q\ = integerH-P 


+ 


q + i (? + t){y + 2) (9 + i)(^ + 2)(9 + 3) 


V 
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Now 


g-fi '*'(?+1) (? + 2) (9 + i)(g + 2) {9 ^ 3) 


+ 


+ •«« 


is less than 


+ 


+ 


9+1 (9+1)^ (? + i) 


+... , which is a g.p. whose 


sum 


e. 9! = integer+ a fraction, and so the hypothesis that e is 
rational is false. 

Example I. Calculate the value of from the series to 5 places of 
decimals. 

The method is to get each term from the previous one by dividing, 
expressing tlie result as a decimal, and workmg to 7 decimal places. 

I = I‘000,000,0 


.= ■333t333»3 


\\- I 


0 

0 

0 


3/ 2 

i\3 I 

3/ 3 

i\‘ 1 


J/ 4 
i\5 I 


(.;) 

0 

0 


-V 5 

ly I 

3J *6 

iV 1 


* -055.5550 
= -006,172,8 


= -000,514.4 


= -000,034,3 


= -000,001,9 


dividing by 6 
dividing by 9 
dividing by 12 
dividing by 15 
dividing by 18 
dividing by 21 


= * 000 , 000,1 
1-395,6123 

It is unnecessary to go further, as the next term starts with eight zeros. 

= 1*395,61 to 5 decimal places. 


1 -X . 


Example 11 . Find the first five terms in the expansion of — in powers 
of X, and state the rth term. 

I - .V , X r / ^ / .X“ X® x^ \ 


X2 X"* X* 

I - x+ ,-, + , - ... 

2! 3! 4! 


- 


A*^ A' 


i. 


2! ' 3! 
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= I - 2x + ^ + .5 ^ 

2 3 24 


The rth term will be ( - I r: + p ——ri^ 

= ( - . r/(r - i)! 


The Hyperbolic Functions 
Given the definitions 

Hyperbolic Sine of x = sinh .v = i (e'- e"'), 
Hyperbolic Cosine of x = cosh x = i {e^ + e~'), 

(i) write out the series for sinh x and for cosh x, 

(ii) prove from the definitions that cosh- x - sinh- x = i. 


X^ X * 

(i) Writing down + x+ ^ ^ * 




x^ x^ 

= I - X + ~.-; 


21 


I 


-.1 


I 


X 


.5 


1 


we see that 


x^ x“ X 

sinh X —XH—; H —. + ... + , - 


2r + l 


I 


t 


..I 


(2r+ 1)! 


X* X 

cosh X — I 4- i + -, + ... 4- 

I 4 I 


2 r 


4 - . • 


2! 4! (2r)! 

(ii) cosh- X means the square of cosh x, as cos- x is tlie square of 
cos X. 


By the definitions cosh'^ x = i (<?-* 4 -2 4 -e 

sinh'-'x = -l(e2--2 4-^""') ; 

cosh* X - sinh® x= 1 (2 4 -2) = I. 

Alternatively, cosh x 4-sinh x = e^ and cosh x - sinh x=e“*, 
so (cosh X 4- sinh x) (cosh x - sinh x) = e-* x e~^ = i. 

Note that just as {a cos /, a sin /) necessarily is a point on the circle 
X® fy*=:a®, so tlie point {a cosh f, a sinh /) is necessarily a point 
on the (rectangular) hyperbola x®—y® Hence the “hyper¬ 

bolic ” in the names. 

There is one important difference, however; to every point on the 
circle x® 4-y® there corresponds a value of /, but since cosh / is 
positive for all values of t only points having positive x can be 
determined by {a cosh t, a sinh t). 

It is usual to pronounce cosh in the natural way as spelt, and 
most people pronounce sinh as sinsh to match cosh. 
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Examples 94 

Write down the first four terms and the (« + i)th term of the following 
series: 

I. Exp 2x. 2. Exp ( - 3.x). 3. Exp 

4. Exp (i)+exp ( - i). 5. (i+A:)expx. 6. (1 - 2.v) exp (-jc). 

7. Calculate the value of e from the series correct to 4 places of decimals. 

8. Calculate the value of from the series correct to 12 places of 
decimals. 

9. Find the value of cosh 2 to 3 places of decimals (i) from the series 
(ii) as \ (e- + e“-). 

10. What is the «th term of the series exp (log* 2)? WTiat is the sum of 
this series? 

11. Find the first 4 terms and the coefficient of x' in the expansions of 

(i) (i (ii) (e-^+ i)“. 

12. Find the first 4 terms and the coefficient of a;** in the expansions of 
(i) (/) ■^qx)e^^, (ii) p cosh .v +^.v sinh x. 

13. In the expansion of e* find which term is the first to be less than 
unitv, showing it to be 2048, 2520. 

14. Which term in the expansion of e'^ is such that every subsequent 
term is less than one-third of the previous one? 

sinh X , 

, - , to match 
cosh X 

sin X 

tan x --, 

cos X 

prove by division, using the first 3 terms of each series, that 

tanli .v = .v - 3.v^ + iV'-'*” ••• • 

16. Use the definitions to prove that 

cosh 2.V = cosh- X + sinh^ x, 
sinh 2X = 2 cosh .v sinh x. 

17. Write dou*n the first six terms of exp x and of expy and multiply 
them togeilier. 

Show that up to terms of the fifth degree in x and y together, the 
result is the first six terms of exp (.v v). 

[If this process is carried on—and it can be proved that it is 
legitimate to do so—we shall be proving from the series that 

exp x X exp v = exp (x +>») 

without any appeal to the index laws for e^.] 


15. Defining tanh x (pronounced tansh x) as 
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The Logarithmic Series 
just as we go from the series 

Qq + a^x + a^- + +.(i) 

to the series 

ai + 202^ + + 4«4A,'^ +.(>>) 

by differentiating the series term by term, 


so we go back from series (ii) to series (i) by integrating term by 
term. 

This is done by taking the definite integrals of the separate terms. 
Now iflt|<i, i/(i+?) = i- Z + Z^-i^+ - i)"^" + 

Integrate each side of this from o to .v when | a: [ < i. 

The L.H.S. gives log, (i +x) —log, (i +0) which = log, (1 +a). 

The R.H.s. gives the series 

+ ++ 0 + "-; 

/. log,(n-= + .+(-!)" 

This series is the logarithmic series. 

In this, I X 1 must be less than i, but x may be negative. 

If we write — x for x, the result is 

( ^2 v3 \ 

^ + - + y771'^ •••) 

The negative result, when x is positive, agrees with the fact that 
the logarithm of a proper fraction is necessarily negative. 

It is often convenient to omit the e in log, x or log, (i + a) when it 
is clear that logarithms to base e are being used and there is no 
danger of ambiguity. 

Notice that there cannot be a series for log x in powers of x, for 
if we were to suppose 

log A = + ayX* + ... , 

putting x = o we should get - a:>= a, 

and so the finding of the coefficients breaks down at the outset. 

Note carefully that the logarithmic scries is like the binomial series 
in that it is only * convergent if ] a [ < i. It is unlike the exponential 
series, which is convergent for all values of a. 

* Except tKat it is convergent when x = + i (not when x ^ “ * )• 
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Unless X is quite small the logarithmic series converges too slowly 
to be suitable for numerical calculation of logarithms. 

But from it, another series more suitable for calculation is found 
thus: 

, . . 3^ 

log (I - \ -1--... 

2345 

fS v 3 

and log (i—A')=—a;-*-...; 

2345 

I + ^ 

Now log-slog(i+:r)-log(i-A-'), 

1! X 


, I + .V / \ 

log- =2 .VH-1-H... • 

I-A- \ 3 5 / 


I I + X 

Example I. Put ;r = - in the series for log - - and calculate log 2 to 

4 places. [Here log 2 means, of course, log^ 2.] 

If a; = - , ^-^ = 2 and log 2=2 : 

3 I-A’ V3 3^-3 3^-5 / 


-=•333.333. 

o 

p=-037.037. 

^=•004,115. 
= -000,457, 

-*,, = •000,051, 


ist term =-333,333,... 
2nd term = *012,346, ... 
3rd term = *000,823,... 
4th term = *000,065, ... 


5th term = -000,006,. 




Total = *346,573 
log 2 = -6931 to 4 places. 

Note. Putting .v= i in the series for log (1 +a.*) gives a convergent series 
equal to log 2, though neither the convergence nor the equality have 
been proved. However, the scries converges too slowly to be of use for 
numerical calculation of log 2. 


7- iTrn i+.vw + i ,,, . ... n+i 

bxample 11. rut - = - and deduce a senes for loe- 

1 - .V n ^ n 

\\ e get n h h.y = /; + 1 - (^j + i)a.* giving .t= I/(2« + 1 ). 
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I +2X 


Example m. Find a series in powers of x for log - _ „ . stating the 

1 3 ** 


range for which the series is convergent. 

2**^^ 

We have log (i + 2 jc) = ax-1- 


+ . . . 


2X \ <1 


and 


- 3 ^)= - 3 -v- 


32^2 33^ 34.,4 


3.Y [<i. 


234 

To make both series convergent it is necessary that [ x |<i. 1 lien 

(! ^fx) (I + 2 x) - (I - 3 x) 

= 5^' + i (3== - 22) .v2 + i {f + 2^) X-^ + i (3^ - 2*) A-* + ... , 
the nth term being {3" - ( - i) "2"Jx''. 

Examples 95 

1. Write down series for (i) log (1-02), (ii) log (-99), (iii) log (1 + 

2. (i) In the series for log-7 put xs= i and calculate log 3 trom it 


I - X 

to 4 places of decimals, 
(ii) In the series for log 


put «=4 and calculate log-4 from it 

to 5 places of decimals. 

Using the result of worked Example I, find log^ 5 4 places. 

3. Obtain log, 10 from log, 2 and log, 5 (Use result of 2 (ii)). 

How can this be used to find the common logarithms of 2, 3, 5, 
etc.? Use it to find logn, 2 to 3 places. 

4. What are the values of x so that —— may be (i) 5, (ii) y, (iii) 11 ? 

(The series obtained for log 5, etc., converge too slow ly to be 
useful for calculation.) 

Give series in ascending powers of x for the following Nos. 5 to 
9, and give in each case the general term as well as the first 3 terms. 

5. log(i+2x). 6. log(i+.v)^ 7 * log(*+'^')' 

8. log {(i+x)(i - 2.v)}. 9- k’g {(*+ar)(i + 3x)). 

10 . Expand log (2+ x) as log 2 + log ^ I + and hence calculate log 2-05 

given log 2 = '6931. 

IX. Prove that: 

... , fx- I I (x- 1)=’ I (v- l)^ 

(.) log = + ,.+ ■■■ 

(ii) log (I +*) = log IT + 2 + 3 • (li + ,)» + 5 ■ (2.V + 
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(iii) log (* +1) = 2 log a: «log {x - i) 

1 


-2 


I 
+ - 


I 

+ - 


■) 


2X^ - I * 3 ~ 1 )® 5 - l)® 

12. If I X |>i prove that log (x + i) - log x = - - - . ^+ - •Za’*’*"* 

X ^ X 2 

13. Putting x = o*i in the series for log (i +x) find log ii/io to 5 places. 

Find this also from the series for log (Example II). 

14. IfP=-log(i+^), !?=-Iog(i--^5). i? = log(i+5>ii),prove that; 


log2= 7P-2(2 + 3/?, 
log3 = iiP- 3(3 + 5 f?, 
log5 = i6P-4!2 + 7i?. 

Calculate the logarithms to base e of 2, 3, 5 and 10 from these 
results, to 5 figures. 

Deduce the logarithms to base 10 of 2, 3 and 5. 

15. If a+b+c = o, ab+bc + ca=q, abc-r, show that 

log (1 - ax) + log (i -ix) + Iog (i -cx)slog (i +9x*-rx®). 

Csing the logarithmic series, and by equating the coefficients, 
show that: 

(i) + c* = - 29; 

(ii) a* +b* +c* = 2 g^ ; 

(iii) a® +A'" + - 2 q^ + 3r*; 

(iv) 6i: = 5 X a® . i: 


The Trigonometric Series 

That there arc expansions in powers of x (the radian measure) for 
sin .V and cos x is suggested by some approximate values when x is 
small, which may have been learnt earlier. 


Since Lt 


sin .V 




= 1, it follows that if x is small sin x^x. 


Hcncc cos X = I - 2 sin" —2 — , i.e. cos xioz - - 

24 2 

From these results further approximations can be obtained by 

r iX^ 

integration ; tltus sinx= I cos x dxzc^zx -1-^ where x = o gives 

V 2 • 


: = - J sin X dx^ - 


.»4 


+ . - 

2 2.3.4 


+ k where x = o gives 


/e = o and cos x 
k=j. 

But these results are only useful when x is quite small. Also the 
error in tliem is uncertain. 
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So it is better to use inequalities * and the fact that the integral of 
a function >0 between the limits is >0, as 

Taking x and t pobitive and using cos Wiicn />^o. 


J* (i—cos t)dt>0‘, 

f (t - sin t) i//>o ; 

J 0 

J ^cos ^ — I; 

J'(sin«-i + 0*>o; 


X - sin A^>o or sin xCx. 


~ + cosJc-i>o, cosa:>i 
2 

sinx-;>:+ ,>o, sinA:>* 

3! 

^2 ^.4 

I — COS X -1-i > O, 

2 4! 

X- X* 

cos JC < I — , + - i > 

2! 41 


X^ 

2 

.V^ 


and so on as far as we please, the results being 

smx = x--,+ 

x^ 

These results can also be obtained from tlie differential equations 
satisfied by sin x and cos x, but not so easily as for llie binomial and 
exponential series. 

^ A d ■ 

Since — sinx = cosx and cos a; — — sin x, 

dx 

both sin AC and cos ac satisfy the equation 



and hence this equation is satisfied by A sin x + B cos x where A and 
are any constants. 

To ensure that the scries for sin x and that for cos x arc obtained 
separately we must make use of the facts tliat 

sin * = — sin ( — ac) but cos ac = + cos ( — x). 

From these equations it follows that 

the series for sin x can contain only odd powers of x 
^d the scries for cos x can contain only even powers of x. 

• As in the Report on Aie Teaching of Calculus in Schools. 


I 


T. \ A. 
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If both even and odd powers occur the change from x to -x will 
change the numerical value. 

If now we assume 


•■(i) 

.(ii) 


jy = sin a: = aiX + + a^x'^ +. 

we get = cos x = ai + :^aaX-+ $0-^^+'ja^x^ +... , . 

® ax 

= - sin jc = boaX + aoasX® + 42a7A'^ +.(iii) 

dx- 

d^' 

Comparing (i) and (iii), using .^.= -y, we get 


-603 = ^1 -2005 = ^3 -4207 = 0;,, etc. 


Giving 


X^ X* .x^ _ 

6 ^ 6.20 6.20.42 


in x = o, - 

/ X® x’ 

= 0, (x— i + —1 - —, + ••• 

‘\ 3 i 5! 7! 




Since sin .v=o:x for small x and letting x^, we see that 0^ = 1 and 
get the required result. 

In the course of this process we have also found the series for 
cos X, series (ii), 


cos 




.y2 X* 


• • 


cos X = 1 —. 


2! 4 


I 


Convergence of these series 

It will be seen that these series are like the exponential series in 
having x" divided by «! 

'I'hev are in fact obtained by taking either the odd or even powers 
of X in tlic exponential series and then changing every second sign 
to minus. 

It follows that, lihe the exponential series^ they are convergent for all 
values of x. 


Periodicity 

The series discussed previously have, for positive values of x, 
increased as x increases, or decreased as .v increases, as in the cases 
of log ( I -I- x) and exp ( - x). This seems the natural state of affairs, 
but it does not occur in the case of die series for sin x and cos x. 


• The explanation of this remarkable fact is given on p. 
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Like the function represented, the series x -1 +—... is zero 

when x = Of increases to t when x = ^ and decreases to o again when 

x= 7 ry after which it is negative till a: = 277 - ; also the value is the same 
for x = a and x = 27 T + a. 

Again the series i- + ... diminishes from 1 to o as x 


2 ! 


7T 


increases from o to - , then becomes negative and is such that its 

2 

values for x = a and x = 2n — a are the same. 

These results have been proved when we have proved that the 
series represent the functions sin x and cos x. 

Approximate numerical verihcation is possible, but takes a good 
deal of work. (See Example IV below.) 


Example I. Obtain series in powers of x for sin at and sin- x. 
(i) Replacing x by 2x in the series for sin x. wc have 

2’x^ 2^X^ 


sm 2X = 2X - 


(ii) sin* X = 4 (* “ cos 2x) 


3! 


, r / 22 x* 2*X* 2'‘.V« N) 

H‘ 41 '' 61 ^ - j| 


2X* 2*X' 2^X^ 

TT ■ 4 T 61" 


Example II. Calculate the sine of one-fifth of a radian from the series 


sin 


1 I s\ 5" 


5 5 3 

The calculation is as follows : 


I 1 

3 

! ■ 5I 


ist term 

Divide by 5 
Divide by 5 
Divide 6 

2nd term 

Divide by 5 
Divide by 5 
Divide by 20 


= - 200 , 000,000 


["•040,ooo,ooo“| 
L -008.000,000-1 

■oo».333.333 

C •000,266,666"] 
•ooo,o53,333J 
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3rd term 

Divide by 5 
Divide by 5 
Divide by 6 
Divide by 7 


•000,002,666 


p •000,000, 

I ‘ 000 , 000 , 
L *000,000, 


•000,000,533 “I 
,106 
,017 J 
= ‘ 000 , 000,002 


4th term 

Adding ist and 3rd terms and subtracting 2nd and 4th terms: 

sin 5 = *200,002,666 

-•001,333,335 
= •198,669,331. 

Example III. Using terms of the series for sin x and for cos x as far 
as work out sin- .v + cos- x as far as the term in a;*. 


sin- X 


( x^ x' \ 

i*= I .V - , +-+ •••) 

\ 6 120 5040 / 


^x--- + 

3 

.1 




.V - 16 


^X- -+A 


6 


— X 


360 2520 


cos- A- = ( I - - -t- - 

V 2 24 




24 720 40320 




1 - X' + X 


\4 12/ \36o 24/ V576 72 

64 


’ ) 
20160/ 


= l - A- +X* - X^ ^ —— + ... , 

3 360 20160 

hut sin-A- = A--- A''. * + A'* -T —a:®— + ...; 

3 360 2520 

sin- A* + cos- A = 1 -f OA- -f o.r* + ox® + oa* -t*.... 

[By working out the general terms, it can be proved that 

sin- A + cos^ A= 1 

from the series.} 

Example IV. Using 4 terms of the cosine scries and taking tt®—10 


obtain a roiij^h appruximation to cos — 


The terms are 


77^ 


I - 


+ 


7 T^ 


7 t' 


^ n 


•{' 


4.2! 16.4! 64.6! 

1 


I I 
+ 


1000 800 3840 46080 

sss I000{-001 - ‘00125 + - *00002} 

*= IOOO(-OOI 26 - ‘00127} 

= - 1000 X ‘ooooi = - ‘01, and the fifth term is positive. 

[A more accurate value for ar- and a few more terms would bring the 
result nearer to zero.] 
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Gregory’s Series for tan“* x 

Just as the logarithmic series for log(i+A:) was obtained by 
integrating both sides of the identity 


I +t 


= I —— + 


if ! M<i. 


so another important series is obtained by integrating both sides of 
the identity 

1 


1 


= i - + - + 


if i t t<i. 


dy I 

If y = tan“' it can be shown that , so that 


£ 


dt 


= tan ^ X — tan ^ o. 


-1 


Ql+f^ 

Hence integrating the second identity above from o to x we get 

x^ 

tan~‘ X - tan"* o = x- - - 

3 5 7 

Now if & = tan"‘x, I tan ^ l<i if 0 lies between and or 

4 4 

between and — or between ^ and or, etc. 

4 4 4 4 


7T TT 

In the range — to + - the angle tan"* o is itself o, so 1 .liis 

4 4 

range we get 

, x^ x^ 

tan ^ x = x -1-h.., 

3 5 7 

. ^ tan® 0 tan® $ tan’ $ 

or 0 = tan 0 - -+-+.(I) 


3 5 7 

Either of these statements is what is called Gregory’s Series. 

Note that in the range ^ to — the angle tan"' o is tt, and the 

4 4 

left>hand side of (I) would for this range be tan"* x -n. 

Calculation of TT 

Using the formula for tan {A +B), we see that 


tan-* i + tan-* J =tan-* 




i-i. i 


= tan ' 1 = - 


n 

4 
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Hence the value of - is found as the sum of the two series 

4 

and 3 “ i (3)^ 5 “ HD' + 

from which the value of tt can readily be found to a few decimal 

places. 

Note: The Logarithmic Series and Gregory’s Series are each con¬ 
vergent provided ]xj<i, and in that range give the values of 
log (1 + a:) and tan"* x respectively. 

It is shown in Chapter XII that the first of these series is con¬ 
vergent if a:= + i, but divergent if a;= -i; the second behaves 
similarly. 

It can he pro\ ed, but the proof is outside the work covered in this 
book, that wlien .v= -i-1 the series still give the values of the func¬ 
tions, which are given by the series when | a- |<i, so that 

log 2 = I - i 4- ^ - I + -5 - ... 
and ^^tan'* i = i+ -- 

both these scries, however, converge so slowly as to be useless for 
purposes of calculation, and other series for calculating log 2 and - 
have been given already. 

Examples 96 

1. I so COS" A • .I (j i-cos 2v) to obtain a scries for cos* a, stating the 
tir>t i<iiir lorins. 

2. C ,;1. niaio Irotn the scries : 

fii Su'.c «'t one-tcntli of a radian to 8 places. 

<;i) «. n-ino i>i <tnc radian to 4 places. 

3. I • L’ 1! u rnis of cacli series find a series for 2 sin x cos x as far 

■ i.' 'i.po ilic result \^ilh the scries for sin 2.v. 

4. A.s ;n UMil,. ,i i.N.air.ple l\’ tind a rough approximation (from the 
seras! l-u 


5- 

6 . 


If A' is se. 1', I t’-c f'r<t three terms of a scries for tan x in ascend- 
II L’, powf' t.. \ i \ sin A b} cus A, taking each series to 


4 terms. 

Show that li.i m.a two terms in the series for sin 



give its value 
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correct to 4 decimal places by considering the value of the third 
term. 

Find the value of sin 6° given by these first two terms and com¬ 
pare with the value given in the tables. 

7. Use the series given on p. 252 to calculate the value of n to four 
decimal places. 

Find also the values of tan“* \ and tan“* J separately and compare 
with the radian measure of these angles as found in the tables. 

8. Find Gregory’s Scries by assuming 

y = tan~^ a: = rtg + a^x + + ... 

and substituting in the differential equation 



I. 


Q. (i) Show that 2 tan“‘ - + tan~^ - = - • 

^ 3 7 4 

(ii) Use the scries for these angles to calculate the value of tt. 

xo. Obtain a power scries for sin“^ x from the differential equation 
^(sin-' x) = {i -x'-')-*. 


XI. Use the series for e~* and sin / to find the first four terms in the 
power series for e~’ sin t. 

12. Prove Machin’s formula 4 tan"' ^ - tan”* = •• , and write down 

5 239 4 

an expression (in series) equal to n. 

13. If tan is so small that tan’ 0 may be neglected, use the equation 

- . tan * 0 tan* d 

e = tzne -+- 

3 5 

to find, in succession, the approximations 


Xsind~d\ tan0:^<?+y, 
and find the next approximation. 

14. By multiplying together the series for sin x, cosh x, etc., show th.at 
sin X cosh x - cos a' sinh x = | a:* + terms of higher power than .v“. 


Maclaurin*s Expansion 

If for any function /(a:) of x there is an equivalent convergent 
power series, a general form for each coefiicient in that scries can be 
found by repeated differentiation. 



THE STANDARD POWER SERIES 

f{x)-=aQ-^a-ipc + a^- + + a„x'^ +... , 

f\x) =*2i + 202-^ + 303."^“ +... + n . +..., 

/"(.v) = 2a2 + 3 • 2 fl 3 A; + 4 . 3 a 4 Ji^ + ... 

+ 71 (7i- * + ..., 

/"'(^) = 3 • 2^23 + 4-3 • 2a4-'« + ... 

+ n{ji-i)[n-2)a^x^ ^ + ... , 

and so on. 

In these equations put .v = o, remembering that, for example./"(o) 
means the value of f'\x) if .v is put equal to o after the differentiation 
has been performed ; we get 

/(o) = ao so that flo =/(o). 

/'(o) = ai ai=/'(o). 

/''(o) = 2a2 = 


254 

Thus if 
then 


/'»-3.2a3 

and so on. 



and so on. 


The general result for being ——j/"(°)* 

In all this it has been assumed that for any values of x concerned 
the values of/(.v), /'(.v)./''(■v)> etc., are finite, 
we have, in general, 

/(.v) =/(o) +/'(o)* + ~/"(o).V= + ~ /""(o).v’ +... + {o).v" +.(I) 

This series is known as Maciaurvi’s Expansion. 

All the power series discussed in this chapter can be found by 
using this general result. It has already been used for two of them. 

Anotlicr result, known as Taylor’s E.xpansion, of which the above 
is a particular case, can be proved in the same way, if the initial 
assiwipiion is made that the series exists. This is 

f(a + x) =f{a) + xf'{a) +*'"/"(«) + +.(”) 

Example I. Use Maclaurin’s Expansion to obtain the series for 
Iog(i +x). 

If f(x) = log (I + .v), /(o) * log I =* o, 
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ru) = - 


I 

(i +xy* 


2 

(i + .t)® ’ 


/rv(x) = 


3 • 2 

(i+xV 

etc. 


no) =-i. 
/"'( 0 ) = 2 , 
/IV (o) = -3!, 


the series is 

log (1 + x) = o + x — X- + —, - •^1 + ..., 

^ 2 3I 4! 

which is the usual series. 


Examples 97 

1. Obtain by Maclaurin’s Expansion the series for 

(i) ; (ii) sin x ; (iii) cos zx ; (iv) tan“* x, 

2. Assume that f(a + x)s Oo+a^ +a.>x- + ... , and prove that (II), 
i.e. Taylor’s Expansion, gi\es the value of the coefficients. 

3. Use Taylor’s Theorem to obtain the scries for (i +x)"’ and for 

(i 

4. If/(.v) = a' find /'(a:),/"(.v),/'"(.v), etc., and hence the scries for /(at). 

5. Find the first four terms in the expansion of c”* sin at using Mac¬ 
laurin’s Expansion. (Compare No. ii of Examples 96.) 

6. Show that (cos x + sin x) = (i + a)- if terms higher tlian the tiiird 
degree are neglected. 

7. Establish the following : 

c 

(i) sec x=i+* 

' 2 24 

.... X X' X* 

(n)- = I-- -; 

(iii) log (i +sin x) = x - + Jx® - ... . 

8. Show that an attempt to obtain an equivalent convergent series by 
Maclaurin’s Expansion fails in the case of (i) Jx, (ii) log x. 

Note. In order to prove the Expansions I and II without the initial 
assumption that the series exists, it is necessary to find a formula for the 
remainder after n terms on the right so that it may be equal to the 
function on the left. For this the student is referred to books on tlie 
Calculus. 

For further examples of the series and functions discussed in this 
chapter, see the set of examples placed after Chapter XII. 

12 


T.A.A. 
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Test Papers B 
B.I 


1. Define a logarithm, and from your definition prove that 

log, 


o’* 


,^j^n\og^a-log^b. 

, lo^(3.416' - 2) 

Use logarithms to evaluate- ^'•o2iy -* 


(L.) 


2. A man contributes j[,y$ per annum to a pension fund in which 
money accumulates at 3% per annum compound interest. What is 
the amount to his credit in the fund at the end of 35 years, the pay¬ 
ments being made at the beginning of each year? 

3. Write down the expansion of (i +a:)’ by the Binomial Theorem, giv¬ 
ing each coefficient in its numerical form. 

Prove that . ,,, 

(l + *002)’(I - *002)* 

(1-0003)“ 

is approximately '9947. 

To how many significant figures is this result correct? (L.) 

4. Sum the geometric progression 72+48-1-32 + ... to infinity and 

express the recurring decimal -672 as a vulgar fraction by using the 
rule for summing a geometric progression. (L.) 

5. If in the tjuadratic equation +6.t + r = 0, the coefficient b is much 
larger numerically than cither a or c, show that one root is large and 
that 

c oc~ 

~b~ b^ 


is an approximation to the other. 

6. By drawing tlie curves v = * and qy ® (.v - 2)®, show that the equation 

A* 

a {.v- 2 )- = 4 has one real root just greater than 3 and find whether 
the root is greater or less than 3-2. (L.) 


B.n 

1. Sohe the equations 

.v^ + .\t+_v= = 5. (B.) 

2. (i) ^\'rite down the ratio of the coefficient of .v'' to the coefficient of 

in the expansion of (1 + .v)", and show that this ratio is 2 if 
2n = y - 2. 

(ii) If the coefficients of three consecutive terms of (i +a;)" are in 
the ratio 6:3: i, lind ti. (B.) 
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3. If a, b, c are the first three terms of an arithmetical progression and 
also the first, third and fourth terms of a geometrical progression, 
prove that 

(i) a + 4^^) =6 (6* + 4*3^); 

(ii) i=ia(3±V5). (B.J 

4. (0 If 

x* + 2x + 5 A B C 

for all values of x, find the constants A, B, C, 

(ii) Find the factors of 

a^-Sx2+7a:-3. (B.) 


5. If the digits i, 2, 3, 4, 5, 6, 7, 8 are written down at random m a 
row, find the chance that no two odd integers are next to one another. 

6. Define e as a series and show that it is an incommensurable number. 

Prove that 


^ + 3 




4"-3 
n\ 




B.Ul 

1. (i) Solve the equations 

+ 3A;y + 2y^ - AT - 8 * o, 

2 X + 3^’ = 6. 

(ii) Find the sum of all even integers from 2 to 100 inclusive, 
excluding those which are multiples of 3. (L.) 

2. If j is the sum to n terms of an a.p. of first term a and common dif¬ 
ference d, show that 

n^d -n{d - 2a) - 25 ^ 0 . 


Hence, if a and d are integers, prove that (d - 2a)- + Ssd is a 
perfect square. 

If i = 247, a = 1 and if =* 3, verify that this is so and find n. (L.) 

If the letters stand for positive numbers and if a+b-=c prove that 

ab is not greater than — • 

4 

If a+b=c prove that {2a-b){a -zb)=^2c^ -<)ab and deduce that 
if ab is not greater than -- , then one of the numbers a, b must be 
at least double the other. (L.) 
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4. Sum the series 


A 

+-+ 


+ ... to n terms. 


1.3 2.4 3-5 

What is the sum to infinity ? . c • 

Show that the sum to 1000 terms differs from the sum to infinity 

by less than 


1000 


5. How many terms are there in the expansion of (a+& + c)^®? 

Prove that the number of terms that contain a is 5 times the 

number of terms that do not. 

6. Determine b and c so that the coefficients of x® and x* in the expan¬ 
sion of (i+A.v+c;c2) log, (i+x) may vanish. 

Prove that with these values of b and c the error in taking 


X + Ix^ 
i +bx + C 3 ^ 


for log, (i +x) is , neglecting powers of x higher than the fifth. 

(L.) 

B.IV 

1. If f{x) = ax^ + 2bx + c, where <27^0, prove that 

/(■'■). fiy) = {ac - 62 ) {x - yf 
if, and only if, x and y are connected by the equation 

fl.ty 4-6(A;+y) + c = o. 

Examine the special case ac — b^. Is the statement also true if 
fl * o? 

2. Show graphically that the equation -has two real roots and 

•V 

find the positive root correct to 3 decimal places. (®0 

3. By considering the number of ways of choos ng r letters from 
61, b.,, 63 ... 6„ prove from first principles that 

"-2C, = "C, + 2."C,_i+«C,_8 

without assuming any formula for "C^. (^0 


•4 _ \-3 a. 


^ ^ A,**' •• A* “+■ 2 • • i- * 

4. I'ixprcss —v>—s—\ as a sum of partial fractions in their 

^ (x-i)(.v--i)(.v-+i) 

simplest form. 

Show that, if -i<.v< +i, the function can be expanded in a 
scries of ascending powers of x and that the coefficients of a;*" and 
X-”-’ ‘ arc respectively 

(2/1 + i) +( - i)", 2W +( - i)". 

I'ind the sum of the coefficients of the odd powers of x up to 

(B.) 


An L 
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5. Find the sum of the series 

12-22 + 32-42 + ... -izn)-. 

Find also the ratio of the sum of the odd terms in this series to 
the sum of the even terms with their signs changed. 

6. (i) Assuming the logarithmic series, prove that 



I +X 1,1. A C 

-=ji: + -A.'® + -Ar + ... ad. inr. 

i -X \ ^ 


when I X |<i. 


(ii) If 


_ I I 1 I I j • f 

S, = -+ - .—« + - . -i + ... ad. mf. 

7 3 / 57 ^ 


and 




n 


II II A ■ C 

- . —5 + . —E + ... ad. inf., 
3 17“ 5 


show that log* 2 = 4^1 + 2S2, and find log^ 3 in terms of 5 , and 5 ‘... (B.) 


B.V 


1. On two successive days pounds sterling were quoted in New York 
at S<2 to the pound and %b to the pound. 

A man bought £x each day, paying in dollars ; another man 
applied each day to the purchase of pounds. What average price 
in dollars to the pound \%as paid by each man? What are these 
means of a and b called? Which is the larger? (L.) 

2. Factorise 


(i) -yfi ; 

(ii) 2x2-^2 4.2X +3^ - 2. (B.) 

3. Explain the meaning of the statement x^logj^y, using indices. 

Show how logarithms may be used to solve for x an equation of 
the type and illustrate by solving (5*4)^ — (4 5 )‘^*‘^. 

What is the sum to 20 turns of the series 


log f + log 5 + log J + log 1 + ... , 

the logarithms being to base 10? 

4. Solve the equations 


(L.) 


(0 


+ 2 + 


4 ^ + 3 


X 

12 


2(x + l) ' 6 

(ii) 3x2-a:^ + 5x = 9, 3x+>' = 8. 

Given that (i + x)^’* =Cq+C iX +c^x^ + ... +C2„x~’', prove that 


(B.) 


2n 


,Zn-l 


ii)Cf,+Ci+C2 + ...+C2„ = 

(ii) Cf, + C 2 + C^ + ... +r2n=2‘ 

If the coefficients of the third and fourth terms in the above 
expansion are in the ratio 3 : 8, find the value of n. (B.) 


26 o 
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6. If X is small and if 


x^ x^ X* 
y = x — +-, 

234 


show that we obtain as successive approximations for x in powers of ^ 


^.2 y 2 

x=y, x=y+’— , 


and obtain the next approximation. 


(L.) 


B.Vl 

1. At the end of any year a car is estimated to be worth (i - i '’^) times 
its value at the beginning of that year. Find the estimated value of 
a car at the end of n years if it cost £.P originally. 

It the original value was /;i,250 and the value after four years 
is /is 12. show that after a further year has elapsed its estimated 
value will be reduced to ^^409 12s. (L") 

2. Find the nth term u„ and the sum S„ of the first n terms of an 
arithmetical progression whose first term is a and common difference 

d. 

Show that the sum 


u„ + Mjn f/3,, + ... to n terms 
is equal to no -h- Inin ~ 1)(« * 2)«/. 



(i) li is expressed m the form 


_A ^ P 

X - \ .V + 2 ’ 



find A and B. 

til) cur\e wlu^sc equation isy = a" -vb passes through the points 
(I. 7 ^. (3. 33 >: find n and b. (B.) 

4. ()ht;\in t'ne cnetlicients in the expansion of (<2 +6)®. If fl= 106, show 

that the third term in the expansion is times the fourth term and 
find tlie ratio ol the fourtli term to the tilth. (B.) 

5. Draw the graph ol y - log.j .v for values of .v between o and S taking 
I inch as tlie unit lor hotli .v and v. .Also with the same axes and unit 
of length the graph of y ^ x- - 3.Y. 

Hence find apporxnnate soIuli«ms of the equation 




= x. 


(L.) 
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6 . Write down the expansion of log, (i - .t:) in ascending powers of x, 
stating the range of values of x for which the expansion is valid. 

If X is any positive number and w =. show that 


1 -hJC 


r2 *.3 


and hence that 


u w 
log,(l +x) = M + - 


Iog,(i +x)> 


I +x 


(O. & C.) 


B.vn 

z. The two expressions J-tt/j( a*+A-+ (<3+ 6 ®)) and l^ 7 T{h^{h + x) - a^x} 
are found by different methods for the volume of a certain solid. 
Prove that they are equivalent provided that 

* “ (L.) 


h+x 


a 

x 


2 . Find a formula for the sum of n terms of an arithmetic progression 
whose first term is a and common difference d. 

If the sum of the first and second terms of an arithmetic progres¬ 
sion is X, and if the sum of the «th and {n - i)th terms is y, prove 

that the sum of the first w terms is - — and that the common 

4 

^ . (L.) 


difference is 


2« - 4 


3. Ux+y + z-o prove that +3/* + * 3x73-. Hence show that, if 

(b+c - 2a)^ + (c + a- zb)^ + {a+b ~ 2c)® »o 

the three numbers a, b, c can be arranged in an arithmetical progres¬ 
sion. (L*) 

4 . State and prove the Binomial Theorem for the expansion of ( 1 + x)”, 
where u is a positive integer. 

If Uf denote the rth term of this expansion show that 

"r ^ . 

Wr+l (W-r+l)X 

Deduce that there is no such value of « for which three consecutive 
terms of this expansion form a geometric progression. (L.) 

5. (i) If logarithms arc to base 10 and 3 = log 2 express in terms of z 

2 A. 

and deduce that —<s<-— . 

512 10 13 

(ii) Prove that whatever the base of logarithms. 


the logarithms of and of ^ 


(L.) 
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Prove that the equation whose roots are the four numbers obtained 
by adding a root of a;- - zbx + c = o to a root of -v- - zb'x + c' = o is 

{x--2{b-^b')x^-c-^c' + 2bb'}- - 4 (6^ - c) {b'- - c') = o. 

(L.) 


B.vra 

1. The symbol [.v] denotes the greatest integer not exceeding x. Write 
down the values of 

[2i]. [2], [-2i]. [-2]. 

Indicate the shapes of the graphs of 

(0 y = (») y = x- M. (iii) y = [2']. 

2. (a) Solve the simultaneous equations 

x+y = a, 
x-+y^ = 2a\ 

(b) Given that no t^vo of a, b, c are equal, solve the simultaneous 
equations 

aib -y)-¥b{a- .v) = (a - x)(b -y), 
a-(b -y) +b~{a -.v)=r(o -x){b -y). 

3. The common ratio of successive terms of a geometric series is 

• Find the range of values of r for which the series may be 
summed to intinitv. 

4. If .V. y. s, «■ are consecutive terms of an arithmetical progression, 
prove that constants 6, <r, d can be found such that 

X- +by- + cz- + die- = o 

and find their values. 

( I 

I + ) 

1000/ 

correct to four decimal places. 

6 , Fiiul tlie sums of the series 

(i) 2- * 

(ii) /! . 1“ I (» - 1). 2- -{n - 2) . 3= + ... + I . 

I'lnd also the sum of the infinite series 

n-\" 

I+a: + 2.v-+ ... + , +... 

HI 
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COMPLEX NUMBERS 


Consider the three quadratic equations : 

x ^- 6 x + 5 = o , x ^- 6 x + <)= o , ^2-6.v^ 13=0. 


The first can be written (j;- 3)"=4 gives the two solutions or 
roots * — 3= ±2 or * = 3 ±2, that is jc = 5 or i. 

The second can be written (jc-3)-'^o. so there is only one root 
x = 3; but to make this equation match the first one, and as there are 
two equal factors, it is customary to say that there are two equal 

roots. 

The third can be written (x-3)2= -4, so there are no roots, for 

there is no number whose square is - 4. 

Now mathematicians dislike saying " a quadratic equation some¬ 
times has Uvo roots and sometimes no roots ”, so a symbol is 
introduced, 1, to stand for i such that - i, but otherwise i 
is to obey the ordinary laws of algebra. 

It follows that (2/)" = — 4, and also ( — 2/)- = — 4. 

So the equation O'; —3)"= -4 ^-3=2/ or -2/, and hence 

* = 3 +21 or a; =3 - 2/; rvo roots as in the other cases. 

There is, however, this obvious difference : 

If x = 3+2 then x = s and one number 5 gives the root ; but if 
» = 3 +21 the two numters 3 and 2 must be kept separate. 

To provide even this peculiar answer, which may be called a 
symbolic root of the equation, the pair of numbers 3 and 2 are needed 
as well as the i attached to the 2. 

The 3 and 2 cannot be interchanged. They make an ordered pair 
of numbers. This combination 3+2/' is called a complex number of 
which the 3 is called the real part and the 2.1 the imaginary part. 

The next step in dealing with complex numbers was the discovery 
of a geometrical representation for them and that i can be regarded 
as an operator; but before proceeding to this, it is well to get used to 
working with the symbol i —which is often also written _/ using the 
rule - I. 


Note that a ib is only equal to a' + ib' \i a — a and b —b . 
the definition of equality for two complex numbers. 


This is 
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If a-\-ih=a* then a - a' = i{b' -b). 

Squaring gives {a-aY = -{b' -b)^ which necessitates a —a* and 

b^b'. 

Note also that ia is the same as at. It is usual however to write 
31, and not 13. 

Instances of addition and subtraction are 


(3+50^(7-20 = 10 + 3*. 

(4+ 21)-(3+ 50 = 1-3*- 


For multiplication: 

(4 + 60(5 + 30 = 20+ 30/ + 121 •*-18/2 = 20- 18 + 42/= 2 + 42/, 
(6 - 5/) (2 + 3/)== 12 - 10/ + 18/ - 15/2 —12 + 15 + 8/= 27 + 8/, 
(2 + 3 /){ 2 - 3 /)= 4- 9/2 = 13. 


These last factors are called conjugate complex numbers, and their 
product is real; {a - ib) is the conjugate of {a + ib). 

This helps in division ; thus - 4 = 7- ^ . 

4 + 3 * (4 + 3 *)( 4-30 

The numerator =80 - I5r‘2 + 20/ - 60/= 95 - 40/. 

The denominator = 16 - 9/2= 16-*-9 = 25. 

the fraction = Sir 40.-= 

25 5 


Examples 98 

1. Show that (13 +5/)*= 144+ 130/and find the product 

(*3 + 50(5 + ' 3 /)- 

2. Show that the symbol / disappears from the products 

1') (5+ 30 ( 5 -3/)- (ii) (7+40(7-4/). (iii)(a+/6)(a-/&), 

and find the value in each case. 

3. > 1 ''jw tint (.V -• 5 - 7/)(a: - 5 + 7/) = .v 2 - io.v + 74, and state the roots 
ot A* lo.v 4- 7.|. = o. 

4. Show that (37 + 30 +( 2 - 3 /) = 5+9/: 

(i) h\ niiiltiplving out {2 - 3t)(5 +91); 

(ii) hy nuiliiplsing tlie L.H.S. by (2 + 3/),(2 + 3/). 

( 4 ) Show ^ as a complex number by multiplying it by ^ 

5. Show tlint (5 - b/)(3 - 2/)— 27 + 8/ and deduce factors for 27 - 8/. 

Hence show that (5^ f 6')(3- + 2'-) = 27^ + S^. 

L'se a similar method t«> express {42 + 72)(9® + 5*) as the sum of 
two squares. Repeal for 10 x 34 3 (9 + i)(25 + 9) and for 17 x 61. 
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6. (i) Work out (a + ib){c + id) and (a + ib){c - id). 

(ii) Prove that (i +i)* + (i -i)‘ = o. 

7. Express the powers of i' up to in their simplest torm 

8. (i) If r = Jia- + b^) and tan 0 = bja so that 

cos 0 : sin 0 : I = a 

show that a + ib = r(cos $ + i sin 0). 

(ii) Work out (cos 6 + i sin 0 )(cos 4 > + i sin <f>). 

[As quadratics may be factorised by being expressed as the dif¬ 
ference of two squares and using the factors of a~ -h'^, s«) the result 
a‘ 2 +bi^(a+ib){a-ib) may be used to give complex factors, e.g. 

+ (>ab + 2 ob^ ~ + ()ob + 9^^ + 1 

= (a + 36)^ + (bj 11 )- 
= (<1 + 3^ +ib.^ ii){a + 3/) - ihji i).] 

9. Factorise as products of complex numbers : 

(i) + yy^ ; (ii) + aa- + v® ; (iii) a^-ah+b^; 

(iv) + 8 a 6 + 20*2 ; (v) - lox + 30 ; (vi)7+A:“. 

10. Find the quadratic equation whose roots are a + ib and a - ih. 

11. If the roots of A :2 + 6Ar+13=0 are - a form the equation whose 

roots are ~b±ia. 

iz. Prove that + 62 )(f 2 + ^ 2 )(e 2 +/=) may be expressed as the sum of 
two squares. Indicate several dilTerent answers. 

_ ^a:* - 3a; + 8 A B ^ C 

.3. Expressing x - 2/ x + 2/ ' 

find A, B, C by the cover-up rule ; show also that the last two 
fractions add up to make xl{x^ + 4). 

14. Express-;-as partial fractions, in the form 

^ Ar(A:2 + 4) 

ABC 

— +- . + *. 

X X - 21 .V 21 


and hence, in the form 


Dx^E 
> + 4 


c.r* - 14.r + 8 . » 

15. Factorise x*-2Je+io and express _ 2 )(a,- 2 - 2.v 10) ^ 

oi three partial fractions, using the cover-up rule to find the 
numerators. Oive also the real partial fractions. 
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Coefficients and Symmetric Functions of Roots 

It was shown in Chapter V by a process which applies whether 
the numbers concerned are real or complex, that if aj, aj, ag, ... , 
are the roots of + + + + + = then 

y, ai „ _a2 „_ 

, ^0Ct0C2 — * > wOCjOCoOC3 — » • • • • 

If the coefEcients in the equation, viz* a^y a^y etc., are real, then 
a.ia.2, etc., must be real, in spite of some or all of the “ a ”s 
being complex. 

This is because, in an equation zvithreal coefficients, complex roots 
must occur in pairs which are of the form a 4 - ib and a - ib. 

These two complex numbers, a n.ib, are called conjugate complex 
numbers. 


Example I. The roots of an equation are a+i^, cc-t^, y, 8 where 
(^> Yt S are real. 

Show that the sums of the products of these roots (i) two at a time, 
(ii) three at a time arc real. 

(i) The products two at a time are : 

(a +t^)(a -i^), (a +i^)y, (a -ifi)y, (a. +i^)S, (a -1^) 8, y8. 

The sum ol these is a”+^-+ 2ay + aaS+y8, which is real. 

(ii) 'I’he products three at a time are : 

(a + l8)(tc - i^)y, (a +//J){z - /)S) 3, (a +f;S)yS, (a - t)S)yS. 

The sum of these is 


(a- + /3“) y + (a* + ^) 3 + 2ayS, which is real 

Examples 99 

1. l-iiui hy direct multiplication the sum of the products three at a time 
ot 

(i) 2+3/. 2-3;, 5+/, 5_,-; 

(”) 3 3 -f. 3+-iy 3 -2L 2 . 

.Mso form the equations with these roots and verify the results 
from the relations above. 

2. I itie identity la* = (.Ta)-- 22’a^ to find the sum of the squares 
o1 tile roots ot the equations ; 


(i) .v 3 3.V- + A 4 203 = o ; 


(ii) .v* 4 -A^ + I _o ; 


(iii) X* -1=0. 

Verify th e answer to (iii) by finding the roots and squaring. 

3. If the real root of a'^ 4-/>v<7*= o is .v=s -2d' show that the other 
roots are ot the torin d- ib where 4-3-) = j. Deduce that the 

other roots are real if 
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4 . If a. fi, y are the roots of - 3*“ + 7^ - 5 = ° " 

ot Tot, and find the value of Ta^. ^ , , * 

^jgg _ 2a2 _ + 5 and similar relations to find the value oi 

(i) (ii) i:cc*. 

5. Show that the roots of the equation m Example 4 art. i, 1+2*. 

I - 21, and evaluate directly (i) r ' ; (11) ; (m) 




Show that x = a is a root of + . 

Find the sum and product of the other two roots and hence the 
quadratic equation which they satisfy. 

Find the sum of (i) the fiftl. poucrs, (ii) the sixth potvers of the 
roots of +px -q = o. 


Geometrical Representation of Complex Numbers ; i as an 
Operator 

Any real number, e.g. 2 or ^3. may be represented by a powt on 
a /me (the x-axis) when the origin O has been chosen, or by the 
displaces,ent from O to the point. If the number is negative the dis¬ 
placement is to the left instead of to the right. 



Fig. 44(0 

If in Fig. 44 (i) OA represents a displacement a, then 3<7 is repre¬ 
sented by OC ; thus the 3 has operated on OA to stretch it to 3 times 

its length. 

Again, -i xOA is OA’ ; the - i has operated on OA to reverse 
its direction ; also -3x0x4 is OC', the -1 resersing and the 3 



Any complex number may be represented by a point in the plane 
or by the displacement from the origin O to the point. 
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If in Fig. 44 (ii) the displacment is OP, then 

3 . OP is 00 , - I . OP is OPS -3 . OP is 00 *. 

Now suppose that, instead of thinking of OP' as OP reversed, we 
think of OP' as OP rotated through 2 right angles (in a counter-clock- 
wse direction), and suppose we define j as the operator which 
rotates a displacement through i right angle (in a counter-clockwise 
direction), then j . OP will be OR and 7 . OR will be OP'. 

But j . OR=jj . OP, which is naturally written . OP. 

Thus . OP = OP'= -I .OP. 

In this sense p— — i or / = — i). 

In other words, this operator j is what we have been calling t. 

[Both the letters i and j are commonly used in this sense, that is 
*■= - I and - I ; 7 being more often used in Technical Colleges 
and i elsewhere. In this book, sometimes one will be used and some¬ 
times the other.] 

Again, in Fig. 44 (i) if OA — i, then .^0 = 2, measuring the dis¬ 
placement from A instead of O, andy . AC = AB, 

Thus I + 27 is represented by the displacement OB. 

[27 is the same asy . 2 ; it is usual to writeya but 27*]. 

In Fig. 44 (i) OD represents 3+.7 while AD represents 2+7, the 
displacements not necessarily being measured from the origin. 

In Fig. 45, _ 0 OP is a right angle. So 
j OP=OQ since 7 rotates OP through a 
right angle. Also OP is a + jb and 

j{a hjb)-ja-b OT -b+ ja, 

= OQ 

so the usual multiplication rule gives the 
same result. 

To sum up : 

a + tb (or a+jb) is represented geomet¬ 
rically by the point of the plane whose coordinates are a and b. 

\\ iiat lias been called above the displacement OP is often called the 

zectof Of 1 lie disadvantage of the word vector is that, while the 

rules lot the .iddiiion of vectors are the same as for the addition of 

complex numbers, the rules for multiplication are not the same in 
the two cases. ' 

The method ot representing complex numbers by points in a 

See Reputi \Muth. Assoc.) on Teaching of Trigonometry in Schools, Chapter XI. 
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plane is often called the Argand diagram^ after Argand who first 

expounded the idea clearly. 

de Moivre form for a complex number 
If in Fig. 46 OP^r and uNOP = 9 , so that the polar coordinates 

of P are (r, B), then a—r cos 6 , b = r sin B. 

a+ib=r cos B -h ir sin B 
=r (cos B + i sin 0 ). 

This is called the de Moivre form of a 
complex number. It leads to what is known 
as de Moivre’s theorem (p- 273). 

r is called the modulus and B the argument of tlie complex number. 
In terms of a and b, the modulus, usually denoted by [ + ib l, is 

Since r {cos {B-k-2nrT)+t sin (0 + 2«tt)} =r (cos B + i sin B) for in¬ 
tegral values of «, the argument of the complex number a + ib is 
many-valued; however, the value of B in the range —rrc^B^Tr is 
defined as the principal value of the argument, and is the one usually 

given. This can be seen to imply that the argument is (i) tan ‘ ^ if 



a>o, (ii) tan“^ + tt if ^2 <0 (iii) tan ^ ^ ^ H <lo and 6 

(See Examples loo. No. 5.) 

The word amplitude is often used instead of argument to denote 
the angle B, but the latter is preferred as it avoids any confusion 
which might arise by using amplitude here and in dealing with 
vibrations. 

The abbreviation used for the argument oi a ± ib is arg {a f ib). 


Multiplication of Complex Numbers in de Moivre Form 

Note that ir (cos $ + i sin B) =r(i cos B — sin B). 

Now — sin B = cos ^0 + ^ and cos 0 = sin t- ^ . 


/. * . r (cos 0 + 1 sin B)=r |cos ^0 i ^ 


= rl 


^0 i t i sin ^0 


■n 

2 


which is in agreement with 

multiplying by i turns a vector through a right angle. 
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Again, r (cos d + i smd)x r' (cos + z sin <j)) by direct multiplica¬ 
tion 

= rr' {cos 6 cos ^ + z* sin B sin ^ + z (sin 9 cos ^ + cos 6 sin <j))}. 
Now cos ^ cos sin 5 sin cos (^ + ^) 

and sin 6 cos <i> + cos 0 sin ^ — sin {9 + (f}). 

the product is rr' (cos {9 + <f>) + i sin {9 + <f>)}. 

Hence the rule: 

To multiply two complex numbers, multiply the moduli 
and add the arguments.(i) 


No greater or less for Complex Numbers 
When two points on the A-axis such as A and C Fig. 44 (i) repre¬ 
sent real numbers, we can say that the point further from O repre¬ 
sents the larger of the two numbers. 

But with points on the plane such as B and D we cannot say tliat 
one of the two numbers represented is greater than the other. 

We could say tliat D represents the number with the greater 
modulus, while B represents the number with the greater ar^umtnt, 
but the numbers as wholes cannot be compared in this way. 

In particular we cannot say a~ ib^o or a + ib<^o. 


Examples 100 

1. It 4 -t 2z = r (cos 6 -^i sin 9 ) show that r= 2.,,'5 and tan 9 =\, drawing 
a diagram. 

2. \\ ork out (rt ++ :£/) and from your result deduce rule (i). 

3. I' roin rule (i) gi\c the \ aluc of r (cos 6 + z sin 9 )~p (cos a + z sin a). 

\ erifv that the result - ? 1 fits with your answer. 

T- , ^." 3 ^ 5 5 

4. It z=x + iy and z' = x~ty, s' is the number said to be 
to s. 

(i) .Show s and s' on one Argand diagram. 

(ii) Show by multiplication that 

= 2(.v=-y-), ^ = 2.v(.v= - 3v=). 

(iii) It - r (cos -f / sin tJ) give the dc Moivre form of s', and 

obtain the \alue of + by using these forms. 

5. Show on a diagram arg (« + ib) and tan“’ ^ for the four cases when 

a 

3 ' 4’ remcnihering that tan"* - lies between -zr/a and 

a 

+ 7r/2. State the connection between the two angles in each case. 
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6. If in Fig. 47 A is the point (a, a'), B is (b, b') and OBCA is a 
parallelogram, show that 

(i) OC represents (a+ia') +(b + ib'), i.e. OC= OA + OB. 

(ii) .-LB is equal and parallel to the vector representing 

(b + ib')~(a+ia'), 
i.e. AB = OB-OA. 



In Nos. 7, 8 . 9 as 6 is used as an abbrnnafion for cos 6 + i sin d. 

7. Use the Argand diagram to show that 

cis 6 + cis ^0 + —^ + cis ^ = o. 

8. Show on an Argand diagram the points P, P\ P " representing 
respectively the complex numbers 

r cis B, r' cis B', rr' cis {6 + 6 '), 

and show that if A is the point (i. o). As AOP\ POP” are similar. 

9. Show on an Argand diagram the points P, P', P ' representing 

respectively a cis 0 , ~ cis 0 , ^ g . 

Notice that OP . OP’ = a-, while P” is the reflection of P’ in the 
ac-axis. 

10. \{z=x-^iy and is represented by the point P in the Argand diagram, 
describe the locus of P if 

(i) I z 1 = 1 ; (ii) 1 5r - I 1 = 2 ; (iii) \ z~a-ib\=c\ 

(iv) argument o( (v) argument of (e -/) = jn-. 

IX. If ^^ = x^+iy, and z.^^Xo + iy. prove | +^3 \s^\ | +| |. 

What is the geometrical interpretation in tlie Argand diagram? 
Also show I STj -3-2 15 = I S’! I -1 2^2 I* 

12. If /*,. P2, Pi represent the complex numbers a,, z.^. 23. show that 
the points are collinear if 23 - 2^- 3|) where /< is a real 
number. 
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13. If P represents the complex number give the relation z must 
satisfy if: 

(i) P lies inside or on the circle centre at (o, o) and radius 

2 units. 

(ii) P lies outside the circle centre at (i, 3) and radius 2 units. 

(iii) P lies on the line joining the origin to the point (1, 3). 


The Notation of Ordered Pairs 

In this notation the complex number a + ib is written as [a,b\. 
The main laws obeyed by a -t- ib are as follows. 

(i) a ■>' ib = c-^ id if and only a = c and b = d. 

(ii) {a -r ib) + id) = {a + c)- i{h + d). 

(iii) (fl + /6) ~ {c + id) — {a-c) + i{b-d). 

(iv) {a + ib) (c -f id) = {ac - bd) + i{ad + bc\ using P — —i, 

a-ib {a^ib){c-id) (ac ^ bd) + i[be - ad) 

—-• 

In the notation of ordered pairs, these laws read : 


(i) ' [^. b] 

(ii) ' [a, b] 

(iii) ’ [oJ>] 

(iv) ' [a,h] 
(,,Y b] 

^ ^ d] 


[c, if and only if a = c and b 
[r, d] = [a + c,b + d]. 

[c, d] = [a-c,b~d]. 

(r, d] = [ac - bd, ad be). 




_ ~ac • hd be - acT 

~ ’ 7^d\ * 


Note also that the pair [«, o] behaves just as the real number a. 

Now suppose that the 5 laws (i)' to (v)' are laid down as defitwig 

the Il lations hi twcen the ordered pairs of numbers, written as [a.b). 

'I Lot is ntiu' no need to introduce the “ imaginary ” J — i,or the operator 
i or 

^ can show, to return to the first example, 
that [;, 2] and - 2] both .satisfy the equation .v®-6.r+ 13=0.* 

1 '^1 il A [3. 2]. .V-- Ks [3. 2] V [3, 2] [y-4. 6^6]-[5, 12] 

-(u - 13 is -(.[3, 2]^ 13 - [ - 18, - 12] t 13, 
and the sum of these is [ - 13, o] f-13, 
which wo reeard as o tal.inu [i, o] to behave exactly as i. 

Similarly [3, - 2] will be found to be such that x-~().x comes to 

[“^ 3 . 0 ]- 

«^quation . o]a:= - [6, + (13. o] =0 which is 
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It is worth while to examine the units in the ordered pair notation. 
In the place of the usual i and — i we have the four units 

[i.o], [o, i], [-i.o], [o, -i]. 

In addition and subtraction these units behave as would be 
expected, for we have [i, o] + [i, o] = [2, o] and [o, i] -f- [o, i] = [o, 2] ; 
but in multiplication [i, o] x [i, o] gives [i . i + o . o, i . o-ro . i), 

i.e. [1, o], while 

[o, i] X [o, i] = [o . o - I . 1, o . I + 1 . o] = [- 1, o], (compare- i); 

also [i, o] X [o, i] = [i • 0-0 .1,1.1 +0 . oj = [o. i]. 

We conclude that the complex unit [i, o] behaves exactly as the 
unit in arithmetic ; [0,1] behaves as we have supposed i to bcliave. 
Also [a, 6] = [<2, o] + [o, A] = a[i, o] + A[o, i]. 


Examples lox 

1. Use rule (v)' to show that 


[3.4] 


= [3. o]- 


2. Use rule (iv)' to find [a, by. 

3. Use the rules to work out the squares of the negative units [-1,0] 
and [o, - 1]. 

Work out [a, 6]® + [a, -A]®. 

5. Show that the usual factors for x® ->>* arc still valid, if x and y are 
the ordered pairs [a, 6], [c, d]. 

6. Express in the form (c, d). 

[a. -b] 

7. Find real numbers x and y such that 

8. If [a, « ( - 21, 20] find a, b. 



Find the cube of 



1 

2 



xo. Evaluate : 

(i) [a, 6](a,/>] ; (ii) [". -*][". -*] : (iii) fa. A] [a. h\\ 

(iv) [a, 6 ] 4 - fa, A] ; (v) [a. b] - fa. - b\. 


Dc Moivre’s Theorem 
In the result 

r (cos 0 + 1 sin 9 ) x r' (cos<^ + i sin (^) = rr' {cos (0 t <^) 1 i sin {0 t f^)}, 
proved on p. 270, put r and r' each 1 and 

W’e get (cos 0 + * sin 0 )* = cos 20 + i sin 20. 



COMPLEX NUMBERS 


274 

Again (cos 20 + i sin 26) (cos 9 + i sin d) — cos ^9 +1 sin 3^, 

that IS (cos 9 -\-i sin = cos 3^ + i sin 3^. 

Proceeding in this way, we get the result that 

(cos 9 sin 9 )^ = cos nO + i sin n 9 
if w is a positive integer. 

This is De Moivre’s Theorem for a positive integral index. 

When « is a negative integer (= — m) we can proceed as follows : 


(cos ^ + /sin dY — {cos 9 sin 9)~^ = 


(cos 9 + i sin 6) 

I 


tn 


cos 7 n 9 + i sin m 9 
= cos m 9 - i sin m 9 . 

Now cos tnQ — cos ( — /«) 9 and sin th 9 = - sin ( — tn) 9 ; hence again 
we have (cos 0-t-/sin n^)" = cos + /sin 

The case when « is fractional needs special care. Suppose n = - , 

where p and q are positive integers. 

p \ 1 

Then (cos 9 + i sin B)-^ = {(cos 9 + / sin = {cos p 9 + i sin pd}^. 

It must be noticed at this stage that 

^cos ^ ^ ^ ~ ^ 

and also that 

/ p 9 -277 . . pO i iTrX’t 

(^cos ^;sni = cos ^ 2Tr) + / sin (0 + 27 r) 

— cos pd ^ I sin p 9 . 

Ih-nce while wo can say that cos / sin is a qth root of 

q q ^ 

cos pO - UmptK ,t is not the only one, since cos-^- + 

Q Q 

is nnotlior </tli n)ot. 

Other roots are obtained by giving integral values to r in 

r.w . . p 9 ~ ZtTT 

cos — ^ I sin - - 

q q ’ 

and r different roots are given by r taking the values o, i, 2. {q - i). 

nmgr the values q, q~ 1, q--2, ... repeats these roots. 
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Examples 102 

1. Expand (cos 0 +1 sin tf)" for « = 2, 3, 4 and so obtain expressions 
for sin 20, cos 30, sin 40 in terms of sin 0 and cos 0. 

2. Writing i as cos arw + i sin 2r7r, find the three cube roots of i, and 
show that their sum is zero. 

3. Find the three cube roots of - i by considering 

cos (tt + zr-rr) + I sin (tt + 2r7r). 

4. If 2 = cos 0 + t sin 0 and n a positive integer, show 

2" + -- = 2 cos nd. 


By expanding * express cos"^ 0 in terms of cos 60 . cos 40, 


cos 20. 


5. If r = cos 0 + isin 0 , find the values of + and of • 

6. Find the four fourth roots of ( - 1) and show them on an .\rgand 
diagram. 

7. Sliow that the fourth powers of 2 = cos 77/6+f sin tt/G is equal to 


1 


8. Use de Moivre’s Theorem to simplify : 


(i) (cos^ + . sin?”^; 

(iii) 5^ + *s>n 50. 


cos 6 + i sin 0 

(u) • a> 

' ' cos 0 -1 sin 0 

cos 50 + i sin 50 


(iv) 


cos 30 - i sin 30 * 


cos 30 +1 sin 30 ’ 

9. By first solving the equation 2*= i, show that 


-I=(2-l)^2-- 


^^2^ - 22 


I^Hint. 

jow tha 
5-1 \ 


277 

22 cos — + 1 

5 

877 .. 877 277 . . 277 

cos-h * sm ' - = cos-I sin 

5 5 5 5 


477 

cos - + I 


■] 


)• 


10* Show that 
- 

z 


zz cos 


T • 0 - 


zz cos 




- zz cos 


677 \ 

7"') 


The Cube Roots of Unity 
If s= 1, then X® - I = o ; 

(x- i)(x2 + x+ i) = o ; 

x=i or x=U - I +*V3} or x = l{ - 1 

or in the dc Moivre form x= i or cos ±i sin —. 

3 


3 
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These are the three cube roots of unity ; a knowledge of their pro¬ 
perties is needed for the general solution of cubic equations. 

The square of ^ - t +*V 3 } ” 3 i - *V 3 }- 

If therefore the first of the complex cube roots is called (as is 
usual) cu, the other is equal to <0^. 

Again, the square of - i - ij-^} is l{i - 3 + 2*73} = l{-i+ 
so that the square of u>- is equal to cu. 

This is also seen because 60* =a>* . co = ai, since cu® = i. 

Thus the three cube roots are i, to, to-, and it is not necessary to 
specify which of the complex roots we call to. 

Also, since to and to- are the roots of ;c- -i-x + i = 0 we have 

to- + to + I = 0 

or to^ + to = — 1, 

which can be seen by adding their worked-out values. 


Examples 103 

I. Prove that (i+a))^+(I 


to)- = — 2 to 

= + +«>)*}. 


2. Prove: 

(i) (l +0)2)3= _ I . 

(iii) (to - i)=* = 3(2to + i); 


+ to2)(l + 





3. If 5 +7/ = /tt) + wto 2 , show that I- - 5 + - s/3 and - 5 - ^ Js- 

3 3 

Express a ih as puj +quj^. 

4. Express 5 +7/ and a +ib each in the form l + miu. 

5. i*n)\ <_• that ,v* + I = {.V +■ i)(.v +to)(.r + to^) by multiplication. 

AUx [»ro\e this by changing the sign of x in 


- I = (ar - i)(.v -to)(ar -to2). 


f'ri)us tlic cube roots of i are - i, -a>, -oj®.] 

6. Pio\o that {u-rb ^ c){(j + wh + oj'c){a+a)~b+a>c)—iP+b^+c^ — 

7. Show that the equation roots a+b, 

uiu T tu~h, ura + ojb. 

8. Show that the value of 1 +to”+a)2" for an integral value of n is 3 
or o. according as ti is, or is not, a multiple of 3. 

9. Show the se\en seventh roots of unity on an .\rgand diagram. 
If s is one of the roots other than 1 and a =* + 52^.51 while 

P = + show tliat (i) - i and (ii) oc^^z. 
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10. Find the value of: 

(i) 


J 1 w 

a>2 

4 

t 

(ii) , 

I 

X 

I 

cx> 

1 



I 

w 

» 

OJ"' 

co^ I 

w 



<> 

Ol- 

OJ 

I 


** A 

iz. Express ^ ^ as partial fractions 




B 


A' + cu 


2 * 


X^ + 1 ■ + 

using the cover-up method to find A, B, C. 

Also combine the two fractions containing u» to give a fraction 
independent of u>. 

12. Express ^ ^ ^ as the sum of 3 partial fractions (using oj and tu-). 

Expand these fractions as power series in x, when ,.v|<i, ani 
deduce the value taken bv 1 + to" + for dilferent values of 
check your result by expanding the original fraction. 

Exp id 

In what follows it will be necessary to distinguish between 

e* as a power of the number e 


.2 


and the series i + jc + . + ’-r +, which is denoted by exp x. 

2 • 31 

Having established that (cos 6 + t sin $)’' =cos nO + i sin n$, it may 
be expected that cos^-t-fsin^ can be associated with a function 
obeying an index law ; for if cos $ + i sin $=/{ 0 ) we have 

Already it has been shown that if d is measured in radians, 

^ d^ 9 * 9 ^ 

... 61 ^ 0’ 
sm 9 = 9 -iH—;- 

3J 5 ^ 7! 


and so cos 0 -ht sm 0 = “ 2I 4! ” 6~! ” / \ 


5! 


0^ \ 
7! "V 


= 1 


{ioy 

21 


(/0)J {ioy 

4! 6! 


3I 5! 7I 




.. (/ 0)2 (/ 0)3 (/ 0 )^ 

= I +10 ^' -f + +' : +..., 

2! 3I 4! 

which is the result of substituting iO for x in exp x. 

cos 0 +1 sin 0 = cxp (i0). 


(I) 
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Now for real values of .y, the series exp x obeys the index law 

(exp x')" = exp (/ix).(11) 

for exp (x+>’) = e*+>' = e* . c*' = exp X . exp_y and the relation (II) 
follows. 

Also the proof of de Moivre’s theorem together with relation (I) 
prove that 

exp (f0) . exp (f<^) = exp (z (0 + ^)} and (exp (z0)}" = exp (mff). 

Thus we are now in a position to define which is at present 
meaningless, by writing e^^sexp (i0)...(the series). 

We have shown that as thus defined, obeys the index laws and 
in fact behaves just as the real power e* behaves. 

Notice that x c*®", which does not conflict with the 

fact that 

cos (6 + ztt) + i sin {6 + ztt) = cos 6 + i sin Q 

since = cos ztt + i sin ztt = i +1. o = i. 

Notice also that 

I _ cos 6 -i sin 9 
cos 0 + z sin 0 ~ COS" 0 + sin- 9 

— cos 6 -i sin 6 = cos ( - 0) + / sin ( - &), 

just as would be expected to be equal to i.e. to 

Exponential Values of sine and cosine 

Since e*® = cos 6 + i sin 6 and e"'® = cos 6 -i sin 0 , 

by addition and subtraction we get 

-t e~'° = z cos 6 and — e-'® = 2z sin 6 , 
so that cosi? = ;\(e'® + e-'®) and sin ^ = (e*® - .(Ill) 

I Itese are the exponential values of cos 6 and sin 6 . They should be 
coinj^ared with the dejimtions of the hyperbolic functions 

cosh .V =.\{e^ + e-^) and sinh x — l (e* - e~*). 

Examples 104 

I. Write as exponential functions : 

(i) cos zO ; (ii) sin 3^ ; 

(iv) A cos pt+B sin pt. 


(iii) cos pt + i sin pt ; 
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2. Show I —e*^= - zi sin 

3. If C= I +COS 0 + cos zd + cos 3^+ ... +COS nd 

and S = sin 6 + sin zd + sin 3^ + ... + sin nd, 

show C + /5 = (i - = « cosec hS . 

Hence deduce the values of C and S by first writing the last 
expression in the form A +iB. 

r, ,•>. 277- 47r 677 Stt 

4. rrove (1) i + cos -1- cos — + cos — + cos = o ; 


zrn 


(ii) 2: sin 

r = l n 


if n is a positive integer. 


5. Working from the exponential values given in (III) above, as if these 
were the definitions of cos 6 and sin 6 , prove that 

(i) cos^ d + sin^ d=i; (it) cos zd = cos^ d - sin^ d ; 

(iii) sin zd ^z sin d cos d ; (iv) cos 3d = 4 cos^ d - 3 cos d. 

Also from the definitions, find the corresponding properties of 
cosh X and sinh x. 

6. Verify that the expected result ^^^*^~*^** differentiating a power 

of e agrees with the result obtained by differentiating cos d + 1 sin d, 
and also with that obtained by differentiating the series c\p (id) 
term by term. 

7. Verify that ^ ( -3- ^ ^ (cos d -1 sin d) = f (e-'*'). 

^ </d \cos d+1 sm d/ </d' 'JO ' 


The logarithm of a complex number 

If z is the complex number x + /)', x and y being real, the series 
z 

exp — j + ...isa series each of whose terms is complex, 

and separating these terms into their real and imaginary parts we 
get exp z zs P + iQ where both P and Q are convergent scries of 
real terms. (Examples 105, No. 4.) 

But it is simpler to proceed thus ; 

exp = . e'‘'=e*{cos^ + /sin j}, 

which shows that P = e* cos and Q =e^ sin y. 

Again, if x + ly = r (cos d -r f sin 0 ) = 

we can say that log (x + iy) = log r + id, and hence 

log (complex) = log (modulus) + i (argument). 


Here, however, the relation 

= cos d +1 sin d = cos (d + 2n7r) + 1 sin (d + zi/tt) 
must be taken into account. 


T.A.A. 
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The “ argument ” of a: + iy is not definite, but if 0 is the value 
lying between -tt and +7 t, the general value is O + zhtt. 

This can be allowed for by giving a capital letter to Log z for the 
general value, so that Log ^ = log r +1 (0 + zmtt) 

and keeping log z = logr + i0 ( — 7r<0^7r). 

log z is called the priticipal value of the many-valued function 
Log z. 

In all this it must be remembered that the logarithms are to base e. 
Another way of writing the above results is 

log (a; + ^ log (a;" +3/*) + i tan“^ -■ 

X 

where to avoid ambiguity in the imaginary part we have to take the 
principal value of the argument, viz. the value between -tt and +77. 

Examples 105 (Remember that all logarithms are to base e) 

1. What are the numbers whose logarithms are : 

(1)2 + /-; (ii)2+i-5i; (m)i-:7r? 

3 

2. Whai are the logarithms of the numbers: 

(») 4 + 3* ; (ii) I : (iii) I -*'? 

3. If z and z' are conjugate complex numbers : 

(i) What connection is there between log z and log z'} 

(ii) If 0 = 3 + 2i find log (s- +xr'-). 

4. Taking c = r (cos 6+1 sin 6 ) separate e* into real and imaginary parts, 
P + iQ as above. 

5. From the definitions of Log z^ and log Z2, show that: 

(i) one value of (Log z^ + Log Z2) is one value of Log (^liro); 

(ii) the \ aluc of (log rr, + log a-o) is not necessarily the value of 

log (CjC-) by considering the special case when 

277 . . 277 

— z-t — COS “ +1 Sin * 

3 3 

Some Notations 

As the expression r (cos ^ ^ / sin occurs so frequently, various 
abbreviations fur it are in use. 

One of tliese 

r cis 0 (cis = c . i . s or cos . t . sin) 
has already been mentioned ; cis is pronounced as siss. 



COMPLEX NUMBERS 


281 

Another is (r, 0 ), which may confuse the point in polar coordinates 
with the complex number. 

In the ordered pair notation the expression becomes 

[r cos 0, r sin 0], 

but this is scarcely an abbreviation. 

Finally is almost defined as cos d + i sin 0 , being defined as the 
series which is equivalent to this. 

In the various abbreviations, de Moivre’s theorem that 

(cos 0 + i sin 0)" = cos nB + 1 sin nd 
(cis 0)”=cis («0) 

(i, 0)’' = (i. «0) 

[cos 0, sin 0]" = [cos w0, sin nd] 


becomes 

or 

or 

or 


Functions of a Complex Variable 

In a certain sense the function x--\-2iy- is a function of .r + fv, for 
if X + iy is known and hence x and y are separately known, then 

+ 2/y2 is known. 

But more than this is implied when we speak of a function of xr, 
where ar = + sr (cos 0 + i sin 0) ; when we say tv = u-\-h' is a 
function of z we mean that lo can be found from z taken as a zvhole 
by an algebraic formula or process and not merely from the parts x 
and^ of z taken separately. 

For instance, if w = z^, then tt> = (.v + 7^’)- = .V“-^'® + /2.\;y, 
or alternatively 

tt» = (r cos 6 + ir sin 0)® = r2 cos 20 + i>- sin 20. 

In this case if w = u + iv, then 


M = — jV® cos 20 and v = 2xy—r'^smid. 

As another instance, if = - , then 


w = 


I x-ty X 

-r- X - ^ = - 


- I 


or alternatively 


x^ty x-ty x--\‘y^ 


tv = 


^ 7 r 7 nro = z (cos 0 - * sin 0), 


r cos 0 + iV sin 0 r 


Here u s= 


x^ +y 


— - cos 0 and v = — 


x^ +y- 


— — sin 0. 
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Examples xo6 

Express in the form u+iv the functions of z in Nos. i to 6, giving 
in each case both the Cartesian form (in x and y) and the polar form 
(in r and 6 ). 

I. 2. ( 3 - + /)*. 3. {a + ib)z. 


I 

4 - 3 


5 - + 


6. X--. 

z 


If z' is the complex number conjugate to z, state which of the following, 
Nos. 7 to to, are functions of z and which functions of z\ giving the 
function in each case. 

{x^ +_J,2)2 

9 , - ' „ V .r / 


7. X® —y^ - 2txy. 


X 


+ t 


10. 


x-+y^ x^+y^' “ ’ x^-y^-2ixy* 

Alter one sign in each of the following so that the result may be a function 
of z and state the function. 

11. x^ + 6.V'^'2+^ + i(4j:3^-4.\3'=*). 

12. {x^+y-)U{}^-i-h^-2Viy). 


The z~plane and the tv-pIane 

If >’ = .v 2 , the values of x can be shown by points ranging from 
x'=-cotOA;=+coon the x-axis and the corresponding values of_y 
shown by ordinates measured perpendicular to this line, and so the 
“ curve of squares ” is obtained. 

In the case, for instance, of zv — z^, the whole of the 2-plane (or 
X, y plane) is needed to show the possible values of z,* and cor¬ 
responding to a point/*(.v, >■) of the 2-plane there is a point P'(m, v) 
of a second plane, called the rc-plane, where u = x--y^ and v = 2xy. 

It follows that if P describes some locus in the 2-plane, then the 
corresponding point P' will describe a locus in the ec-plane. For the 
relation ?4' = 2-, if P describes A:--3'“ = a in the 2-plane, P' will 
desenbe ihe line u = a in the tc-plane ; or again, if P describes 
2.vr- h in the cr-plane, P' describes v=^b in the tc-plane. 

Loat'.nuing with the transformation relation zv = z“, taking the 
form - r (cos / sin t^), it follows that ii' = r- (cos 20-r f sin 2^). 

'I'his shows that 

(i) to points in the 2-plane which are on the circle centre at the 
origin and radius a correspond points in the tt’-plane on a 
circle radius a- and centre at the origin ; 

* been called “ the e-plane *’ may be called the “ complex-number~ 

plane ” for z and the “ t.-planc” the " complex-nimiber-plane " for le. 
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(ii) the vectorial angle (or argument) in the w-plane is double that 
in the sr-plane. 

Thus in Fig. 48, where the circles have radii 2 and 4 units, the 
points A, A '; B' \ C, C ; £), D' are pairs of corresponding 
points. 

y 


(i) 


Fic. 48 

Now suppose a point P in the s-plane to start at A and go round 
the circle in the anti-clockwise direction ; the corresponding point 
P' in the w'-plane starts at A' and also goes round the circle in the 
anti-clockwise direction, but while P goes round its circle once, P' 
goes round its circle twice ; in fact, if P ranges over the first two or 
upper quadrants of the s-plane, P' ranges over the whole of the 
a>-plane. 

Again, using the transformation equation = ^ , where 




z = r (cos 6 + 1 sin 6 ) and w = - [cos d? + / sin ( - 0)] 


it follows that ifP goes round the same circle in the c-plane (Fig. 48 
(i)), then P' in the te-planc would go round a circle of radius ^ in the 
opposite direction. 


Examples 107 

1. Discuss the transformation equations xv = z^ and zv — \ in the way 
t4> = 2* is discussed above. 

2. Show that for the transformation tc' = az +6 where a and b are real 
numbers corresponding figures arc similar. 

Consider the cases (i) a = 3, A = 0 ; (ii) a = i,b — 2 ; (iii) <2 = 2, 6 = 3. 
Is it true if a and b arc complex? 
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3. Show that w = ~ gives a transformation which is the same as inversion 

in the unit circle centre at the origin followed by reflection in the 
x-axis. 

4. If P describes the circle of unit radius centre at the origin in the 
s-plane and P' is the corresponding point in the w-plane, give the 
locus of P' 

(i) if w = jr - I : (ii) if w = Log z. 

5. Show that the transformation relation (ii) of Example 4 transforms 
points in the ar-plane which He between the two circles centre at the 
origin and radii a and b into points in the w-plane which He between 
the lines u = log a and u = log b. 

6. If P{x, y) in the sr-plane is a point with positive x and lying between 

the lines y = -z and >»=-, show that the transformation relation 

o 4 

tc = e' gives a corresponding point P' to the ro-plane lying outside 
the unit circle centre at the origin and between two fixed lines 
through the origin. [Hint. Use w = r' (cos B’ +1 sin O') = 

7. Show that t!ie transformation relation ^ = <2coshec, where z = x + iy 
and zosu-v iv, gives the relations 

X = <7 cosh M cos V, y = a sinh u sin v. 

Hence show that the lines « = constant in the to-plane correspond 
to confocal ellipse in the a:-plane. 


Miscellaneous Examples 108 

( I /''\2 

~ 2^^''2 } ” * ’ what are the other numbers whose 

cube is I ? 

z. If o) is a cube root of unity, prove that io- is a second and that 
1 +a>+a)- = o. Also show to'* is a root for all integral values of n. 


3. Prove that 2ie *’ is a root of a quadratic equation with real coeffi- 
cicnis, and find the other root. 

4. If o) is a cubf root of unity, other than 1, prove that 


{a + h) {a + mb') {a + urb) *= + b^. 

5. Civc the modulus and the argument of the numbers : 

(i) 12 + 5 /-; (ii) I ; (iii) cos la ~j sin U ; 

0' )s^-rv'3 -";V3-s'2). 

6. Simplify (cis f^)--;-(cis -Of, 

7. Simplify (sin B ~ i cos (^)®, 

8. ^^'hat is the argument of 

(i) I + cos 0 1 sin B ; 


(ii) I - cos ^ + 1 sin 0? 
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9. What is the modulus of {Jz +f>/ 3 )‘^(N /3 +*V 5 )? 

TO. Simplify . 

II. If n is an integer of the form 3m ± i where m is also an integer, prove 

(^r ♦ (^y - - 


12. Factorise : 

(i) AT* + 1 in real factors ; (ii) a:® - i in factors of first degree. 

13. Prove : 


(i) I + 2/ + 3*2 + 4*2 + 5 *® = J (6 - 4 *'); 

(ii) I + 2/+ 3*2 + 4*2 + ... to (4W +1) terms ~ 2 m + i - izm. 

14. If n is an odd number greater than 3 but not a multiple of 3, show 
that a- + ab+b^ is a factor of (a +6)" - a” - A". 

15. If I, a», 0*2 are the three cube roots of unity, show that 

(y + OL+P)(y +<D'z. + aj^P){y +a>2a +oj^) =y^ — 3 ^^}' + 

16. (i) If a=p+g, b=cup +w^g, c — oj^p + u>q, show <2 + 6 + c = o ; 

(ii) With the values for a, 6, c given in (i) find the value of 

a'i +b^ + f2 and of a* +b* -i-c*. 


Verify that if a+b +c = o, then z{a* +6* +c^) = (a^ i-b~ -t- c'-)^. 



CHAPTER XII 


EXAMPLES OF INFINITE SERIES 

Diagrams to illustrate convergence 

Consider a series of positive terms. For such a series, the sum 
to n terms, either tends to a limit or increases indefinitely. The 
series can be represented on a diagram by marking the points («, 
for values i, 2, 3,... of n as in Fig. 49. 



Fic. 49 


A con\ crgent series is represented by a curve such as (i) which 
rises to a horizontal asymptote, wliile a divergent series is repre¬ 
sented by a curve such as (ii) which goes on rising indefinitely. 

'Idle same representation can, of course, be used if is the nth 


term ot a sequence and we are not considering a series, provided the 
terms ot the sequence increase steadily. 

Notice I’siiecially that for a scries of positive terms there are only 
tht U\o a!tcrnati\'es: eitltcr (i) the series converges to a finite 
limiting sum and the curve has a horizontal asymptote, or (ii) the 
series diverges and the curve rises to infinity. 

1 he diagram makes clear a most important result. 

If a series of pusitii e terms is such that for all values of n, the sum 
S„ a constant k [independent of n) then it con%-erges to a limit equal to 
or less than k ; in other words, it in the diagram the curve is always 
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below the line y = k it tends to a horizontal asymptote ^'=/> where 
p= or <.k. 

In such a case the series is said to be “ bounded above ” and the 
result is stated by saying that “ a series of positive terms zchich is 
bounded above is convergent **. 

The argument from the diagram should not be regarded as a strict 
proof, and the result should be regarded as a reasonable assumption. 

It was a particular case of this assumption which was made in 
proving the exponential series convergent. Other examples of its 
use will now be given. 

The reasoning given on p. 239 to show that the series for e~* is 
convergent may be made much simpler and more convincing by the 
use of the idea of series “ bounded above ”. 

If a convergent series of positive terms is divided into two groups 
of terms, one called P and the other Q, then each of these groups is 
itself convergent, being bounded above by the sum P • O of the 
whole series. If then the signs of all the terms in the group Q are 
cliangcd from + to -, the resulting scries will be convergent with 
sumP- Q. 

This argument, which applies quite generally, can be applied in 
particular to the convergent series for e^, from which tliat for e~-^ is 
obtained by changing the sign of every second term. 

Thus, the series for e-^ may be written as 


P + 



while that for e may be w’ritten as 




Example I. Convergence of 27 ^ . 


[Here and in Lxainples II to IV 




the Z* means .] 


n B t 


If we compare the scries 


« I I I I 

s-+-+ + + . 


1.2 2.3 3.4 4.5 


I I 

(« - I)« n{n t I) 


with + A + 


5 “ 


+ . . . + 


I 1 

+ 


fi 


2 


(«+1 y 


wc sec that each term of the second series is less than the corresponding 
term of the first scries. 

KZ 


T.A.A, 
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But the first series 


its sum to n terms = i-which converges to the limit i as n->-oo, 

71+ I 

the second series is convergent to a limit less than i; 
and, adding the usual first term, the series 


III 1 

A + ^ A + • • • + n + 

I® 2- 3^ 


converges to a limit less than 2. 

Example n. Divergence of J? - . 

In contrast with the fact that S J, is convergent, it will now be proved 

that 2!' ^ is divergent. 
n 

Write I + i J + i + i + J +1 +1 + ... 

as I + d + (J + i) + (i +1 + - 5 - + -J) + .... 

The first bracket is greater than f or 

The second bracket is greater than J or 

Similarly the next 8 terms are together greater than or ^ « 

Thus taking groups of 2, 4, 8 , 16, ... terms, we get in each case a total 
greater than A. 

tlie series> i+J+i + J+ J + ... to cc, and S„ can be made greater 
than any named number. 

Thus the series is divergent. 

This shows that it is incorrect to suppose that a series must be con¬ 
vergent d the terms decrease and tend to zero as 71—>00 . 

Example III. Show that ^ is convergent and 27 divergent. 

~ above ”, being less than 

.. 2 is convergent. 

^ terms greater than the terms of a divergent 

series. 27 is divergent. 

[The case of 27 — when p lies benveen i and 2 cannot be dealt with in 
this way ; but see Example 5, p. 290.] 
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Caution. With series of fractional terms such as we have been con¬ 
sidering, care must be taken to see that no infinite terms occur. 

Thus Z z - — is divergent, for the second term is infinite ; but 

n^i\^ ^ 2 ) 

Si ^ I 

^.77, —convergent, being S . 


Example IV. Prove that (i) 27 _ / is divergent: (ii) £ * 


2 « +1 


convergent. For (ii) show that the sum is less than 5. 

(i) ” . “>— « but 27 — = - £ I and is divergent. 

2n +1 3/1 3« 3 « ^ 


(zn - 5) 


ts 


• 27 


2^1 + 1 


is divergent. 


(iO 


(2«-5)a^n2 


<-^ , if n-<.{2n - 5)a, which is true if «>5 ; 


* I * I 

£ - - 27 -s and is convergent. 


"n=o(2«-5)2 

The first 5 terms of the scries are 

I I *11.-. 21 

/ - Vi /-75 + “5 + “> + “5 which = 2 + + <3, 

(-3)^ (- 0 ^ 3 5 ^ 9 25 

2nd £ — has been proved to converge to a sum less than 2. 


00 


27 ;-^is certainly less than c. 

«-1(2/1-5)^ ^ 


Examples 109 


1. For the series —^ H—^—h ... find S,, and show that S„<.- . 

Find also the least value of n so that - — 5 _<:—-— . 

2 1000 

Also deduce that the series ^ convergent. 

2. By finding the value of S„ show that the series 


I I 

+-h ... + 


1.2.3 2.3.4 


+... is convergent. 


rt{n + i) {n + 2) 
flint, the nth term *=■<—r —^ -1 —2.I 

L \//(n + i) (« + i)(// + 2)/' J 


Deduce that + 4 + ... + * 

3 


23 ’ .convergent. 
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3. Why does comparison with ^ show that ■^“3 convergent? To 

which sum will the first three terms give the better approximation? 

4. Draw a diagram of cur\es through the points given by (n, Sn) for the 
series, marking 6 points in each case; 

(i) i+i + i + J + ...: 

(ii) I - ^ + i - i +; 

(iii) + 

[in (iii) joining the points by straight lines seems simplest as no 
special curve is suggested], 

e. Treat T * as - was treated in worked Example II, but start the 
brackets of 2, 4, 8, 16, ... terms one term earlier so that the series 
reads ! + 

^2^’ 3V \4" 5*’ r) 

Show that the series is less than i + ^ ^ ^ + ... and that this 

2P 4P Sp 

is a G.P. with common ratio 1,2*^^. Hence show that T •* is con- 
vergent if /)>i. 

, .Ill • , I I 1 , 

6. By comparing + .o + ^,3 + ••• "ith r'V. -“q 


5.6 6.7 7 . S 


I 


that , considered in Example IV, is less than 2-47. 

»i 1(2// - 5)“ 

7. State whether the series S u„ is convergent or di\'ergent if is : 


(i) .... 


> 1 ’ *-1 


(•') : 




(vii) 


(ii) ; 

2\ n 

(V) .. . 

// - I 


(iii) 


n 


(«+l)3’ 


// -r ^ 


(vi)-; 

^ 2'‘ . « • 


V ; (viii) ; . 

{in ■ \ 5) ' ' 4- I 

8 . 11// I'c^i 1 show that >oas/i^oc but that T «„ = log (h + i), 
s.' th.it 2 '//._ is rli\ergetU.* 

Integrals an«.l Series 

1 he conni.ctioti In tween H f n) dx and f /*(.y) dx can be shown by 
a diagram ; an iinpuri.uu special case is taken first, namely that of 

dx and S * . 
a: // 


• Due to P. H. C\'dy, GaceUe, Dec. 1955. 
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Since [ — = log^ k, 
J 1 X 


the area above the x-axis and below the 


graph of ^ = - from the point marked P to the point marked Q gives 


the value of log^ 5. 

Now look at the rectangles whose diagonals sloping upwards to 
the right are from i to 2 to B, 3 to C, 4 to D. 



0 1 2 3 4 5 

Fic. so 


These rectangles have a total area of i+J + J+J, and this sum 
is greater than log< 5. 

Again, if we look at the rectangles whose diagonals sloping up¬ 
wards to the left are 2 to A'y 3 to fi', 4 to C', 5 to D'. 

These rectangles have a total area of A ’■s. arid this sum 

is less than log* 5. 

Thus the diagram shows that 

The extension of this result is immediate : 


i + i + loge n<n + I + J+ I + ...+-. 

n n - i 

.w 

General Case 

lf{,x) dx when f{x) is positive and decreases steadily as x increases 
from x=i can in the same way be compared with Zf{n). 

Jri Fig. 51 the area above the A;-axis and below the curve between 

the points A and B is given by j* f{x) dx. 
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This is seen to be greater than the sum of the shaded rectangles 
from a:= 1 to a: = 8. 

fix) dx. 

1 

Also as in the special case of log x, it can be seen that 



/(l) +/{2) +/(3) + ... +/(?)> fix) 

J1 



The series thus provides limits between which the value of the 
integral lies. 



Fig. 51. 


Again, considering only the rectangles below the curve, but sup¬ 
posing tile steady decrease of /(.v) to continue as .v->co, the diagram 
shows that 



f{x) dx is finite, then the series X y(w) is convergent. 

1 « 


As an example of this, k being positive, it is known that 



flC 

V* 


-J' so is a convergent series. 


As the addition of ^ makes no difference to the convergence, 

Op J 

^ convergent if /i>o and converges to a limit <i + i . 

[It will be noted that this is a shorter proof of the result than the 
one suggested in No. 5 of Examples 109.] 
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Examples xxo 

X. Use the results f — = log x and the curv'e >» = j . 

J \ t t 

(a) to show that (i) .r>i, log x<x - i ; 

(ii)x<i, -logA'>i-x. 

[Thus log xCx — I for any positive -v.] 

t 


(b) to show that if t is positive log (i + /)> 


I +t 


2. From Yq^<log (i +!)</ if t is positive (proved in No. i). deduce 

(i) <Iog (^i+-^<-: (ii) —^ <log ("i + <1: 

(iii) letting «->-oo , Lt (1+-) =^- 
Also if X is positive and less than then 

(iv) *<-log(i-x)<^ : 

(v) 1 -i<logx<x- I ; 

(vi) log (x +y) - log . 

^ y 

3. In No. 2 (ii) put i - - equal in succession to ^ . .... 

X ^ /« m + i m i 2 

prove that if m and n arc integers with tt>tn, tlien 

n 


...It I 1 

log->— +-^-+ ... + 

° m - i m m + I ni + 2 n 


(i) 


Also putting X - I equal in succession to — , •—— , —*— 
prove that the sum on the r.h.s. of (i) is greater than log 

n-iOf)o I riGoo j 

4. By comparing £ -s with I dx, show that the 2 " lies betw 

n-iou w J 100 

•009001 and '0091. 

[Remember it is 27 from loi to 1000 which < the integral.] 

5 * Deduce from result (a), p. 291, that 

1 + J + J + ... + 1^0 >loge 10 but <loge 10 + I, 

IGOO I 

and show that 27 - lies between 6*9 and 7*9. 


een 


n 


-1« 


Show also that the number of terms required to make the sum 
greater than 20 lies between 10® and lo*. 
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6. Show by considering the area under that 


III 13 I J.U.V-* 

-- + ^ + ^+...+- 5 <- --o, and that ^ 

13 2^ 3^ n* 2 21V 1 » 


* I II 

7. Show that (i) -T-s<- + » 

' ^ ' 1 I + «“ 2 4 

Some Binomial Series 

In the series for (i -x)'”* every term is positive if w>o. 


For (1 - a) ■ "> = I + '- - - - i - - - ( - x)- 

' ' I 1.2'' 

1.2.3 

m mhn + i) . m(m + 1)(in + 2) , 

= 1 + x + - -- x ^ + - -- x^ + ..., 

1 1.2 1.2.3 

where .v mvist be less than i in order that the series may be con- 
verL'eiit. 

It m is a fraction, series are obtained which it may not be easy to 
identify as binomial series. 

Example I. Sum the scries i +-i\ + i^j . . -s 6 • It + ••• • 

'I'he 4, 9, 14 with ditTerenecs 5. suggests -t i)(i ^ 2), and the term 

4 • • '4 i - Ol.I ^2) /ix., , u • 

can be written - . (1)^, the earlier terms being 

10.20 . 1.2.1 






I . z 


Tims the series is seen to he the expansion of and the 

required \alue ( 3 ._) - 2='=^aiUiU>g-2408 = i-741. 

E.xampic II. Expand fi -.y)' as far as the term in .v‘, given | x J<l. 
Deduce the tuni el tlie series 


1 1 • 4 « 1 • 4 • 7 •> 

0 0.9 6.9.12 

and hence show that * * 

12 12.18 12 .iS.24 


= 2 


-3CJ)»- 
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2 _ 




I . 2 

!•« • 6 


I _ Aj- _ . lx - lx . Jx . 


1.2.3 

A 


X -3 + 


I . 2 . 3.4 

7 

1:: 


*x - lx . hx . 5 x . \;X - ... 


2 2 Cl 

=I--X-- X<2 

3 3 16 


^ + x> + 

6.9 6.9.12 






4 ^ 2 + } • 4 • _? 
9 6.9.12 


x 3 + 


■ ■ • 


the first series to be summcd=^-^i -- x (i x)*j-. 

The second series to be summed is obtained by putting x = 5 in this 
result, so that the sum required is 3(1 - J -(i)*)=2 -3(i)^ • 

Examples iii 

1. Write down the first 5 terms in the expansion of (i +x)“* and deduce 


that the sum of the series 

I • 3 • 5 


I • 3 • 5 • 7 


1,1.3 _ 

*“6‘‘'6.i2 6 . 12 . 18 6 . 12 . 18.24 


- ... is .J^/3. 


a. Write down the first 5 terms in the expansion of (i -x) *. 


Deduce that the sum of the scries 

is 3.4^-4- 


12 


5.8 5.8.11 

12 .18 12 . 18 . 24 


4 * • ♦ • 


3. Write down the first 6 terms in the expansion of (i - v)^ and show 
that all terms after the second are positive (o<x -^i). 

Deduce the sum of the series : 


w ‘+6 * r.i * 678 .-.s ^ ’ 




.... ^ 1 ^1-3 , » • 3 • 5 

^ 12 12 . 16 12 . 16 . 20 

4. Use the expansion of (i +x)i to find the sum of the scries 

, Zx+ 1 ^' x^+.... 

’ 12 *^ 12.16 12 . 16.20 

5. Show that I - Jx - Jx 2 - are the first 4 terms of a binomial series, 
and find the coefficient of x" in it. 

6 . Write down the coefficient of x" in (i -x)-i and deduce the sum of 

the senes I + ^ —I ja + •■• • 

Series allied to the Standard Series 

Series in which the term in x" of a known series is multiplied by 
an integral function of n can often be suimncJ as m tlic following 
examples. 
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Example I. Find the sum of the infinite series whose wth term is 

(n + if 
n\ * 

„ _ (n + if _ n(n-i) + 3n + i _ i 3 i_ 

nl ~ n\ („-2)r(„-j)rnl 

Having got the «th term in this form, it is advisable to look at the early 
terms of the series to see how they conform. 

Now = = + = + ^ replaced by i fits). 


2 “ 


“‘=11=3+11: 


. j. (” + 

■■ 1 n! 


■= e + 3e + (e _ i) 

= 5 ^- 1 . 

ee 

Example II. Sum the series 27 (n* - n) *—r. 

n»l ft- 

n3-« = n(«-i)(«-2) + 3«(«~i); 




X- ;en ^ J^n-S 




+ 3 ^ 


.n.S 


«! («-3)! («-2)! " '{n-3)\ ' («-2)!* 

This suggests two exponential series, one mtiltiplied by and the other 
by 3 .v2 . 

Also the early terms are : 

oa-(-(23-2)^ + (33-3)^4.(43_4)^ 


3 X* + 4 :>r® + 


■= 3.v= + 4-1:3^^ 

Thus each of the two suggested exponential series is complete and the 
result is 3 .v3^i+^ + ^ + ...^+x3^i+%^4....^. 

So the required sum is (34:2 + A-®) e*. 
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Example III. Find £ given | x j<i. 


1 n 


0 C 3 


« vn 


The series =£ x’' +£ — 

1 1 » 




I -X 


-log (I -x). 


* ^ , w(m - i)...(w-w + 1 ) _ 

Example IV. Find £ (n^ + 3 ^* + S)--' 


n al 


n 


Write n’^ + 3« + 5 as nin - i) + 4n + 5 and divide the term in x’* into 
3 parts : 

m(M - i)...(ot -« + i) 

(H-2)! 

m(m - - « + 1) 

+ {«-!)! 

m(m - - « + 1) 

c -- A. . 

^ w 


and 


the second is 


Of these three terms the first is 

. o (m - 2)(W-3)...(m-«+i) 

m(m-i)x^ •-^ -^2)! 

(m - i)(m - 2)...( m-^t+i) ^ . 

4 ^^- (m-i)! 

and, except for doubt as to the first few terms (which must be examined 
separately), these two when summed give 

m(m-i)A-2.(i+x)"‘-2 and 4m.v . (i+ a;)"‘-S 

while the third term gives merely 5(1 +x)"'. 

Now examine the early terms. 


These are 


or 


1 21 

m(m - i) „ 
5mx + 5 -,, - .V 


+ + (m - i) x+ ...} 

+ m(tn - i)x^ . I. 

Thus all the three series are complete except for the 5 . 1 of 5(1 + .v) 
and the sum is 

i»(w-i)x2 . (1 +x)”'’^ + ^tnx{i +x)'"-> + 5(i +x)"'-s. 


m 
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Example V. Expand log (3 +a:) in ascending powers. 

Given log 2 = *6931 and log 3 = 1*0986 calculate log 13 (all these 
logaritlims being to base e ): 


log (3 + *) = log 3 + log 



, * I I 

= loe 7H-1- 

® 3 29 3 27 


1 ^ 

4‘81 




In this take then 


log = log 3 + log (1 + ; 


• • 


log 13 = 2 log 2 + log 3 + ^ ^ 


The work at the side shows that this 

= 2 log 2 + log 3 

+ -08333 - *00347 
+ *00019 " ’OOOOI 


= 1*3862 
+ 1*0986 -*0035 
+ -0835 

= 2*5648 


I I 1 I 
3 * 12 ® 4 * 12 *^ * 


4 j -08333 
6 * 020 ^ 

3 -00347 
6 *00116 

4 *00019 
4 j *00005 

•OOOOI 


Examples 112 

1. Find r , . 

1 

3. Find ' f- 

1 ti\ 




2. Find S («- + i) —r. 

i ”1 


* 


4. Find 2 '(« + 2) if | a; |<i. 


5. rind_^yi“+ij --'-^ .t'*. 

n ! 


i 


6. Find 2’ (/F + 4) 
1 


«[ 




7. Prove that 2 ’ {n 4 i)= if | a: |<i 


2 .r , ^ 

-,+ -log (i -.v). 


(i - .v)- I - .t 


8 . Express {ti 4 i)’ in the form n{n - i)i^n z) i-an(n - i) +in +c and 
find 2* (« + I f . 

1 /d 
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Show that the coefficients of the given terms of the series 

, 6X2 29x^ . 

6x + —r + ^ •<-:- ^ 


2I 


are values of [(n - i)I + sl/w! with n — I, 2, 3 , 4 . 5* 

Taking this function as determining the general coefficient find 

the sum of the series. 


® I I 

xo. Show that 2 , ;- r-; = - • 

I {n + 2) . Til 2 

XI. Expand log (2 +x) in ascending powers. 

Given log 2 = -6931, calculate log 17 to 4 figures (put x = oh 

Series with Terms alternately + and - 

Various important series, for example those for e~^ and for 

log (i+x), have their signs alternately + and -. 

In both cases mentioned, if all the negative terms were changed 
to be positive, the new series would be convergent, as they would 
be the series for e^, always convergent, and that for -log (i - -v), 

convergent if j x 1 < i. 

This is, however, not always the case. 

The series + i + +. 


will be proved convergent; 

but the series i + ^ -h i -t- i -r i i .. 

has been proved divergent. 

The scries (i) can be written (i - (a ' 4) ♦ (i 0) > " '^‘Ch 

shows that it is a positive quantity, each bracket being positive, 

and it also can be written 

I - (i - j) “ (-1 “ i) " (o “ ' 

which shows that it is less than 1, so it cannot diverge. 

Also it cannot oscillate, because the terms diminish steadily to 

zero. Therefore it is convergent. 

This series is taken as typical of a " cotidiiionaUy convergent 
series, whereas the series for iog(i -r.v) with | .x [<1, and the series 
for e~* are called “ absolutely coTivergent 

The series (i) is obtained from that for log (i +x) by putting x=i 
so it would be expected to be equal to log 2. It actually is so, but 
this has not been proved ; what happens at the end of the range of 
convergency is a difficult matter. At the other end of the range, if 
X is put equal to — i in the series for log (i +x), we get the divergent 
series (ii) with all signs changed to minus. 
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The argument given to prove that the series (i) is convergent 
applies in the general case of a series i/j-Mg+ %-“4 +“5 - “b + ••• 
whose terms steadily diminish, provided u^-^o as n^co ; for writ¬ 
ing the series as (mi - w»)+ (1/3-lO+ (*^5 "*^e)+••• we see that it is 
positive ; and writing it as - (wg - W3) - («4 - W5) — (we “ “7) “ ••• we 
see that it is less than Ui ; also Un-^o bars out oscillation. 

Conditionally Convergent Series 

Most of the frequently used infinite series are absolutely con¬ 
vergent. 

Consideration of conditionally convergent series, and in particular 
of the series 



brings out the need for caution in reasoning about infinite series, 
and also that the “ sum ” of an infinite series is different from an 
ordinary sum of a finite number of terms. 

We proceed to compare the “ sum ” of the series (i) with the 
“ sum ” of the scries 


(* + i - i) {I + T - (u + li - e) + (lV+ iT ~ s) + > -••(ii) 

which is obtained by rearranging the terms of (i). 

Here the «th bracket is 


_ I _ I 1 

4« - 3 4 // - I ” 2H 

8^' - 2« f S;i“ - 6;i - (i6«^ - i 6 ri r 3) 
2«{4«-i) (4«-3) 

_3_ 

2/i(4w- i)(4/i-3)* 


This is positive and the «th term of a convergent series since it 
behaves like when n is large. Thus the series (ii) is convergent. 

Now tlio sum of the scries (i) -cthe sum of the first three terms 
(since - (J jg negative), i.e. <§. 

but all tile brackets in series (ii) are positive, and so the sum of 
series fii)' -the first bracket, i.e. >«. 

Thus tile “ sums ” of the series (i) and (ii), which appear to be 
made up of tlie same terms, are in fact ditferent. 

The student should note that nu alteration in the order of the 
terms can alter the sum ” of an absolutely convergent series, though 
no proof of this statement is given in this book. 
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Show that the coefficients of the given terms of the series 


, 6x^ yx® iix 

6x + — + -^ + 


2I 


I 


are values of [{n — i)! + w — i. 2, 3 » 4 * 5 * c j 

Taking this function as determining the general coefficient find 

the sum of the series. 

* 1 I 

10. Show that Z - r-j = - • 

1 (« + 2) . w! 2 

11. Expand log (2 + x) in ascending powers. 

Given log 2 = *6931, calculate log 17 to 4 figures (put x = 


Series with Terms alternately + and — 

Various important series, for example those for and for 
log (i+x), have their signs alternately + and 

In both cases mentioned, if all the negative terms were changed 
to be positive, the new series would be convergent, as they would 
be the series for c*, always convergent, and that for -log(i-x), 

convergent if ( x ) < x. 

This is, however, not always the case. 

The series i — J + ^ ^ a " u .. 


will be proved convergent; 

but the series i + ^ ^ -r i *' a t o .. 

has been proved divergent. 

The series (i) can be written (i - D ■ (’« “ * (a " 

shows that it is a positive quantity, each bracket being po&itive, 

and it also can be written 

1 — (i - i) - (i “ 1) “ (0 " H-" > 

which shows that it is less than i, so it cannot diverge. 

Also it cannot oscillate, because the terms diminish steadily to 

zero. Therefore it is convergent. 

This series is Uken as typical of a '' comlitionally convergent 
series, whereas the series for log(i -r x) with | x l<i, and the series 

for e~* are called “ absolutely convergent 

The series (i) is obtained from that for log (i +x) by putting x=i 
so it would be expected to be equal to log 2. It actually is so, but 
this has not been proved ; what happens at the end of the range of 
convergency is a difficult matter. At the other end of the range, if 
X is put equal to — i in the series for log (i +x), we get the divergent 
series (ii) with all signs changed to minus. 
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Examples 114 

I. Show that Lt (10*- i)/x^2*3026 and find Lt (10* —5^)/x. 


X—MJ 

2. Find the limits as «—>-oo of 




X 

3. If X is positive and n a large positive integer, so that - is small, 

( x\^ / X 

I + - I <- ( I H- 1 

nj \ n+ij 

4. Find the limits, x being positive : 


(i) L, ; 

Z_K> I * J 


(ii) Lt 


e* - I - log (1 +x) 

3^ 


5. (i) By division in ascending powers find the first four terms in the 
expansion of 


log(i +x) * 

(ii) Bv putting x = 1 + v find Lt (— -^ . 

;r^, \x - I log x/ 

6. \\ hat is the objection to the following reasoning? 


~ i 


liy^e', : = Lt —,—= Lt e*. , 

"•V A-*.) h h 


= Lt i-^( 

A-*l) \ 


, ft- X , , 

I+//+ ! + ..♦ — I \ j h — 
2 • 


Some Complex Series 

In Chapter XI the important complex series 

exp (a-) = 1 ^ -f ^ + L- f ^ 

2! 3! 4! 

was discusseiJ and proved equal to cos v-f sin>’. 

It was shown to lie consergenl, being equal to the sum of two 
convergent series, tliat for cos_v and i times that for sinj)'. 

1 Ills senes is a special type of complex series since the terms are 
alternately real ami imaginary. 

T he more general complex series has real and imaginary parts in 
each term, being of the type 

(“1- ^’m) ^ («2 ‘ +(i/„rrc„) + ..., 

where the ids and v's are real. 
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This, however, is also the sum of two series : 

(ttj + Mg + M3 +... +M„ + ...) and iiv^-^v^ + z'z + ... +r„ + ...), 

and, like the special case, is convergent if each of the two series 
Sun and is convergent. 

It is not necessary as a rule to consider these series separately, 
for «„ and v„ are each less than which is the modulus of 

the «th term of the complex series, and both the «-scries and the 
©-series will be convergent if the series of the moduli, ■+•©»»■) 

is convergent. 

This is a sufficient but not a necessary condition ; if it is satisfied, 
the complex series is said to be absolutely conz ergent. 

For example, Za'^ (cos nO 4-/ sin u6) is conv'ergent, if Za" is con¬ 
vergent, that is if I <2 I < I, for 

1 cos nd + i sin nd | = .^(cos- ud i sin^ u6) = i. 


*3 


-h .. 


is aUvavs convergent. 


Power Series in z = x + iy 

Example I. exp z= i +s + *".+ . 

2> m ^ • 

It has been shown, p. 279, to be exp (x + iy) =e‘^. e*'' = (cos y * ( ^in y). 
Example n. The c.p. i+ z+z-+ + ■■■ is convergent if 


This can be summed to n terms or to infinity. 

I 1 I - .V + iy 


The sum to infinity 


i - z i - x-iy (I -Jcf’+y 


a • 


00 

Example HI. Z cos" 6 (cos n 9 + i sin nO). 

n —O 


The term set down is the (« + i)th term. 

Its modulus =5 1 cos 0 [" . | cos nO + i sin nO \ —\ cos 6 |". 

the series of moduli is convergent, so that tiw given series is con¬ 
vergent, if [ cos 0 |< i. 

This is true for all values of 0 except If 6 = nTT, sin n 9 = o and 

cos" 0 . cos ne is either ( + i)( + t) if « ‘S vven or ( - i)( - 0 if n is odd ; 
so that in either case the series is i + x + 1 + ... and is divergent. 


Examples 1x5 

X. Show that is real. 

Z, Show that a +ib =r exp la when r = Vfa* -*• and tan a = ^ . 

If b=a^^ prove the condition for absolute convergence for the 
series i + (a + ib) + (a + ib)- +(a + ib)' + ■■■ is j a |< g. 

Find the sum of the scries to 9 terms. 
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00 

3. Discuss the convergence of the series Z sin" 6 (cos nd + i sin nff) as 




in worked Example III. 

Sum the senes i +I7r + ^— 7- H-r- + ••• to • 

2! 3! 

eo 

Discuss the convergence of the series Z jc" (cos n6 +1 sin n 9 ) and find 

n=*o 

its sum when convergent by using cos nd + i sin nd = (cos 6 + i sin ^)" 
and summing the g.p. 

Hence write down the sum of the two series 


(i) Z x" cos n6 ; (ii) Z x” sin nd. 

»>U K«>1 

6 . Show if I X |<i that the series 

cos 6 +x cos 35 + x- cos 5^+ ... (i) is convergent. 

Also by summing the series 

(cos 6 + i sin d) 4- X (cos ^ +1 sin 5 )^ + x®(cos 0 + f sin + ...» 
of which (i) is the real part, 

show the sum of (i) to be (1 -x)cos ^/(i -2x cos zd-tx^). 

7. Sum the series, given | a? |'<i : 

(i) I + 2x cos 6 + 3x^ cos z6 + 4.V® cos 30 + ...; 

(ii) 2x sin 0 + 3»* sin 20 + 4x^ sin 3^... . 

Comparison with the G.P. 

In comparing a series Zun with a standard series Zv^ known to 
be convergent two methods have been used. 

When Zun was Z ~ , the series Zv„ r- was shown to be 

«■ («-i)« 

convergent, and since for«> i, X was convergent also. 

n- {n-i)n n~ ^ 

But in dealing with the exponential series, the ratio of each term 

to the previous one was found and it was sliowm that after a certain 

term tliis ratio was always less than i ; thus by comparison with a 

G.p. of ratio . 1 , the exponential series was shown to be convergent. 

Other examples of tliis method of comparing ratios will now be 
given. 


Example I. Discuss the convergence of the series 

yv + --'^:c= + — ^■Az±.A.x‘+.. 


The «th term is — 


4-7 4.7 . 10 

2.4.6 ... 


4.7 . lO . 13 


. (x positive). 


4 • 7 • 10 ••• ( 3 « + 1) 


X 


n 
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The ratio of this to the previous term is-.v. 

3n -r 1 

This ratio and so the given series is convergent if for the 

terms will decrease more rapidly than those of the g.p. whose ratio is jx. 

if X<^. 


So the series is convergent for all values of a‘<2. 

Caution. If x = ^ the ratio of the «th term to the previous one is 


6 n 


6ri 


and this is actually less than i ; but it gets nearer and nearer to i as « 
increases, and as n-^oo the ratio —> i. 

This state of affairs does not make the series convergent. Compare the 


fact that for the divergent series Z - the ratio of the «th term to the 


previous one is -, which is less than i but tends to i as n—^00 . 

ft 

Note. If X Nvere allowed to take negative values, the series would be 
convergent if | |<i, i.e. if | x |<a* 

Thus the series is convergent if *- a<.r<ii. 


Example 11 . Show that (x positive) the series +- +-—• + ... 

1.2 2.3 3*4 

is convergent if x<i. 

Find the sum of the series. 

[It is usual to take the ratio of the (n + i)th term to the /ith, rather than 
that of the nth to the (w - i)th.] 


For the scries n,, = - 


•n+l 


n{n+i)* («+i)(n + 2)’ 


u 




n 


n + z 


. which —>x as >cc . 


if :^r<i the terms will become less than those of a convercent c,P. 
[for example, if x = *9, the terms w ill become less than those ul a for 
which the common ratio is •95*] 

/. the series is convergent. 

JVofe. It is also convergent if x is negative and j x l<i* 

To find the $um» write the series as 


X 

X 


X 

a 






3 

2 


X 

The positive terms are 


- + 

3 4 4 

+ + . • • 
3 4 


+ 


« - log (i - a). 



3 o6 
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The negative terms are-c ”* *** 


.V 2 


'I 

3 4 5 ) 


= --{-^og{i-x)-x}. 
the whole sum = i + - log (i - *) - log (i - x). 

4 ^^ 


Ratio Test 

The method used for the exponential series on p. 23^ and in these 
examples can be stated as a general test for convergence for a series 
Zur,. 


If 


Mr.4.1 


u 


< k for all sufficiently large n and j ^ | < 1, the series is 


n 


convergent. This is called d’Alembert’s Test. 

Examples 116 

X. For what ranges of values of x (being positive) is the series 


2.4.6 


2.4.6 . S 


• + 3 a: + — 7 x^ + -5^-o + 

3 3 • ^ 3 • S . 13 3.8 . 13 . 18 

convergent? 

^ .T 

2. Show that 1+’ + — + is convergent if |.v]<i and also if 

3 5 7 

x= - I. 

2 2^ 2^ 

3. Show that .»4- . is divergent. 

I- 2- 3- 4- n- * 

/> 

4. Sliow tliat Z is convergent. 

5. Consi.hring n<i, a=i and uj>i separately, show that, if a is 
po.>iti\c, tiic series 


1 ^ a- a 

i- r+7r' ■^7+u-"'^ *“ 

i? always cof.vcrgent except when a= i. 

Mi'.celliineous Examples 117 

Shc>w that the iolluwing inlinite series are convergent (Nos. i to 5) if 
o<.v< I. 

I. -89. 2. (1 ^ l-)v^{l 4 2 =).v2+(i +32).v3 + .... 

2 2 . 2 . -i . A 2 1 A n 

3 3*5 3-5.7 3-5.7-(2«-i)^”‘' 
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i! il 2! 2! _ 

4. 1 + ——x + ——:r + 


2! 


l2 ^2 32 


3 • 3 • 1 

■ X® + .... 

o! 


n' 


® 2! 3! 4! (n + i)! 

6. Show that 27 ^ is divergent* 

234 

7. Find the sum of the series i-+ 

' 3 3 - 3 ^ 

with the expansion of (i +x)-^. 

I J ^ *7 I 

8 . Find the sum of the series i - - ^ ^ 


^ - ... by comparing it 


3 • 5 


3! 2' 

I • 3 • 5 • 7 * 


s 


4! 2” 

by comparing it with the expansion of (i + .v) 

9. Apply d’Alembert’s test for convergence to the series whose nth 

term is n^jn\ to show it convergent. 

Show also that the series is convergent by comparing it with the 

infinite series for e. 

10. Show that the series 4 + 4 x + 4 convergent 


3 ^* ’ 4 * 


provided | x 
Examine t 


< 1 . 

ae cases when x — i and x — — i. 


II. Show that the series whose nth term is 


n . 2 


rt 


is convergent and 


find its sum by comparing it with the series for log (i —x) 
12. Discuss the convergence of the following scries ; 


(i)7 


X - 


2 - 43 * 


I • 3 
5 

- A -p -j— 

3 2! 3 

Also identify the series. 


3-53 


!x 3 - * 


4.6 3 


X*+ • 




1 . 


Test Papers C 
C.I 

(i) Find the equation whose roots are the squares of the roots of the 

equation 2x* + 3X-i=o. 

(ii) Show that if x is real the function 

4*-3 


x^ + I 


can only take values in a certain range and find this range. fL.) 
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2. If X is small so that and higher powers of * may be neglected, 
express the function 

_n/(4 + 5 )_ 

I -2ar + (i +3 .v)5 

in the form a+bx + cx^. (O. & C,) 

3. Solve the equation 

2x^ - + lox -6=0 

given that a: = i - f is one of its roots. (O. & C.) 

4. If = show that a first approximation gives x = l and a 

second (neglecting x^) gives x= ^^. Find the third approximation 
neglecting all powers of x above .v®. 

5. Assuming the expansion for log<.(i +a') in ascending powers of x, 
prove that 




.V 




^x+ — + — + 

3 5 


and, when o<0<o7r, deduce that 


$ 


sin 0 + J sin® 6 + 1 sin® 6 + ...= log^ (tan 6 + sec 6 ). 


(O. & C.) 

6 . Show how to represent the sum and difference of two complex 
numbers xr,, Co in an .-Vrgand diagram. 

If j c, I = I ^2 |i prove from geometrical considerations or otherwise 

that ""J is purely imaginary. 

~1 ~2 

Show that the equation xr® + 8 = o has one real root and two 
complex roots. Give the modulus and argument of each root and 
show the roots in an Argand diagram. 


Find the value of , 


I - s 3 ^ 


(O. & C.) 


c.n 

1. In how many w.ays can a cricket eleven be selected from fifteen 
players? It ten ot the players arc right-handed and five left-handed, 
liml lunv many ol tlie possible elevens will include (i) two and only 
two ieU-lumdcrs. (ii) two or more left-handers. 

2. (i^ Prove that, it the equations 

V- fx +p = o, qx~ - a: + I = o 
have a common root, then 

(pq~i)- + {p + i)iq+i) = o. 

(ii) Provo that the sum of the first n terms of the geometrical 
progression a, ar, ar\ ... is u(r" - i);(r - 1). 
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The sum of the first five terms of the geometrical progression is 
5; the sum of the fifth to the ninth terms (both inclusive) is 80. 
Prove that r = ± 2, and find the two possible values of a. (O. & C.) 
3. Express the function 

2 

x(x + i){x + 2) 

in partial fractions and hence prove that the sum of the first n terms 
of the series 


1.2.3 

I 


+ 


2 • 3 • 4 
1 


+ 


3 • 4 


U i - --. (O. & C.) 

4 2(n4-l)(W + 2) 

4« (i) \^’rite down the rth term in the expansion of (1 +x)". If the 
coefficients of .x’’» x’’+‘ and x’’** in the expansion of (i +x)‘* are in 
arithmetical progression, find the possible values of r. 

(ii) If the square and higher powers of x can be neglected prove 

(L.) 


that 2 . 

I + 2 X 4 

5. Show that the limits as n^<x> of 
same. 

6. Use de Moivre’s theorem to prove that, if 

2 cos d = X + - 

X 


and of 


(■ ^:) 


nx 


are the 


then 


2 cos = X'* + — , 


Hence, or otherwise, solve the equation 

5x‘ - IIX® + 16.V® - IIX + 5 * o, 


(O. & C.) 


C.III 

1. Prove that + c^a- is a perfect square if cither a+b+c = o 

or if any one of a, b, and c is the sum of the other two. 

Hence, or otherwise, find the square root of 

(X - 1 )2 (4JC + I )2 + { 4 X + I (3x + 2)'^ + (3X + 2)2 (X - I )-. (I>.) 

2. Using the relation 1 = 2(1 +1)® (0 complex factors, (ii) two 

real quadratic factors for z* + i, 

3. The sum to infinity of a scries of numbers in geometric progression 
is 57, and the sum to infinity of a series with the same first term but 
with a common ratio tlie cube of the original is 27. hind the first 
aches. 
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Sum to infinity the series 

I +(i +c)r+ (i + a + a^)r^-¥{i + + ... , 

stating the range of values of a and of r for which this is possible. 

4. If <2, b, c are real and P + iq is a root of az^ +bz +c = o^ prove that 
2apq +bq = o and aq- = ap" +bp ■\-c. 

5. (a) Find the least number of years in which money invested at 4% 
per annum compound interest will double itself. 

(i) If 2 logio x + $ logio^** 1*232 express x in terms of _y in a form 
not involving logarithms. 

(c) Solve the equation 3'*'+® - 13 x 3®*'*’* +4 = 0. (L.) 

6. Sum the series : 


in-1 


(i) - (« - I) f, + ... + ( - 

where (i + x)” = Cg + CjX + .. .c„x" ; 

4 * *• 4-7 I 


(11) !+> + •• • 

6 1.26“ 1 . 2 ♦ 3 6^ 


+ .♦ 


(Hi) ^ 

2 


- 1 


ni 



C^IV 


.2 . 


^ , y cannot lie between V 2 when 


1. Show that, ify=—* 

(a + i)(a:-2 ) 

X is real. 

Draw a rough graph of the function and indicate clearly how the 
function behaves for large (positive and negative) values of x. (B.) 

2. (i) Prove that, if two polynomials P(x) and ^(at) have a common 
linear factor .v - p, then a - p is a factor of the polynomial 

[rix)-Q(x)]. 

Hence prf)\ c that, if the equations 

• 4.V“ - 5.V - 10 = O, U.V'* - 9.V - 2 = o 
ha\e a cutnnion root, then u=2 or ii. 

(ii) Prove- that, if .x 1- i *y+i, then 

(.v^-.v+i)=^ 

x{x-iy^ y-r 

IIci\ce solve the equation 

(.v 2 - .V + I )2 _ (.V - I )2 = O. (O. & C.) 

3. I iiu] the three terms and the coefficient of x' in the e.xpansion 
of 

log^ (I - A - 2 .v2) 

in ascending p->\\ers of .v, and state the range of values for which 
the expansion is valid. (O. & C.) 
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4. Expand (i—in ascending powers of x as far as the term 
containing x'^. 

The function 


e-*- 


I - X 


(I -x-^) 4 (i -x^)i ' 
is expanded in ascending powers of x in the form 

ax + bx^ + cx^ + dx* + ... . 

Prove that the four coefficients a, 6, c, d are all zero. 

S* Define sinh x and cosh x in terms of exponential functions. 

Prove that cosh^ x - sinh* x = i. 

Find the real values of x satisfying the equation 

4 sinh* X = 6 - 3 cosh x, 

giving your answer in logarithmic form. (O. & C.) 

6 . Show on the Argand Diagram the circle inside which z must lie so 
that the series 

- j^\\( +... 

ar + 3 V« + 3 / \- + 3 / 

may be convergent. 

C.V 

1. (i) Given that (x - a)Cx-iS)(x - y) ^x^+/>x*+^x + r, express p, q, r 
in terms of a, y. 

Solve the equation 

x*-2ix*+ i26x-216 = 0, 

given that the roots are in geometric progression. 

(ii) Solve the simultaneous equations 

3x* + 15x3' - 56JV* + 56 = 0, 

2x* + 9^^ — 333'" + 28 = o. (O. & C.) 

2. In the same diagram sketch the graphs of the functions 

(x + 0(^ and 

x -4 « 

for values of x from - 3 to 4. 

Prove that the abscissa of the point of intersection of the two 
graphs is a root of the equation 

X^ - 2X* - X - 8 = o. 

Prove (do not merely derive the result from your graph) that the 
maximum ordinate of the first graph witliin the range — 3 and + 3 
for X is 6 - 2.^5. (^' ^ ^•) 

3 * Write down the first four terms in the expansion of ft — j by the 

I> I_• \ rr^i \ 3/ 


Binomial Theorem* 


T.A.A, 
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Show that 


1 I + - ) . e'* = 1 - ^ + 

\ 3 / b 2^ 




3/ o 24 

and find the coefficient of a.*® in this expansion. 


4. Show that ^ log -g 


«- 


«2-I 


= X + - - + - + ... where x = 


zn^ - I 


(B. 

and «>i 


5. (i) Prove that one of the values of tan-* (^) + 2 tan'* (i) is 45®. 

(ii) \\Vite down the series for tan“* x and use the result (i) to calcu¬ 
late the value of it to four figures. 

6. Define the modulus and the amplitude (argument) of a complex 
number with reference to an .Argand Diagram. 

Show that the equation = 2 has one real root and two complex 
roots. Give the modulus and amplitude of each root. 

Find the modulus and amplitude of the complex number 

( 73 -*■)/( I+ 0 - (O. &C.) 


C.VI 


X. Prove that it is possible to find n consecutive odd numbers whose 
sum is and find the middle number or the two middle numbers, 
according as n is odd or even. 

2. In the Argand Diagram show that the point given by 42-2-3^1 is 
collincar with the points given by c, and z.;,, and explain where it 
lies on this line, [s, e .Vj -riy^, and so for z.,.] 

3. I'se the binomial series to write down the first four terms of the 

expansion of (i ■-}■)'■ in a series of ascending powers of v. 

lienee tind, in terms of cos 6^, the coefficients Cj, Co, C3 in the 
expansion of 

( I - 2.V C(5S in the form i +c,.v +C. 2 .Y- +r3.r’ + ... . 

Prove that, when f^ = o, every coefficient in the series is equal to 

+ I. 

[\ou may assume throughout that the expansions are valid.) 



\\ rite down the expansion of log^. ’ in a 

I X 

powers of .V, anil prove that it is convergent for 
I'.xpand log, in ascending powers of 


series of ascending 
- I <x< + I. 

*— , stating the 
2« f r 


necessary restrictions on tlie value of n and show that, if 


2 

zn -r I 
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5. Prove that 


2! 


+ ffiv. + - infinity = 7^- 


(ilf i2\)‘ (3!) 


(B.) 


6 . Exp 


ress 


jx - X 


— in partial fractions. 


(1 -*)(i +2x)(i +j;-) 

For what values of x can this be expanded in asccndin" powers of 
x} If it can be expanded thus, show that the coellicicnt of a*’ is 
numerically double that of (B.) 


C.VII 

!• (i) If I, CO, <0* are the cube roots of unity, prove that if n is not a 
multiple of 3, then i +co" +to“’' =0. 

What is the value of i +a>’‘ +co-'‘ if ri is a multiple of 3? 

(ii) Factorise a-® + a + I and u-+uv + v- in complex algebra. 

*• (i) Being given that X*+3'^ = I and that a/j =A, express 7.V-+ 2.v;y - 
in terms of A. (i-*) 

(ii) Being given that a, b, c are positive numbers, prove that 

2 (a^+b^+c^)- (a^ +b^+c^)(a+b+c) = S(a^- - b-)(u - b) 

and deduce that it is positive. 

3 » Show that, if Xj is an approximate value ol then -v^, .V3, ... are 
successively improved approximations it 

Find, by this method of approximation, the square root of 38 
correct to three decimal places. (B-) 

4 * (i) Divide a."® — 2 — 21 by x + i —i, and hence prove that the three cube 
roots of 2 + 2/ are 1 - 1 and i {i - t j. s 3 {‘ < )}• 

(ii) What is the locus of s on the .\rgand Diagram it , [ =2? 

(C.) 

5 * (i) State precisely the ranges of values of x for which the expansions 
log* (i +a:) and log^ (1 -x) are valid. 

Prove that, for a certain range of \alues ot a* whiclt is to be stated, 
the sums of the two series 

+ J.v®-Ia* + ... 

if -v •'4 


X 
I 


2\l+A-/ 3l*+-^/ 4\‘+'^'/ 


are equal. 


4 * 
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(ii) Show that the difference between the value of e and the sum 
of the first n terms in its expansion lies between 


In 

1 n+ij n\ 


and 




and hence show that the first eight terms of the expansion give the 
value of e correct to four places of decimals. (L.) 

6. (i) State the series for log(i+x), where |«|<i, and deduce the 

series for log 


I -X 


How can this series be used to deduce log 37 from log 6? 

J Z 

— y show from a sketch graph that 

i + i+S>iogI>| + J+|. 

[The logarithms in this question are to base e.] (L.) 


C.VIII 

1. Determine the cube roots of unity by a construction of an Argand 

Diagram, and show that the two complex roots are such that each is 
the square of the other. Calling these roots w and cu®, find linear 
factors for and for -3fl6£'. 

2. If Si; is the sum of k terms of the geometric progression w’hose first 
term is a and common ratio r, obtain an expression for tlie sum r„ 
of n terms of tlie series 


and verify that 


r„=5i +S 3 +... +S„, 

r 5 „+(i -r)T^=na . 


If r= \ and find the value of Tg. 

3. ^\■rite dow the (r+ i)th term of the binomial expansion of 





Show that there is a term which is positive and independent of x 
if n is a multiple of 3. 

hind the numerically greatest term in the e.xpansion for x=|and 
ns* 9 . (L.) 

Prove that the coefficients of x" in the binomial expansions of (i — 
and (I - arc n + i and ^(« + i)(?i +2). 

By putting x = .1 in each of these two expansions prove that 
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(i) Express 
in partial fractions. 

(ii) Expand 


X + I 


(x-i){x^+i) 


lOge 


(I-3X)^ 


(I — 2X)^ 

as far as the term in and find the coefficient of x'. 

State the range of values of x for which the expansion is valid. 

6. Find the sum to infinity of: 

1 I I 1 


(L.) 


(i) 

I • ^ 

(u) I + - 

3*3 


3 3-4 

I 


* 4 “ * • • 


“T, + “ 

3 ^ 7 


4 " *«« 



CHAPTER XIII 


INEQUALITIES 


Inequalities 

The statement “ a is preater than h ” means that a - b is positive. 
Thus -3 is greater than -5. This is written -3> --5. 

The symbolic statement “ -5<-3” means “-5 is less than 
— 3 ” and — 5 - (— 3) is negative. 

The signs > and < are also used for “ greater than ” and “ less 
than ” without the verb ; > means “ is not greater than ”, and so 
it is equivalent to “ is < to 

To denote that a is numerically greater than b, the modulus 
notation is used, and we write I <7 |> I ^ ]. Thus | - 5|>1 -3|. 

'I'hc process of adding the same number to each side can be applied 
to an inequality just as to an equation. 

'Thus if .Y-5<fl, it follows that 

Ill "iiieral if a>b, then a-^c>b + c for all values of c, positive or 
negative. 

y 

Apain, if->«, it follows that x'>2a. 

2 

Both sides ol an inequality may be multiplied by any positive 
number, but muUiplicaiion by a negative number changes >■ mto < ; 

for example, if then if a'>b, x>{a -b)c ; 

but if a<b, x<{a~b)c. 

Suppose 3.V T 7>5.V-r2, 

then 0 -5)-v>'-5. 

and this is chaiv.'ed into 2v--,5. 

Example I. lor what values of .v is ^v + 2<2;v + I? 

Irom the imi|ualii\ (inuhipl\ ing bv 4), 

to.v + 3vS.v+ 1. 

* V ' ' — _ ¥ 

• . A • I , 

The inequality is satisfied for all values of .v less than 


Example II. For what values of x is 2 < 


.V 


If x^2y i.e. il .V 2 is positive. \ve re 


.V - 


•quire 
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For zar —4<:Jf — 7 we need jc< —3, which contradicts x^z. 

x>-2 is not possible. 

Again, if Ar<2, i.e. if x — 2 is negative, we require 

2(x - 2)>x - 7>3-3c - 6. 

For 2x - 4>.v - 7 we get x> — 3 and for x - 7>3x - 6 we get xC - 
Hence we see that the only values possible are in the range — 3<x< — 


Inequalities and Graphs 

To discuss the inequality ax+b>cx + d we can change it into 

{a — c) X + (A — > o 

and consider what part of the graph oi y = {a — c)x+ {b — d) is above 
the A'-axis. 

In Example II above, the question may be asked thus : 

“For what part of the graph of y = - is the value of y 

X 2 

beUvcen 2 and 3? “ 


Quadratic Inequalities 

Many quadratic inequalities have been discussed previously from 
the graphic point of view. 

ask “ for what values of x is + bx + Oa'x-b’x + c' i 
to ask “ for what values of .v is the graph of 


IS 


y — (a- a') + (6 — b') x r c - c‘ 

above the .v-axis? ” 

'rims -T 5-rio<x’-T- i8x - 5 

if 2x® - 13X + i5<o 

or (2x - 3) (x - 5)<o. 

'rhe graph of y — (2x — 3) (x - 5) will be below the x-axis (or the 
factors of will have opposite signs) if 

✓ 

X lies between i?> and 5. 

Again, limits on possible values of ^ ‘ ' have been discussed 

quadratic 

in Chapter III. 

r' , X - I) 

i* or example, y = , , ^ 

* (x-2)(x-3) 

(>’ + 7)*C48. (No. 9 below.) 


can take no value such that 
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Examples xi8 

1. For what range of values of x are the functions f jc — 2 and 3 ” 

(i) both positive ; (ii) the first positive and the second negative ; 
(iii) the first greater than the second; (iv) the first greater than 
tv'ice the second? 

2. For what values of x does x- - 5* + 4 lie bet^veen - 2 and + 2? 

3. For what values of .v is the function 14JC - 20 - 2x^ (i) greater than 5 ; 

(ii) between i and 4? 

2 

4. Find the ranges of x for which 5 - ^ 

c. When is 3 + —^<0? 

^ X-b 2 


2 iV + ^ 

6. For what values of x do we have - i<-^<1? 


X- I 


7. Show that 4 aV(.v^ + 2x + 2) is always less than i. 

8- Show that cannot lie between p and q, 

x~{p^q) 


9. Prove that if 


^ {x-^)[x-^y 


then y can take no value such that (_y+ 7)“<48. 


10. Prove that 


4,v" + 5 .V + I 


lies bet^veen 42- and - 4. 


.V- + 2.r + 2 

XX. Prove that » — cannot lie between lA and i-,V‘ 

•V- + 4'-* - 5 

12. Prove that lies between 3 and - i. 

2A- - 2.V + 5 


Inequalities not involving a Variable 

Many inequalities are deduced from the simple fact that 
if tzi o factors have the same sign their product is positive^ 

and in particular all squares are positive. 

In what follows, all letters stand for positive numbers. 


Example I. a.m.>g.m. for two numbers a, b, which are unequal. 
Since squares arc positive (<2 -b)->o ; 

/. a-+b'^>2ab\ {a 

/a-¥bY , 

{^r ) 

that is the a.m. of a and 6>their g.m. 

This result must be remembered. 
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Example 11 . Unless a, 6, c are all equal, prove that 

+ e^>bc •¥ ca + ab. 

Because ■¥b^—be - ca — ab) = {b - cY •¥{€ — a)^-¥{0-bY^ and as 
the R.H.s. is positive, the required result follows. 

a* + b'^ 

Alternatively, we may use Example I and say —^— >ab and add to 

this two similar statements to give the result. 

Example HI. Prove that 2(<3®+6®+c®)^a®(6+c)+i®(c + a)+ +6). 

The sides are equal if a~b^c. 

If not, L.H.S. - R.H.S. 

= (6® + c® — b^c — bc^) + (c® + a® — — ca^) + (a® + 6® — a~b — ab-) 

= (A® — c®)(6 — c) + (c® — a®)(c — a) +(a® -b^)(a — b). 

In each of these products the two factors must have the same sign, and 
so their product is positive. 

This proves the required result. 

Example FV. If a, b are unequal, prove that 

^m+n j^lftn+n a"'jrb’'' O'^+b^ 

- >- . -^- 


We have to prove 2(a”*'*'*’+ fc”*'*'") — (a”*'*'" + a"6"* + a”*6" 
which is the same as (a"* —b"*)(a^ —b")>o. 

This is true, since the two factors must have the same sign. 

N.B In all these examples of inequalities, the letters must not be all 
equal. If they are all equal the > sign is replaced by the = sign. 

Examples X19 

X. Use A.M.>G.M. to prove that 

(a + 6) (/> + c) (c + a) > 8 abc. 

2. Prove that a’+6’^a®Z»®(a®+6®). 

3. Prove that (a^® + a2®)(&i®+6./)>5(ai6, 

4. Prove that (a,® + a/ + a^) (^1" + ^ "*■ 

2”) ** 

6. Prove that a®+^>® + c®^3a6c. 

[Hint, a+6 + c is a factor of a®+A®+c® - 3aZ»c. What is the other 
factor?) 

7. Use Example IV to prove that 


a' 


b^ 


a 


+ 6 ® a®+^® /a®+A®\® a+b 


CT) • 


m 




2 2 2 V 2 / 2 

8 . Prove that 4(a,*"+a2‘®)>(ai‘'+a 8 ®){ai®+a2®)(a,®+ a2®). 
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9. Prove that + i^^b'^>i2.ab. 

[Hint. Use sums of squares.] 

10. Show that (i) + 86^ + iSabc. 

[Use the result of No. 6.] 

(ii) 9a® + 286® + i26r^>93aAc. 

\Vlicn does the equality sign apply in (i), and why is it impossible 
for an equality sign to appear in (ii)? 


Sum and Product 

The identity 

{a + b)- = \ab + (a - 6)® 

together with the fact that the least value of {a -b)- is o, 

which happens if a=b, 

proves that 

If the sum of two numbers is ifiren, their product is greatest ichen the 
numbers arc equal, .(i) 

and il»at 


If the product of two numbers is given, their sum is least when the 
numbers are equal .(ii) 

.A little thouglu will show that either of (i) (ii) follows from the 
other. 

The result (i) also follows from Fig. 52, 
which shows a scmi-circlc drawn on a 
line ()f length a r b with a perpendicular 
p tlrawn as shown ; for either the intcr- 
secting-chords theorem or the direct use 
ol similar triangles pro\es tltat p- = ab, 
and Z' IS seen lo l’>e greatest when drawn from the centre of the 
ei: Lie, 





( 

_c 

h \ 


I'l 


Examples 120 

1. li 2v • ;y\- 4. prove that the greatest value of .vv is 

2. Il iih 27, \'.1ku is tlie least value ol 4?/ • 

3. Clixeii 5.V • y 7. wliat is the greatest \alue <>1 vv? 

4. ll 3.v -f4y = 5. \%hat is the least value of q.v- -r inv-? 

5. Show that the ininimuni value of .v r '' is 2 4 

.V ^ 

[Such questions may. ol course, be answered using Calculus 
without much extra trouble.] 
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Generalisation 

The sum and product theorem above applies to more than two 
numbers, e.g. given a-^b-^c, then the product abc is greatest if 
a=b = c. 

For if a-i-b + c = 2 Sy start with each number equal to s and then 
take r(<r) from one of the numbers and split it into 2 portions /> and 
q, which are added to the other two, so that the sum is unaltered. 

Now the product is (r+/>)(J+^)(^ “0 " here p-i-q = r. 

This product expanded is s^+(j>+q-r)s^ — (pr +qr - pq) s - pqr, 

i.e. - [{pqY - pq^s ~ pqr, which is 

/. the product is greatest when the numbers are equal if the sum 
is given. We shall assume this to be true generally, and give a 
complete proof later (see p. 322). 


Example I. If />+^ + r = 6, find the greatest value of p'^q-r^. 
Solution. p^q~r^ is maximum if ^2) (2) maximum. 
This last product consists of 7 terms whose sum is 

the product is maximum if the terms are equal, 


i.e. 

3^2 7 7 

1 8^ 12^ 12* 

maximum value of p^q^r^ is -^7’^- (—’4^'9)- 


Examples i2x 

1. If 20 + 36+ c= 18, show that the maximum value of abc is 36. 

2. If a+6 + c= 12, find the maximum value of a'bc. 

3. If p +9= 18 show that the maximum value of p-’q* is when p = 10, 
^sSand ^4*096 X io“. 

4. \i xy = 36 and x^4, what are the least and greatest values of (.v +3’)? 

5. Given a circle centre O, .<4 a point outside it, and AT a tangent ; 
if APQ is any line meeting the circle in P and Q and (JN is the 
perpendicular to PQ from O, show AP + AQ = 2AN>2AT. 

Deduce from AP . AQ = AT'^ that if the product of two numbers 
is given their sum will be least when they are equal. 

6. If p +q +r = 2 show that the maximum value of p*q-'r- is 2’° . 3“®. 

7. If p*^r = 324 show that the minimum value of p ^ q-^r is 12. 

8. If 2x + 3^^ = 4 find the greatest value of 
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9. U a + b + c—12. show that the greatest value of is 4 


14 


10 


. Use the fact that to show that 

/a, + ^2 + ^ + ^4\'* 


a, + o, , ^3 + ^4 


by putting p = - - and q — 

Extend to establish that 


( ai + fl-» + ... + floX ® _ 

- ->^1^2 • •• <*B- 


Generalisations 

7 'he results of Examples I and IV (p. 318) can be generalised by 
increasing the number of letters involved from 2 to 3, 4, ... , n. 

A.M.>G.M. 

The result for ti letters (the letters not being all equal) is 


71 


(a, + ^2 + <73 + ... + a„)> • «n). 


the left side being defined as the Arithmetic Mean and the right side 
as the Geometric Mean of the ti letters. 

^'hc case of 3 letters will first be considered, the method used 
being one that admits of complete generalisation. 

To prove that ]^{a -rb c)'>-^abc unless a=b = c. 

Let abc = G'-^ so that G is the g.m. 

Now if a and c arc greatest and least of c, 6, f, so that <7>G>r, 

replace them by G and ~ so that the numbers are now G, • 

[This replacement would also be made when 

a = b'>c or when a>b = c.'\ 

By this change tlie increase in the sum of the numbers is 
G + ^ - c, i.e. (G - a) (G - c)/G, which is <0. 

there is a denease in the a.m. with no change in the G.M. 

Since by.-,^ G'\ so that if then b>G>y^ or ~>G>b. 

00 G G G 

In either case replace b and by G and * 

G G- 
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This second increase in the sum of the numbers is 


G + ^ - 6 - g. i.e. (G -*) - g)/ G, which is <0. 

Again there is a decrease in the a.m. to the value G, since the 
numbers are now G, G, G. 

/. the original A.M.>the final A.M., i.e. \{a +b + c)>-^abc. 

Note. There is an alternative way of approaching this theorem by 
increasing the g.m. instead of reducing the a.m. In this way we 
replace a and c each by i {a + c). This does not alter the a.m., but 
it increases the G.M. since <2<r<{J (a + 

If we could continue this process till the numbers were all 
equal, it would prove the theorem, but in the case of three numbers, 
the numbers—though they get nearly equal—never become equal. 
For example, start with i, 4, 9 ; the first few stages are 


5 > 5 * 4 » 5 > 4 i» 4 ^ » 45 » 4 'J> 4 i » 48 * 48 > 4 i * 


and there is always the “ odd man out ”. 

This way works if « is a power of 2. It will be found to work 
for four numbers. 


A.M. > G.M. General Case 

Given the n numbers 42,, a.^, 423, ... , a„. 

Let G be their g.m. and p, q the largest and smallest of the numbers. 
Replace p and 9 by G and ^ . This leaves the product unaltered 


but diminishes the sum. 

Repeat this process, always using the greatest and least numbers. 
At each stage one more of the numbers has been replaced by G, 
and finally the stage is reached when the numbers have been replaced 


by n — I G’s and which =G. 


Since at each stage the g.m. is unaltered while the a.m. is 
diminished, and since at the last stage they become equal it follows 
that originally 


the A.M. 


• • • + ^ n 

n 


\ 

>{aia^ ... a„)'\ 


(If the numbers are all equal the sign > is replaced by =.) 
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Example IV (p. 319) generalised 

The general result is that for the k letters a^, cu, ^ 

+ n 4 * + ... +< 2 *"' Ci" -^ 02 ''+ ... +< 2 fc" 

- '—k -> k • * 

unless the a’s are all equal. 

We begin by considering the 3 letters a, b, c, and prove that 


^m + n _j.^w+n _|. ^m+n 4 . + £:"» -rb’^ -r 



the letters representing positive numbers and by c not all equal. 
Solution. We have to prove that 

3 (<!”»+” + + c”’'*-")>(a"’ 4*6'" +r”’) (a" 4-i" 4-c"). 

L.H.s. - R.H.s. = 2 ( 0 ""+" 4-6"*+" 4- f"*-") - T {a"'b^ 4- 

This is positive since the two factors in each group have the same 

sign. 

Note. The case for 4 letters should be worked next. 

In the general case for k letters, we have to prove that 

{k— i)£'rti"*+" - Z (<7i”'rt2'* + <22"‘ai’*)>o 

where the first Z applies to the /c letters and the second Z, being 
for each pair of letters, implies \l<[k - i) pairs, so we get 

tlie Z being for all pairs. 

'rhis is Z (<7i'’ - ~ ^>")>o, which is true. 

('I’o master this, the student should write it out in full.) 

Examples 122 

1. Write out the proof that the A.M.>the G.M. for four positive 
ruimbcrs. not all e-iual. 

2. W rite out tlie piuuf lor fejur positive numbers a, by c, d, not all 
equal, tltat 

am+n 4 . ^m-rn ^ +h''' -r + 6 " + C" 4 - 

4 ^ i 

3. If a, b, c arc positive and not all equal, prove that 

(i) (£i- +b- 4-c-)(rt -i-h +c)'r-qtihc ; 

(li) 9 (a^+ 6 -’ 4 -c^)>(a-l- 6 -f-c)’. 


4 
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4 . If a is positive, prove that 

I + a ■¥ a.' •¥ •¥ a*> ^a-. 

5. Prove that a*-**' 

6. If o<ar<i and o<:>’<i, show that o<.v + j - .w< i. 

7 . \{ + 6 "^ =i and c- -¥d~ == 4, prove abede^ i. 

8. Prove that (a+b ->rC + d)^ <.6^{a^+b^ + er^-V d^){a~ *-h-c~ + d-) if 
<2, b, Cy d are unequal positive numbers. 

9. Show that a triangle with given perimeter 2s will have maximum 
area when it is equilateral, when the area is 

10 . With the usual notation associated with A.dfiC, show that 


\s-a s-b s-c) 

IX. Show that (an — i)!/2[{« — 

" /m + iN" 

12. Show that Z — j • 

13 . Use the result log x =£. a -- 1 with equality only if .v» 1. [Sec Chap. 

XII, pp. 293.] Apply this to the w quantities "j , J , ... where 

A is the arithmetic mean of a,, ... , o„, to prove the result : 


log 








— n, i.e. 55: o. 


Deduce that the g.m. of a„ ^2 is less than A unless all the 

a’s are equal. 

Inequalities using integration 

Frequently we can make use of integration to establish an in¬ 
equality ; the method used being dependent on integration giving 
the area under a curve. 

In Fig. 53, if the continuous curve is = then the area under the 

AT 1^ 

curve between P and Q is 1 P dt, i.e. “ "T ‘ 

J j 3 d 

Now area /.^ATl/^ area under the curvoarca PIISM ; 

1 

x^{x - l)>-> I*(JC - 1). 

3 3 

i.e. 3x=(-v- i>3(x- 1). 

These enable us to say that if .v> i, then i ( 3 '^‘'* ~ *) 
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Similarly if the dotted curve is that of 2r = - , 

Area PHNM > y > 
ie. I . (jc- i)>log, Ar>- (x-i) iix>u 



Again, for all m'>o, ?"* is an increasing function of ^ and 
provided b>a>o we have 


a"* {b - a) i"* dt <6’" [b - a) (see Fig. 54), 


i.e. a"' (6 a)<-(6’"+^ - {b - a). 


m + i 



Examples 123 

1. By considering the function z = l' show that .v=>3a:^ -2 if .r>i. 

2. If o<;ie<i, prove i ~x> - a* log A.*>ar(i - a). 
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3. If p>q>o and t>i, is positive ; by integrating from 1 to x 

, , - 1 x^-^^ - 1 

show that->-* 

p+ I q+ t 

Show the same inequality true if o<;a;<i. 

4 . If m<oand>»>x>o, show 

x’^{y-x)> —^ (y)>y’^(y- r). 

5. By replacing b by (i + 5r) and a by i in (I) above, deduce 

{\+zy>i+pz if P>i and a:>o. 

6. By considering the graph of ar=c‘ show e^>i +x and if 

*<1. 

Use of a Graph 

Some of the inequalities discussed on pp. 318-24 can be illustrated 
by the use of the graph of y=x‘^ for positive x when k>i , or the 

graph may be used as an alternative proof. 

jf I the curve 3^ —x*' is convex to the x-axis, which means that 
the mid-point of any chord is above the curve, and from which it 
follows that the centre of mass ol equal particles at points of the 
curve will be above the curve. 

Fig. 55 shows part of3' = x*. 



Take points P. Q, R on it corresponding to values a, b, c for 
(0^1 = a, etc.). 

If L bisects PQ. QR-^b^, so that 

Also ON=-^{a \ b), therefore d/iV = {i (« ^ *)}^* 


X 
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But L is above the curve, so that LN>MN. 


a 


> 


r-f‘) 


Again, if 5 is taken on LR so that ^ 67 ?, S is the centre of mass 

of equal particles at P, Q, /?, therefore 5^7 = ^ {<2®+ 

But OU—l{a+b^c), and, + T being the point 

where SU meets the cun'e. 


Since SU>TU, 


+ c* /a - i + c' ® 
-> 




3 \ 3 

This process applies for any value of k if> i ; k need not be an 
integer. 


If /e = 2-5 we get 


a 


2*5 


b^ 


> 


( 


a + bV--' 


a-^ -r b-^ ^/a + b-\-c\ 


( 




and 

3 V 3 

The process can be extended by taking four or more points on the 
cur\e. 

Examples 124 

I. Slio\N that the mctliod using the graph proves that 


-r-t-1/-*'-'* /a+b + c-r d\^'^ . , , 

- ->(-) unless =6 =r = a. 

4 \ 4 / 


2. I SL- the {iraph ol j^.xd which is concave to the x-axis to show that 
it a h 

3. Hx tis.inc the craph of y = e^, show that + e~^>-2 for all p^O. 
Miscellaneous Examples 125 

2V “ ^ 

1. I ■ T u hat x ahics of x is - i-== < i ? 

X + I 

2. Sliuw that biiih till quadratic expressions 

2.V' - 11.\ - 5 and 3.V- - 7.V - 6 

will he negative provided 2.v-- y.v t 3 •-.0. 

,, 3.V- + 2.V , 

3 - -V = “2 :r“ • .v-^ 35 h>r all values of a;. 

•* "t" 5 

4. For what values oi a: is A:^>4Ar^ - a; -6? 
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5. Show that x(x^+x+i) is > or <3 according as a; is > or <1. 

6. If all the letters are positive, prove that 

(i) (2® ■¥b^'^a^b +ab^ ; 

(ii) a^+b^^a^b^+a^b^‘, 

(iii) 3(^2^ +b*+c*)'^(a^ +b^-^-c^){a +c) ; 

(iv) (ab +ic + cfl)^^3a6c(a +b +c). 

7. If a^+b^>c^, prove that a+b>c. Consider a triangle to show 
that the converse is not true. 

8. If a, 6, c are sides of a triangle and 2s = a +b +c, prove that any 

two of Jis-a)a, J{s - are together greater than the 

third. 

9. If any two of a, b, c are together greater than the third, prove that 

(i) (a 2 + 62 +c 2 < 2 (t 2 A+ic + ca); 

(ii) (6 + c _ fl)(c + a - A) (a + 6 - c) ; 

(iii) (* + c - a)2 + (c + fl -*)* + (a +* - cY'x^^ +Af + ca. 

10. If p^q and p^-q-^za, and if m is a positive integer, prove that 

pm +^*n>2a">. 

'* /n + i\^ 

11. Show that 2 ? r®>« ( ) • 

12. By considering the graph of for .v>i show that 

(i) 3:t*>4A^-I ; (ii) A'*> 4 Jc -3 : (iii) 2 (jc 3 + i)>(.ic + i) 3 . 

13 . Deduce from the graphs of and y=~^_ for positive v that 


I 1 « 9 

h* c^'^hT'c 


(iO 


X 1 


r*' 


«2 hi- • 

14. If show that a*i + *-r<2*. 

15. If m is a positive integer, show that (m + i)-- low;-, and use this 

result to prove that 

m 


Deduce that 
log n 


10"* 
•o as n—>00. 


— and that - as m->oo ; hence show that 

m to"* 


n 


16. If o<x<i so that a:= 10 * where b is positive, show that log («^v'') 

( log «\ 
b-r „ ' J’ 

Deduce that n^ar"—»>o as n^oo. 
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DETERMINANTS 
Three-row Determinants 

In Chapter I the simplest case of the determinant notation was 
introduced, viz. the use of a b to mean ad -be. This is what is 

c d 

called a 2 X 2 or two-row determinant. 

The next determinant in order of difficulty, the 3 x 3 or 3-row 
determinant, is defined as follows; it is now convenient to use 
suffixes. 


a, 

^2 


=^1 

b-i 

^3 ” ^2 

K 

63 

+ 03 , 

; K 

h 

Cl 

h 

K 


c<. 

^3 

i <^1 

^3 

1 


C2 • 


In this expression the three letters in the first row, taken with 
alternate signs, are multiplied each by the two-row determinant 
obtained by omitting the row and column in which it lies. 

Examples 126 [.411 the following should be worked] 

I. Find the values of: 


(1) 2 I 

7 ; (ii) 

3 2 

5 

: (iii) ! 

r 2 

3 

. 3 3 

S 

* 4 

6 


4 5 

6 

0 I 

6 

1 2 3 

7 


7 8 

9 

(i') I 3 

5 ;: (V) 

' I 2 

3 ! 

; (\^) 

4 3 

2 1 

2 4 

6 

2 3 

4 


5 I 

1 

7 

3 1 

1 

4 5 

6 


3 2 

6 

('■>') 3 0 

I 1; (viii) 

1 3 2 

-4 

; (ix) 

; 0 I 

2 . 

5 2 

t 1 

1 0 4 

7 


3 5 

0 

5 5 

6 ! 

1 

1 0 I 

5 

k 

I 3 

6 

Solve the equation ; ! .v 0 

0 1 = * 

.V 1 

0 I . 




0 3 

• 

4 1 

0 

4 4 




0 4 

6 1 ! 

3 ■ 

4 6 



Solve the equations : (ii) ■ 

X 2.V 


+ X 

0 - 0 

# 

t 



5 I 

2 

0 

X 




7 0 

5 





(ii) i 

(■v + 3) 

2 

.V (a: + 1 

[) 1=0* 



i 

1 

(•'■ - 5) 

- 

2 (.V -: 

01 



5 5 8 I 

330 
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Show that in the expansion of the general 3 
p. 330, the second term may be written + 



determinant on 
b, . 


5. Show that the 3-row determinant may be expanded with any row 
or column as multipliers ; e.g. that it equals 




«2 

«3 

+ ^2 

^1 

«3 

-^3 

^1 




1 

Cz 1 


Cl 

C3 


1 *^1 


or 

a^ 1 

*2 


-K 

^2 

"3 






Co 

C3 


^2 

^3 


62 

*3 


[Notice that the + and - signs alternate ; for +, for , 

for 62 + , etc.] 

6 . Show that rows and columns may be interchanged, i.e. that 


fl, a^ 


^1 

l>l hn b^ 


O2 ^2 ^2 

C\ C2 C3 


^3 ^3 ^3 



Show that 

a h g 
h b f 

g f ^ 

[This determinant 
conics.] 


abc + 2 fgh - aP - bg- - ch^. 


has great importance in connection 


with 


8. Show that 03x3 determinant with cither two rows the same or 

two columns the same is identically zero. . , m i 

[If the first part has been proved the second follows from No. 6.J 

9. Show that if the letters in any one row (or column) are each multi¬ 
plied by k, then the determinant is multiplied by k. 


10. Show that 


02 

"3 


^1 

^2 



h 


*3 




"3 


Cx 

Ca 

^3 



^2 

Cz 


[See (ii) below for the general property.] 


Properties of the Determinant 

The results of the preceding examples may be summed up as 
follovN's : 

(i) Rows and columns may be interchanged. 

Hence any property true for rows will also be true lor 

columns. 

(ii) If two adjacent rows {or columns) are interchanged, the deter¬ 

minant changes its sign, but not its numerical value. 
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(iii) If two rows {or columns) are the same^ the determinant equals 
zero. 

(iii) follows from (ii), for if = — J, then A =o. 
Four-row determinants and others with more rows are defined in 
such a way that the properties (i), (ii), (iii) remain true. 

Minors and Co-Factors 

The minor determinant of a given letter or element is the deter¬ 
minant obtained by leaving out the row and column in which the 
letter occurs. 


Thus in J = Oj 

a.y 


the minor of a^ is j 

63 • 

*1 

bl 

b. 

1 

^3 

1 

C2 


and that of C3 is a, 

a.> 




b. 

b. 


By definition : 


J = X minor of a, — <73 x minor of a^^-a^'K. minor of a^. 

It is, however, more convenient to change the sign of the minor 
of a-i, calling the result the co-factor of a^ or the prepared minor of a^. 
Denoting these co-factors by A3, we have 

A =ajAi + a2A2^a3A3 

and similarly 

~ a^A 1 -s A^i5| r CjCj. 

Notice particularly that +63^3 = 1 =0. 

hj ^2 63 

^*2 ^3 

I luis if the co-factors of the elements of one row are multiplied 
by the curresj'inKling elements of another row the result is zero. 

Four-row Ih-tcni.iiitints 

Deteriuinants ol tour or more rows are defined like those of three 
row?.. 







b. 

b. 

\-a.> 

bl 

b. 

b. 


hf 

b. 

bt 1 


^3 

^4 

1 * ' 

Cl 

C 3 

Ca 

< 1 

C., 

^3 

<'4 : 

d-z 

d^ 

d. 


di 

d^ 

di 

1 

'4 

'4 

d, ' 

+ "3 1 ^ 

b. 

b. 

-Oj 

bl 

b. 

bz \ 





1 

C 2 



Cl 

Cz 

C 3 





i d. 

(ly 

«« 

d. 


di 

d-z 

dz 


each element of tlie first row being multiplied by the minor deter- 
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minant formed by leaving out the row and column in which that 
element lies and affixing signs, + and — alternately. 

The properties stated on the previous page are true for deter¬ 
minants of four or more rows, but the proofs if worked out straight¬ 
forwardly, as in Examples 126, Nos. 5, 6, 8, 9, 10. will be found long 
and troublesome. It will be best to assume them to be true without 
proof.* 

Manipulation of Determinants 

The properties of determinants which are of most value in chang¬ 
ing them into simpler forms are : 

I. A determinant with two columns (or rows) identical vanishes. 
This is because to interchange two columns changes the sign but not 
the numerical value of the determinant. A common factor of the 
terms in one column may be disregarded, since it merely multiplies 
the whole determinant given with the factor taken out. 


*1 + ^:2 


^2 — 


tig + X 2 

^x 

«2 • 

yx+y2 

br 

*2 yx 

b^ 

b-i y2 

b. 

bz 

sr, +z. 

Cx 

^2 -1 

Cl 

C 2 ^2 

Cl 

Ci 


This follows from the way the determinant can be expanded by using 
the elements of the first column to multiply 2x2 determinants. 

(The transformation above catches the eye better when shown with 
columns rather than with rows ; but it is equally true for rows, 
since rows and columns are interchangeable.) 


«1 

bi 

Cl i = | 

+ Aril, -r /c, 

bi 

Cl . 

a-l 

b. 

Cg 

a-t 

+ lib., + Ic-i 

bz 

C2 

«3 

bs 

C2 


+ lib-i + Ic^ 

b. 

Cz 


This is because, if the R.ii.s. is separated as in 2 into three deter¬ 
minants, two of them will be zero. 

The column altered need not be the first column. 

Example 1 

Simplify and factorise the determinant A where 

J = a a'X - - + * . 

X X 

b b^x-- b^x + ' 

X X 

c c^x — c^x + - 

X X 

• An alternative dc6nition for determinants can be given, which can be shown to 
be equivalent to that ut»cd above, and from which the propcriic?^ required con bo 
proved without much difhculty. See No. ix» Hxcrctsc lab* 
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Add the 2nd column to the third to make a new second column. 


a 

2a-x 

T 

+ - * a 

X 

za^x 

a^x 

+ a 

za^x 

I 

X 

b 

2b'^X 

bKx + - * 

X 

zb^x 

bKx 

b 

zb^x 

1 

X 

c 

2C^X 

c 

X 

zc^x 

c^x 

c 

zt?-x 

I 

X 


The first of these vanishes, for (taking out the 2) the second and third 
columns are identical. 

In the second determinant we can take out the common factors zx and 

* and get 

* ® 

. t a i 

d=2XX-X ^ ^2 , 

c 1 

= 2[rf{6* - ir) +cia- - A")] 

»» 2 {/» - c) {c - a){a ~ b). 

An alternative way of factorising the last determinant is shown in 
Example III. 

Example II. Prove that 

As 1 2 4 6 I = o. 

2357 

3468 

4 5 7 9 

Subtracting 3rd column from 4th and then ist from second. 

J=i 242=,i 142. 

12352, 2152 

3462 3 I 6 2 j 

4572; 4 I 7 2 I 

Taking out the factor 2 common to the terms in 4lh column, A has two 
Cf)luutns identical and the result follows. 

Factors 

Suppose a determinant to involve a, b and c. 

T lien if it vanislics w hen a is replaced by by it will have ti — as a 
factor, by the factor tlieorcm. 

Symmetry may then show other factors. 
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Example m. Prove that each of the determinants 

and 

a b c be ca ab 

III III 

has a-b, b-c, c-a as factors; and find the other factor in the second 
determinant. 

If we put a=b in either determinant the first two columns are identical, 
and so the determinant vanishes. 

Hence in each case a —6 is a factor. 

Similarly b and e — a. are factors. 

Considering in the first determinant the term arb, we see that the 

determinant = — (a — A) (6 — c) (c — a). 

The second determinant has cyclic symmetry in a, b, c. 

[It is not strictly symmetrical in a and b, since to interchange these 
letters changes the sign of the determinant. But the factor a~b takes 
care of this change of sign.] 

the fourth factor is symmetrical and it is linear (since the whole is 
of the fourth degree) ; 

the fourth factor is fl+6+c, perhaps multiplied by a constant. 
Considering the term in a'^c, we see that 

the determinant = {a -b)(b - c){c - a){a +b + r). 


Examples 127 

1. Evaluate the following determinants, making use of the property 
No. 3, p. 333, in order to reduce the arithmetic. 


2 . 

3 * 

(ii) 


(i) *7 

7 5 (‘0 

16 

7 

(iii) 35 

36 

23 ; 

47 

21 16 25 

23 

11 

20 

25 

16 

29 

14 11 ; 54 

39 

18 ; 

38 

39 

35 

(iv) 33 

31 22 (v) 58 

36 

*5 

(vi) 57 

69 

30 • 

12 

II 8 28 

12 

9 

37 

49 

35 

»9 

17 12 ; 48 

23 

*9 ; 

32 

38 


If no two of <1^ i> and c are equal, find x from 




I beax 







I ca +bx 

62 






1 ab + cx 

c^ 





Solve the equations : 







(i) 2 

— 

2 = 0 

• 

9 




2 X 

— 

2 





- 2 2 


X 





3X + 3 x+i 1=0; (iii) 1 

x + 3 

2 X 3 * 

- I 

1 —0. 

x-s 

X-y X - 2 \ 


X + I 

4 ^^ - I 2 X 

- 1 



x + z Jc+6 1; 


i -* + 4 

2 X + S 3 -^ 
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4. Evaluate : (i) [ i 

- 8 
-12 
- 20 

5. Solvetheequations: (i) 


8 

9 

10 

; (ii) 

3 

7 13 

21 

« 

I 

I 

I 


1 

8 27 

64 


X 

3 

I 


I 

4 9 

16 

1 


I 

3 

I 


I 

2 3 

1 

4 


X 

a 

b 

= 0; (ii) 

x — a 

a a 

+ b 

a 

X 

b 



a 

X 

b 

a 

b 

X 



a 

b 

X i 


= 0. 


6. Prove that 


i+t,^ 

1 +/2^ 

I 4-/32 


2 /, 

2/2 

2/0 


I ~/o2 
I -'3“ 


— 4(^2 ^a) (^8 0(^1 ^s)‘ 


Show that 


<7® 

I c* 

Also show that if 


a 
b 
e 

— I a 

b*-i b^ b 
r* - 1 c® c 

equal, then abe{bc’¥ca-^ab)^a'y-b-¥e. 
8. Prove that 


= — abc {b - ^) (c - a) (a - (be + c<2 + ab). 


o and no two ot a, b, c are 




\z 


4-y 


= Cy-5r)(^-x)(Ar->0(^- !)(>'- 


I 
I 

.\n' +5- r 

[Mint. Divide into 4 determinants and take out a factor common 
to each.] 

Solve the equation ; 


ex + a+b ax+b+c bx + c + a 

bx + c ex + a ax +b 

(a+b)x+c (b+c)x+a (c + a)x+b 


= 0. 


10. Prove that 


4 A* 4- 1 A 4- I 
.V 4-1 (a 4 2)2 I 

V4I 1 (.V + 2)2 


= 2(a4-i)(A4-3)2. 


II. Find all the \alues of a if 


.V 

a 

I 


x- 

I 


I +X* 
I +a* 
2 


= 0. 


Elimination and the Solution of Equations using determinants 
It was shown in Chapter 1 that tlie solution of the equations 

byx^b.,y ^ />3 = o, 

CjA 4 - Cojt’- 4 1-3 = o, 
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or that if b^x + b^y + 63^ — 

c^x + C2y + =o, 

then X y _ 


62 

63 

“ *3 

bi 


62 


^3 

^8 



C2 


If therefore the three equations : 

QiX + a^y + ^ 33 : = o, 
b^x + b^y + b^^ — o^ 

C^X’>rC2y->rC23=0, 

are satisfied by the same values of .v : y- : xr, then by substituting in 
the first equation the ratios given by the other two we get 



63 

^ ^2 ^3 

+«3 

1 bx 

0 

11 

C2 

^3 

^3 


1 

1 


or ^2 ^3 

6| 63 

Cl C2 

This is the result of eliminating x :y :z from the equations and is 
called the eliminant. It is here that we see the beauty of the deter¬ 
minant notation ; to get the relation between the c s, b s, c s we 
merely form the determinant with the coefficients. 

In coordinate geometry we can take advantage of this in order to 
show lines concurrent or points collinear. 

The three lines aiX + a2y -h a^ — o, b^x-^- b^y +63 = 0, Ci-v + c^y -r^ ^3 = 0 
are concurrent if ax a^ 

bi bn b^ 

Cx Cj Ca 

Again, the three points {Xi,yi), y.,). (.V3, y,) are collinear if /, 
m, M can be found so that 

lxi + niyx-^n=o, /jCg + w>*2 + « = o. 6:3 + mjg + w =0, 

and the condition, by eliminating I: m : n is Xx j\’i i -o. 

Xn y’a 1 j 

JC 3 Vs t I 

Now suppose we arc asked to solve the equations : 

QxX ^ a^y i 4 «4 =©» 

A,.v ‘ b..yb-^z •: b^ = o, 

CxX -t- c^y + +^4 = 0. 
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Using the notation of co-factors in the determinant 

flo Gg =j, 

^2 ^3 

I ^2 ^3 

as described on p. 332, if we multiply the 3 equations by Ai, Cj 
respectively and add, we get 

x(a^Ai +Ai5i +C 1 C 1 ) H-iaBi + taCi) +ar(G3^i 

+ (c2^Ai -i-d^Bi + C^Oi) = 0 « 

The coefficients of x, y, z and the constant term are 





and so x= G4 

^2 

^3 1 

h 

bz 

bz 

*4 

bz 

bz ' 

Cl 


C3 

1 

Cl 

Ci 

C3 


Similarly v can be found by multiplying the equations by A^t 
C2 to give A . y (^4^2 +^4^2 + ^402) —o ; i.e. 



G4 G3 


bi b. 

Cl 

Cl Cj 

Oi Oi 


bi b. 

bi 

Cl Ci 

Cl 


If a fourth equation d^x + d^y + d^z + ^4 = 0 is satisfied by the same 
values of x, y, then 

Gj ^3 +^4 1 ^1 ^4 ^3 1+^3 i <^\ ^2 l-d^A=o .(a) 


(2^ ^2 ^3 


Gj 04 G3 

+ 

Gi Go G4 

^4 ^2 ^3 


^4 ^3 


Z^i b^ 

Cl C2 ^3 


Cl C4 Cz 


Cl C2 C4 


This is the eliminant of x, 3% z between the four equations and is 
equivalent to expanding the 4x4 determinant, making use of the 
property about interchanging columns : 


1 <^i dz 


d^ =0. 

a. 


m 


An easy way of writing down the solution of the three given 
equations in x, y, z is to remember tliis result of eliminating witli a 
fourth equation 

d^x -t- d^y + dsZ + d^ — o. 

The eliminant is the determinant (fi) above, and so is expanded into 
(a) above. 
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If (a) is regarded as being the same as d^x + d^y + ■^di=o, we 

see that the values of x, y\ and z are 

64 ^2 ^3 

C2 C3 

Example I. Find x from the equations : 

3.v + 2^ + 4^+ 7 = 0, 

2X-3^ + 53’- 8=0, 

5X — 7_y — 25 + I o = o. 

Proceeding as in the general case we have 


3 

2 

4 + 7 

2 

4 =0. 

2 

-3 

5 - 8 

-3 

5 

5 

-7 

— 2 10 

-7 

- 2 


The first determinant — 3(6 + 35) + 2(25 + 4) + 4( 14 15) 

= 123 + 58+4 = 185. 

The second determinant =7x41 + 2X34+4X 86. 

= 287 + 68 + 344 = 699. 

The value of *, therefore, is -699/185. 

Example II. Eliminate x : y : z from the equations : 

ax + by + cz = o. 
bz + cy + az = o, 
cx + ay + bz = o, 

and simplify the result. 

The eliminant is a b c s J = o. 

b c a 
cab 

[Add all columns for new ist column and take out the common factor 
fl + 6 +C.J 

J=(a+6 + c) 1 b c 

\ c a 

\ a b 

[expanding from ist column] 

A—{a+b+c)[cb - a^ + ac b^ ^ nb c'-} 

= - (<i^ + + c® - 3abc). 

The eliminant is a® +i^ + = 2^bc. 

Examples 128 

1. Solve the equations : 2x + 3>' + 4^ = 6, 

4jr + 9>'+165 36, 

8x + 27 >' + 645 = 2i6. 
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2. Find a if the three equations 

2x + 2y - 5S1 => 
x + 2 y + 4 z = o, 
ax- 5 y~h 3 z = o, 
are satisfied by the same value of x : y : z. 

Repeat this, making the first equation 

2JC + 3y + 52 = o. 

3. Solve for ;c if 3^+ 3r«>i, 

by+ cz=i, 
a^x I. 

4. If (a+b)^x + bcy + ac = o, 

bcx + {a + c)-y = o, 
and acx + aby + {b+ cY = o, 

and if no one of the letters a, b, c is zero, prove that 

a +b+C’=o> 

5. Find the value of 47 98 109 . 

41 92 104 

46 96 105 

6. Prove that 

o X y o = X y K 

X o o a a b 

y o o b 

o a b o 

7. Show that \ o X y z vanishes if a; + 3'. 

.V o z y 
y z o X 
z y X o 

I'se symmetry to show that the determinant 

= (a-+>■ + 3) (a;-_y ~ xr) (_y - 3 - a;) (3 - a: - y). 

8. Being given that the condition that 

ax- + ihxy + by- + zgx + 2/v + c 

should have linear factors is a h g =0 and ai -/j-<o, 

h b f 
g f c 

show that two of the following have linear factors but that the other 
has nut : 

(i) 2Ar - 2Ay - 4y2 + 5.V + 8y - 3 ; 

(ii) + 2.y>' -y2 _ ^ ^ ; 

(iii) 4A‘2 + iiAy + 6y- + 2iA*+i7y + 5. 
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9. If x + zy+ z = S, 

x+ y — z = 0, 

2x -2y + 3« = 7 . 

show that y = 2 and x — + ^ = o. 

xo. Eliminate x : y : z : X between the equations : 

ux •¥hy +gz =A/, 
hx+by •¥fz —\m, 
gx +/y +CZ = An, 

Lx + my + riz = o, 

giving the eliminant in determinant form, and also in the form 
obtained by solving for x, y, z from the first 3 equations and sub¬ 
stituting in the fourth. 


xz. Complete the statement 


< 2 ., 


b. 




Can you see any rule about the order of the suffixes i, a, 3 in the 
six terms which would settle tlic st^ns of the terms? 

la* Show that the determinant 


X 

y 

z 

X + V 


y 

X 

X H-a 

z 


z 

X -f z 
X 

y 


X +jy + z 

y 

X 


contains X as a factor ; and evaluate the determinant. (N.U.J.B.) 


X3. Show that 




CHAPTER XV 


THEORY OF NUMBERS 

Primes and Composite Numbers 

This chapter deals with some properties of integers, and any letter 
which stands for a number stands for a positive integer unless the 
contrary is stated. 

A prime number has no factors, not counting itself and unity, and 
one number is said to be prime to another when the two numbers 
have no common factor other than unity ; for instance, 13 is a prime 
number, and 6 is prime to 35 although neither 6 nor 35 is prime, 
each being a composite number. 

Prime numbers may be found by writing do\%T\ the integers 2, 3, 
4. 5> b, 7 ... as far as desired and crossing out first of all the multiples 
of 2, then all the multiples of 3, then all the multiples of the first 
number which is not crossed out (5), and continuing this process.* 
The numbers not crossed out are the primes. 

Since every composite number has a factor not greater than its 
square root, crossing out multiples of primes up to 7 will show all 
primes up to 121, while going as far as 13 will show all primes up to 
289. 

\'arious properties follow from such facts as that one of a con¬ 
secutive pair of numbers is even or again that one of three consecutive 
numbers is a multiple of 3. 

Example I. The product of two consecutive even numbers is divisible 

by S, 

j^.;:ry second even number is a multiple of four, so of the two even 
’.umbers one is a multiple of 4 while the other, being even, is a multiple 
of 2. T)ie product therefore is a multiple of 8. 

Example H. The difference between a number and its cube is 
di^•isible bv 6. 

It n is the number, the difference is - n, 

i.e. «(«“ - i) = (« - i)«(n + i), 

n - I, n and « + 1 are three consecutive numbers of which one must be a 
multiple ot 3 and at least one must be even. 

ii^-n is divisible by 6. 

• In doing this, we are using the “ Sieve of ETatosthe7jes 

342 
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Example 



Show that no square is of either of the forms ~m i or 


7OT -2. 

Every number is of one of the forms yn, 7« ± i, 7« ± 2, yn ± 3. 
The corresponding squares are of the forms 


yw, 7m + 1, 7m + 4, ym + 9 — 7 (^ + I) + 2, 
none of which is of the form ym — i or 7/w — 2. 


Q.E.D. 


Examples 129 

1. Show that the product of 3 consecutive positive integers of which 
the middle one is odd must be divisible by 24. 

2. Show that the difference between the squares of any two odd 
numbers is divisible by 8. 

3. For all n show n(n + i)(2n + i) to be a multiple of 6. 

4. Show that the sum of the squares of 3 consecutive odd numbers 
is one less than a multiple of 12. 

5. If n is odd, prove («^ + 3)(n^+ * 5 ) divisible by 32. 

6. The fifth pair of primes which differ by 2 (starting with 3 and 5) is 
the pair 29 and 31. Find three more pairs of primes which ditier 

by 2 between 35 and 75. 

7. By considering the product (p - !)(/>)(/'+‘). show that ifp(>3) 

is prime, then p® - i is divisible by 24. 

Deduce that the difference of the squares of two prime numbers 
each greater than 3 is divisible by 24 ; also that ether the sum or 
the difference of two prime numbers each greater than 3 is a 

multiple of 3. 

8. Show that the square of any number has one of the forms 5*. 
5 /< ± t • 

9. Show that every number which is a square must be of the form 4* 

or 4A +1. , f I • I • 

Deduce that the sum of two odd numbers each of which is a 

square cannot itself be a square. 

10. If p is a prime greater than 2 show qp" is of the form SA + i. 

11. If n is even show that ?i{n + 2)(tt + 10) is either a multiple of 96 or 

of 48. 


Prime Factors 

The prime factors of a number can be found by dividing it 
repeatedly by 2 until the quotient is odd ; di\iding this quotient by 
3 as long as 3 goes in evenlv, and carrying I'H this process with 5, 7, 
II. 13, ... until the last prime divisor is as big as the square root of 

the quotient. 
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Thus to find the prime factors of 1564068 : 

2)1564068 

2 ) 7^3034 

3) 39^0^7 

II ) 130339 [5» 7 factors] 

13 ) 11849 

911...6 [13 not a factor] 

17) 11849] 697 
102 

^4 17 ) 697 141 

119 17 

119 17 

Thus 1564068 = 2- .3.11. 17-. 41. 

The above process makes it seem clear that the result is unique. 
This is the case. 

It is not possible for a number to be expressed as the product of 
prime factors in more than one way. 

If it were and there were different powers of the same primes in 
the two ways we should have a result like 2® . 3“ = 2-. 3^, which would 
reduce to 2^ = 3- which (if true, which it isn’t) would show that 2 
and 3 were not prime to each other. 

If. however, there were powers of different primes in the two ways, 
we should have a result like 2® . 3* = 2.3.7", which would reduce 
to 2‘ .3 = 7- and would show that either 2 or 3 is not prime to 7. 

This arjiument can be applied generally by supposing that a 
number A has been expressed as the product of prime factors in 
nvo wavs ; tlien removing the common factors, if any, from tlie two 
supposed equal expressions we should have 

A°B^C^... ... 

where . 4 . /?. C ... , I\ O, R, ... , are different prime numbers. 

but in order that the two expressions might be equal, the r.h.s. 
must be di\isiblc by A, which is contrary’ to the assumption that the 
R.H.S. is made up of primes different from A. 

H.C.F. 

If two or more numbers have been expressed in prime factors 
their highest common factor (ii.c.F.) can be written down at once. 


Factors 

2" 

3 

11 


172 

41 
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Sometimes it is required to find the h.c.f. of two large numbers, or 
to show that one of them is prime to the other (their h.c.f. = i) and 
the division method now shown is preferable ; it depends on the 
fact that if M and N have a common factor x, and if M-~N gives 
remainder R, then a; is a factor of R. 

For let M^xy and N = xz, M and N having common factor x. 

Then R = xy — kxz for some integral k 

= x{y - kz), i.e. R has ;c as a factor. 

The division method of finding an h.c.f. is illustrated by two 
examples worked below ; the series of divisions shown under (A) 
are arranged more compactly as in (B). 


(i) Find the h.c.f. of 1073 and 851. 


(A) 851 1073 

1 


(B) 3 851 1073 

851 



666 851 

222 

1 851 3 


5 185 222 


[606 


185 185 


185 ^ 222 

1 

37 = 


[185 



37 = H.C.F. 

37 

185 5 




185 



(ii) Find the h.c.f. of 2717 and 901. 

64 901 2717 3 

896 2703 As the H.C.F. = 1, 901 is prime to 2717. 

I 5 14 2 

4 10 

H.C.F. = I 4 4 

_ 4 

The Number of Factors 
Each term in the product 

(i + a 4- + +... +a*’)(i + 6 + + 5® +... + &’) 

( I + c + c-+c^ +... +«•'■) . (a) 

is a factor of a^h^c', and the number of such terms is 

the number of factors of a^b'’c' (including unity) is 

(/>+i)(<7+i)(r+i). 
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To find the number of ways in which N s can be expressed 

as the product of two numbers, two cases must be considered. 

(i) N not a square. In this case one of the numbers p, q, r must 

be odd, and so one of the numbers (/> + i), (? + 0. 
must be even; hence the number of factors of N is even 
and as they must be paired off to give the product A, this 
can be done in i (/>+ i)(5 + + ways. 

(ii) N a square. JN will be one of the (/> + i) (? + _i) ('' + 0 factors 

of N and must be repeated to give JN>^JN. 

Consequently the number of factors will be 

Another deduction from the product (a) is that the sum of the 

jP + l-I ^9+1- I - 1 

factors of .b'^. C' is ^ x ^ * 

If the number of ways in which N=a^hH^d^ ... can be expressed 
as the product of two factors each prime to the other is needed, then 
the factors in a** or or etc., cannot be shared by the two factors. 

the number of ways required is equal to the number of ways 
of resolving a .b . c . d ... into 2 factors, 

i.e. 1 (i + i)(i + i)(i + i)... = 2”“^ 

if 71 is the number of primes a,b,Cyd.... 

Examples 130 

1. Put into prime factors : 

(1)4275; (ii) 2268; (iii) i3475- 

2. \Vritc down tlie H.c.F. of each pair of the numbers in No. i. 

3. W riti- down in factors the lowest common multiple (l.c.m.) of 
4275 ;md 13475. 

4. hind the H.C.F. of the following pairs of numbers : 

(i) 2160, 8505 ; (ii) 728S0, 92011. 

5. Sliow that the following pairs of numbers are prime to each other: 

(') 2337. 2537 ; (11)24487.116448. 

6. For each of the numbers in Example 4 (i) find the number and 
sum of their different factors ; also find the number of ways in 
which each can be expressed as the product of two factors, and 
how many of these pairs of factors are prime to each other. 

7. Sliow that the sums of the divisors of 140 and of 164 are equal 
(the numbers themselves included). 
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8. A perfect number is one equal to the sum of its divisors including i 
but excluding itself (e.g. 6 is a perfect number ; 6 = i + 2 •+• 3 )- 

Show 28, 496, 8128 are perfect numbers. 

9. Show that if 2" - I is a prime number, then - i) is equal to 

the sum of its divisors (itself excluded). 

10. Write down the prime factors of the number N = 2«(2’ - i). Write 
down also, in index form, all numbers which divide exactly into A, 
including i but not N itself, and show that their sum is .V. 

11. Show that 720 is the least number that has 30 divisors (itself 


included). 

12. Given that 11111=41x271. show that the multiplications 9 x 41 
= 369 and 9x271=2439 give the decimals for 2-7T '^2. 

•00369 and -62439. Treat iir and im in the same way ; also 

1,111.111 which has 239 as a factor. 

[Hint. Multiply both sides of the given equality by 9.] 


Notation 

Two useful notations will now be introduced ; 

(i) Instead of writing “ a is a multiple of h we can write 

a-M(b) where the M stands for “ multiple of 
Note that if a = A/(i) and c = A/(6) it follows that 

(a-c) = M(b). 

not that a is necessarily equal to c. 

Again, if ai — Af{b) + rf\then 

and <22 = A'l (6) -t- rjj ^1^2 “ ^1^2* 

and a similar result is true if there are n 

factors. 

(ii) If a and b leave the same remainder when divided by /> we say 

a and b are congruent with p as modulus, and write this 

a=b (mod p), 

or since in this case a—b must be we can write 

a-b~o (mod p). 

Such statements are called congruences. 

The student should note that here is an entirely new use 
of the words congruent, congruence, and modulus. 

Theorem on Remainders 

If a is prime to p and r and s numbers less than p. then ra and sa 
can not leave the same remainder when divided by />. 

Or, using the above notation, r<2 - ra = o (mod p) is not possible. 
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For if ra~sa—M{p), then since p is prime to a it follows that 
r~s = M{p), which is not possible since r and s are both less than p. 

From this it follows that a, za^ 3a, ... , {p- i)a all give different 
remainders on division by/), and as the only possible remainders are 
1, 2, 3, ... , (/>-1), the remainders must be these numbers in some 
order, usually not the order 1, 2, 3 ... . 

Using the result (A) above, it follows that the product 

a .za .2)0 ••• {p - i)a=M (/>) +1 . 2.3 ... (/) - i) 

or i)(/>- i)! = il/(/)), provided a is prime to p .(B) 

Prime Numbers and Factorials 

If p is prime, then it is not a factor of (/> - i)! since it is prime to 
each factor in (/> - i)!. 

On the other hand, if 9 is a composite number, then, with one 
exception, (^- i)! is a multiple of 

Suppose q = a^ .b^. c* ... where a, b, c, ... are primes. 

If r>2 it follows tliat and so both a and are factors 

of ((?- i)!. 

If r — z, both a and za, unless a~z and there are no other factors, 
arc less than q, and so a- is a factor of (9- i)!. 

For example, if9 = 24 = 2^. 3, then 23 ! includes the factors 2, 2-, 3 
and so 23 ! = .1/(24). 

The exception is </ = 4 = 2^, for in this case 31 = 6, which is not il/(4). 
I'hat (/)- i)! is not M[p) if p is prime provides a test for primes 
whicli, liowever, is worthless since the labour of working out {p - i)! 
and then dividing by p is so lengthy if/> is large. 

Fermat^s Theorem 

In 'he result (H) above, suppose/) to be a prime number. 

'I iicn since (/»- i)! is prime to p, it follows that 

0' ' ^ - I {/>) if a is prime to />, i.e. if aii^M{p). 

'I'his is Fermat’s Theorem. 

It p is prime, eitlier a~M[p) or a‘’~^ ~ 1 ~ M[p). Consequently, 
in all cases, a" ~ a— M{p). 

There is no Limit to the Number of Primes 

However large the prime p is, the product of the primes up to />, 
viz. 2.3.5.7.II.../) is di\isible by each of these prime numbers. 
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2 .3 . 5 . 7 . II . ...p + I is a number which has none of the 
factors 2, 3, 5, 7, ii, .... />, and consequently is either a prime or 
the product of prime numbers each greater than p. Therefore in 
either case there is a prime greater than p, and the theorem is 
established. 

Example I. If a is prime to 21, prove that - i = M(2\). 

By Fermat’s Theorem a* — 1 =iV/(7) for a being prime to 21 is prime 
to 7. 

Also ~-i is a factor of a* - i and a is prime to 3. 

by Fermat’s Theorem - i =il/(3). 

The result follows. 

Example II. If a is prime to 255, prove that - i =3/(255). 

Since a is prime to 255, it is prime to 17, 5 and 3, which are the factors 
of 255. 

Hence, using Fermat’s Theorem, 

- I =.3/(17) i 

also a* - i and - i, which are factors of a*® - i, are multiples of 5 and 
of 3 respectively. 

The result follows. 

Examples 131 

1. Find X, jv, 2 from 87 = 3 /( 13) + .v, 99 = 3/(7) +3’, 115 = .3/(3r) + x. 

2 . What is X if { 3 /(p)+i}{ 3 /(/))-2j {3/(/))-7} = 3 /(/>)+.v? 

[Nos. 3 to 7 illustrate that congruences behave like equations as 
regards addition, subtraction and multiplication, but that as regards 
division a modification is needed.] 

3. Prove that if (mod />) and a..^b2 (mod />), then 

a,+02=61+^2, (mod/>). 

4. Show that 47 X 5 5:3 X 5 (mod 10), but that 47 is not congruent to 
3 (mod 10). 

[This is because 5 is a factor of 10 ; it can be inferred that 

47323 (mod 2).] 

5. Show that if .r<z =iya (mod za), then .vsy (mod e). 

6. Show that 51x6^9x5 (mod 7) and that 51=9 (mod 7). 

7. Show that if xa sya (mod z) and if z is prime to a, then 

x^y (mod ir). 

8. Show that when n is even, n® -n is divisible by 30, and when n is 
odd it is divisible by 120. 

9. Considering the various factors of the form .v* - i possessed by 

- X, show that it is a multiple of 3 . 5 . 7 . 13 if x is prime to 
each of these numbers. 
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lo. (i) Use Fermat’s Theorem to prove that a** - 1 is a multiple of 
1365 provided a is prime to this number. 

(ii) Further, if a is itself prime, prove that -1 =*M(2i84o). 

[{(I® - + i)(a® + i) is M{i6).] 

(iii) Show also, since a is prime to 3 and so a3=M(3) + i, that 

- I =iV/(9), and hence that a'- - i =^/(6552o). 

12. Prove, if p is prime and n prime to it, that is either M{p) + I 

or M[p) - !■ 

13. If X is a prime greater than 5, prove .x® - i =71/(480). 

14. If X is a prime greater than 7, prove jc® - i =71/(504). 

15. Show that no number of the form n® + 4 other than 5 can be prime. 

16. If a and 6 are unequal and neither isM(i9), prove that either a* -6* 
or a® + 7 >® is M (19). 

17. If a and b are both prime to 255, show that is divisible 

hy 255. 

18. Obtain further primes from 

2.3 . 5 + I, 2.3 . 5.7 +I, 2.3 . 5.7 . II +1. 

19. Show by multiplication and division that 

6! + i=A/( 7) and iol + i=il/(ii). 

20. Find the prime factors of 21!. 

[Dividing 21 repeatedly by 2 gives quotients 10, 5, 2, i. These 
arc- the numbers of times that multiples of 2, 2-, 2®, 2* occur in 21!. 
So the power of 2 in 21! is 2*®'^'*'-+^, i.e. 2^®. 

Similarly for successive divisions by 3, 5, 7, ii, 13, 17, 19, the 
last four of these occurring only once]. 

2t. I'iiul the prime factors of 52!. 


The Product of Consecutive Integers 

In the expansion of (i -‘-.x)'*, if « is an integer, each coefficient is 

, , , . - . w(«-!)(//-2)...(«-r + i) 

mtciiral and the coenicient of is —^- - -^- - • 


r\ 


I’luis t/i(' product of r consecutive integers is dk'isible b\ r\. 

If p is prime and n is prime to p and greater than />, since 
n [n - i)(// -- 2)...(« - /> + i) is a multiple of p\, it is a multiple of p’ 


Also as n is prime to />, 

(« - I) (« - 2)... (« - /> -t-1) is a multiple of p, 

i.e. (« - I) (// - 2)... {« - /> -i-1) = o (mod />).(i) 

/. (« - i)(« - 2)... (« -/►t i) = - I (mod p) .(ii) 

by Fermat’s Theorem. 
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This is also true if nCp, for then one of the factors m the product 

on the L.H.s. is o. , . v /--n 

(i) is not true if n=p or M{p\ but it will be shown later that (ii) 

is true for «^ • *u- 

Notice also that if « is prime, "C, is a multiple of n. since m this 

case none of the factors in r\ can divide n. 

Wilson’s Theorem, (p - i)! + i = M (p) if p is prime 

Take first the example when ;.= I3 and consider the numbers i 
to 12. 

The numbers from 2 to 11 can be paired together thus : 

2x7, 3x9, 4x10, 5 ^ 

so that in each case the product is il/(i 3 )+ 

Also I X i2 = Af (13)-I- 

Hence 12! = {A/(i3) " (» 3 ) ' > 

or 12! -4-1 —M (13)- 

Now take the general case when the prime is p and consider the 
numbers i to (p — 1). 

If 5 is one of these, one and only one ot the products 

i.s. 2 .J, 3 -*. ..(P-I).J is ;!/(/.) +I. 

Suppose this one to be r . 

Ur = s then s^--i^M(p) or (5 + 1)(y- 0 = ^/(/>)• 

either .+ . or r - . is AHp) ; s=p-l or . since «p. 

the numbers from 2 to - 2 (there lire p - 3 of them an even 
number) can be paired together so that the product ol each pair is 

M{p)+ 1 ; also i . (/> - i) = A/ (p) - i ; 

(p_ i)! = {A/(p)+ i}{A/(p)- i}=d/(p)- I, 

and Wilson’s Theorem is proved. 

(n - I) (n - 2) ... (n - p 1 I) - "■>-> + 1=0 (mod p) if p is prime 
ThU has been proved if n>p and prime to it, and also if <1 is one 

of the numbers i. 2. 3.(p - ■) '’V I'‘-™st s rheorem. 

If n = o or n=p it is true by Wilson’s Theorem (since in the latter 

case is itself A/(p) ). 

The theorem is also true if 

n = ftp, 

for kp-i, Ap-2, .... Ap-Cp-0 are congruent to -i, -2...., 

Ta A • A* 


M2 
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-(/) — i), and the product of these is (p- i)! since their number is 
even. 

The theorem is therefore true for all positive values of n and for 
n = o. 

Also, since it follows for n if it is true for kp -r the ihaorem is true 
for negative values of n. 

Lagrange’s Theorem 

The theorem 

{71 - i){n - 2)... {n-p + i) + 1= 0 (mod/)) if p is prime 

can be written 

- Esi + 7 i^~^ZsiS 2 - 7 t^~* + ...-t'(/>-i)!-i-i=o (mod />), 

when $1, S2, ... are the numbers i, 2, 3, ...,(/>- i). 

But by Wilson’s Theorem (/>- i)! + i =0 (mod p ); 

- 7 i^~- Z+ Z 5,52”"*^'* ^+ =0 (mod p). 

Since this is true for all integral values of «, it follows that each 
of the cocfhcicnts of the various powers of 7 i must be a multiple of p. 
if p is prime, then the sum of the products r at a time 

{r = i,2, (A-2)} 

of the numbers i, 2, 3, .... (/> - i) is a multiple of p. 

'I'liis is known as Lagrange’s Theorem. 

Example. Show that 12! x 4! =2 (mod 13). 

By \\ ilson’s Tlieorem, 12! + i *71/(13). 

Also 4! = 26 - 2 = iU(i3) - 2. 

I2!x4! = f.^/(i3)- i}{A/(i3)-2} 

*i'l/(l3) + 2. Q.E.D. 

Examples 132 

1. t'onsidor the primes 17 and 19 and arrange (i) the numbers 2 to 15 ; 
(ii ) 2 to 17 in pairs so that the product of eacli pair is (i) d/(i7) + i; 

(ii) .1/(19) 1- 

2. Show tliat it p numbers are in a.p. and /) is a prime, then no t^vo 
ot the numbers arc congruent (mod p) provided the common differ- 
once ot the A.J’.- ,/). 

3. (i) \ crity tliat the sum of the products Uvo at a time of the numbers 

less than 5 is 35 and so is divisible by 5. 

(ii) \ erily that the sum ot the products three at a time of the same 
numbers is also divisible by 5. 

4. Writing 10! as 90 . S! deduce that 2 . 8! + i = 3 /(i i). 

5. From 12! + I =.1/(13) deduce that 11 . S! + i = .1/(13). 
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6. Prove that 2.28! + i = A/(3i). 

7. Prove that 281 + 233=^/(29). 

8. Deduce from Nos. 6, 7 that 28! +233 =A/(899). 

9. Prove that 5! 25! = i (mod 31). 

10. Prove that if p is prime {a+b+C + ...y =a^+b^+ c^ + ... + M{p) 
and deduce Fermat’s Theorem by supposing that a=b = c= ... = i 
and that there are n letters. 

[Hint. It has been proved that if p is prime 

(c + by = flP + i*" + M{p). 

Hence (a + 6 + c + ...)P = aP + (i + r + ...)p + 

= aP +6P + (c + ...)P + A/(/>), 

and so on.] 


First Degree Congruences 

The congruence 3Je = 5 (mod 7) is called a first degree covgruence, 
and the values of x which satisfy it arc called roots. 

Suppose first that the modulus is prime as in this congruence. 
The numbers which leave a remainder 5 on division by 7 are the 
successive terms of the a.p. whose first term is 5 and common 
difference 7, viz. the numbers 5, 12, 19, 26, 33, 40, 47, 54, ... . To 
satisfy 3.vs5(mod7), since x must be a whole number, we must 
select the terms of the a.p. which are multiples of 3. 

Thus 3a: can be 12, 33, 54, ... , giving a* = 4, ii, iS, ... . 

It is sufficient to give one root, since the others differ from it by 
multiples of 7, and the root of the congruence is that which <7. 

Thus if 3a; s 5 (mod 7) the root is a: = 4. 

The above process, though always possible, would be extremely 
long and tedious for a congruence such as 75.v = 68 (mod 89). 

In this case, since 75 is prime to 89 we can find numbers a and 
b such that 750-896=1 by the process of finding ii.c.F. 


75) 89 (^ 

71 

Ml) 75 ( 5 

70 

M 

10 

±) 5 (J 

4 


14 = 89-75 

5 ^"75-5 (89-75) 

= 6.75-5 • 89 

4 = 89-75 -2(6.75 -5 .89) 

= 11 . 89- 13 . 75 
1 = 5 - 4=19.75 - lO. 89. ...(i) 


1 



THEORY OF NUMBERS 


354 

If 75 x = 68 (mod 89), 

then 19.75JC = 19 X 68 (mod 89). 

Also 16.89XSO (mod 89). 

A x = i9x68 = i 292 s 46 (mod 89 ). 

Alternatively (i) gives 19.75.68 = 68 + 16.89.68, 
i.e. 19.75.68 = 68 (mod 89). 

But 75x = 68(mod89). 

A X = 19 X 68 = 1292 s 46 (mod 89). 

The root is ^=46. 

If ax=b (mod c) and a is not prime to c, but a and c have/ as 
H.C.F., then b must have / as a factor also, and the congruence can 
be changed to (fl/)^; = (^//) (mod cjf). In such a case, a first degree 
congruence may have more than one root; e.g. 9 a; = 6 (mod 21) has 
roots 10, 17. 

If b has not/ as a factor, ax^b (mod c) is impossible. 

But it has been shown that if a is prime to c the values i, 2, ... 
(c-i) for X all give different remainders on division by c, the 
numbers i to (c- i) in some order or other ; so that tlie remainder 
will be b for only one value of x less than c. 


*33 

Sohc the congruences Nos. i, 2, 3. 
i. 3.V 1.:2 (mod 7). 2. 5.VS7 (mod ii). 3. 7A.-s6(mod 13). 

4. Consider the congruences : 

0) S.v -6 (mod 7); (ii) S.v = 6 (mod 14); (iii) 8.v = 6 (mod 28). 
Show that the first has one solution, but that the second has two 
solutions and the third none. 

5. Snhc the congruence i7.v=i (mod 41). 

6. l ind the smalle.si positive solution oi the congruence 

7.VS2 (mod 23); 

Uatl als<i the smallest positive solution which also satisfies 

.v = 2{mod ii). (N.U.).B.) 

7. I'iiul V such tli.1t .v = 3 (mod 5) and .vs2 (mod ii). 

[Hint. I lA - 33 (mod 55) and 5.VS 10 (mod 55); 

.-. 6.VS23 (mod 55).J 

8. Find the least positive value of x for which 4.VS5 (mod 7) and 
6.V - 7 (mod 13). 

Solve the congruences. 

9. 51.VS35 (mod 61). 

II. I3IX-s 12S (mod 389). 


Examples 


10. 101.VS96 (mod 211). 
12. 72x = SS (mod 103). 
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Congruences of Higher Degree 

+ 6;e + c=o is a quadratic equation if a 

ax-^+bx^c = o (mod m) is a quadratic congruence if (mod 

If a were congruent to o (mod w), i.e. were a multiple ot m, the 
term ax^ would disappear from the congruence. 

Suppose x=-p is a solution of 

(mod m), 

then ap-+bp+c=o{modm)\ 

a{x'^-p'^)+b{x-p)=o{modm) 

or {x - p) {ax +ap + b) = o (mod w). 

Thus in addition to x = p there can only be one other solution 

viz. that giv'en by ax+ ap + b = o (mod w). 

Thus a quadratic congruence cannot have more than two incon- 

gruent roots. 

Similarly a congruence of degree n can only have n mcongruent 
roots, this being shown by raising the degree of the congruence by 

unity at each step. 

Example I. Solve .r* +g.rs5 (mod 13). 

To make the coefficient of x even, add 13^ to the l.h.s. : 

;c* + a2.vs5 (mod 13). 

Completing the square : 

** + 22.r+ 121 s5 + 121 (mod 13)*= 126 (mod 13). 

As 126 is congruent to a square, we must find die square to which it is 
congruent. As 126 - 2 . 13 = too we get (jc + i i)“s 10- (mod 13); 
x+ 11 s ± to (mod 13), 

- I or -21 (mod 13). i.e. ^ 12 or 5. These are the roots. 
Check. For* =12. 12^+9. 12=144+108=252=19. 13+5* 

Forx= 5. 5 -+ 9 - 5 = ^5 + 45 = 70 = 5 -‘ 3 + 5 - 

Example n. Solve 3.v 2 +7*= 14 (tuod 17). . , . 

The 3 must be got rid of. Now 7 x 17 + 7 = 119 + 7 = >26 is 71/(3), and 

14-17 is A/(3). 

The congruence is equivalent to 

3*^ + 126* s — 3 or to ** + 42* = - 1, 
or to *2+42*+ 21^ = 441 - I = 440 (n^od 17) = '5 ("i"d 17). 

15 + 17/t must be a square : take k = 2. and 15 + 17/f = 49 - 

/. (* + 21)2249 (mod 17). 
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This gives a:+ 21 s 7 or -7, 

x= -14 or -28, 
i.e. x = ^ or 6. 

Check. If * = 3, L.H.S.= 27 + 21= 48 = 2x17 + 14. 

If a: = 6, l.h.s. = io8 + 42 = i50 = 8x 17 + 14. 

Examples 134. Solve the congruences : 

I. A -2 + 6A- = 6(mod7). 2 . a;-+ 3x57 (mod ii). 

3. a;2 + Sjc = 3 (mod 17). 4. 2;c2 + 3xs2 (mod 5). 

5. 3.v2 + 4.v = 7 (mod ii). 6 . 3^-2 + 5* = 3 (mod 13). 

7. 4a.-2 + 3.v = 3 (mod 7). 8. a;2 + 2xs 28 (mod 71). 


Miscellaneous Examples 135 

1. Show that: 

(i) 253 = 165 (mod It) : (ii) 391 =323 (mod 17); 

(iii) 670 = 437 (mod 23); (iv) 3092=41 (mod 113); 

(v) 4658 = 5 (mod 517); (vi) 48700 = 75 (mod 389). 

2. Verifv the results : 

(i) 48 = iS (mod 5) and 78 = 63 (mod 5); 

(ii) (15.48) + (S .78) = (is . i8) + (8.63) (mod 5); 

(iii) /). 48 +9.78 =/>. iS+y . 63 (mod 5); 

(iv) 48.78 = 18.63 (mod 5). 

3. Prove that if the common difference is prime to m, then m con¬ 
secutive terms of an a.p. when divided by rn give remainders that 
are all different. 

4. Prove that 51000 = 1 (mod 13). 

[Hint. 5® = 2x 13-1.] 

5. Prove that 3^''“ 4 (mod 7). 

[I lint. Use 3'™ = gso = 2®® (mod 7).] 

6. Prove the congruences : 

(i) + 2^"+^ =3 (mod 7). (ii) = g (mod 41); 

7 • 75'* + 2®”'*2 = q (mod ii). 


[Solution (i). 

5®" = (7 - 2)®" = 2*” (mod 7) = 82 " (mod 7) 

= (7 + I ) 2 " = 1 (mod 7), 

23r»+i^2.22" =2(7 + i)*’s2 (mod 7); 

7. Sliow th.at 09999 is a multiple of 41 and hence 10® = i (mod 41). 

IK nee deduce 10'® = i (mod 41). 

Also show 2*®s - I (mod 41) and deduce 5*®s -1 (mod 41). 
Further, since 3^® = 9(mod4i) deduce 6^®=-9 (mod 41) and 
30*® = 9 (mod 41). 

8. If n is an integer greater than i show that n^-n + i cannot be the 
square of an integer. [Compare with (n - i)^.] 


r 
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9. If both n and n+2 are primes, prove that (n + 2){(n - i)!} -2 is 
divisible by m(«+2). (N.) 

10. (a) Find the least positive x for which both 

4.v = 5(mod7) and 6.v = 7 (mod 13). 

(b) If .V is a prime greater than 5, prove that - i is divisible by 
480. 

n. (a) If is a positive integer, prove that 34'*+2 260+3 jg divisible 

by 17 - 

(6) If n is a prime number, prove that 
2{n + i) + 2^(n + i)*+ ... +2"-®(« + 

is divisible by n. (N*) 

12. If /> is a prime and r a positive integer, prove that 

r!(/>-r-i)!+(-i)’’ = o (mod />). 

If p is prime of the form 4^ + 3, prove that p is a factor of either 

(2^+i)! + i or (27+1)!-!. (N.) 

13. If p and p + 2 are both prime, prove that 2 . (p - x)! + i = ^/(P + 2). 

14. Show (by finding the numbers) that any value of x from one to 
ten makes jc* + a; + 41 a prime number. Find a value of x for which 
AT* + AT + 41 is not prime. 

*5. Show (by finding the numbers) that any value of a: from one to ten 
makes 2 a,-* + 29 a prime number. Show that it is only for x = 4 (or 
— 3) that this formula gives the same number as x- + x + 41. 

Find a value of x for which 2x® + 29 is not prime. 

x6. If X, y, z are consecutive numbers, then (.v +>» + 2)^ — 3 (x® + 2®) 

is A/(io8). 

17. If X and y are both prime to 5. prove that x* +y* cannot be a perfect 
square. (Use Fermat’s Theorem and consider possible forms of 
square numbers.] 

18. Prove that x^"+' ends with the same digit as x. 

[Prove X (a?*” - i ) = ( i o).] 

*9. Express 10^ and 100® each as the difference of two squares. 

Test Papers D 
D.I 

*• (i) Solve the equation 4**= to . 2*“*+6 = 0. 

(ii) Prove that 

(1 +x + x* + ...+x»'')(x -*+x*-x* + ... H-X*") 

— I +X* +X^ + ... + AT*". 

Resolve i+x* + x* + x* + x* into two factors. 

(iii) How many terms of the series x + i + J + i • must be taken so 

that their sum is within i per cent, of the sum to infinity? (b»-) 
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2. (i) If a and j 9 are the roots of the equation a:^-k-bx c-o 
show that the roots of the equation 



(ii) Show that there are two values of A for which the equation 
^ + has equal roots, and that the product of the two 

X X — 1 X + 1 ^ ^ 

corresponding roots is unity. V v 

3. Without assuming the formula for the number of permutations of « 

different things r at a time, prove the formula for the number of com¬ 
binations of n different things r at a time. ^ 

Show that the number of combinations « - 2 at a time of n things 

of which 3 are alike and the rest different is J (n^ - s« + 8). (L.) 

4. (i) Find the sum of the coefficients in the binomial expansion of 
(x + i)", u being a positive integer. 

(ii) The expression 

(x + 0" + (.V + 1)"-' (Jf + 2) + (* ++ 2)® + ... + (jc + 2)" 
is rearranged as a series in ascending powers of x. Prove that the 
coefficient of .v*" is 


rl (« + I -r)l 


-1 



5. (i) State the binomial series for (i +x)’' where n is not a positive 
integer and 1 x |<i ; state also the ratio of the {r+ i)th term of the 
series to the rth term. Show that if x is positive this ratio is negative 
for all sufficiently large values of r. 

(ii) Write down and simplify the scries for (i -x)”® and show that 
the sum v:f the first m terms of this series is 


I - .v" mx"* 
(i-.v)® I-.r 



6. Find to two places of decimals the root between 1 and 2 of the equa¬ 
te 1; v‘ - .}.V -• l -- o. 

\\ hai iniVrv ncc can be drawn from the change of sign in the constant 
teini oi tile equation if .v is replaced by x' + I ? 


D.n 

I. Prove that if h-"- ^ac the equation ax- +6.v + c = o has real roots. 
Show that the expression 

(a*j-_2)(.v-6) 

(.V- i)f.x--3) 

where x is real, is capable of all real values. 


(L.) 
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in 


2 . If a, b, c are in geometric progression and a-b, b-c, c-a are i 
harmonic progression, show that 

^ 2a {a 

3. Write down the expansion of log,(n-x) in ascending powers of x, 
suting the range of values of x for which it is valid. 

Deduce the expansion of log^y, where y>o, in ascending powers 

of^* 
y + i 

Show that, if 
then 5 i = 25 g. 

4. (i) By induction, or otherwise, prove that the sum of n tcrn^ ol the 
series 

2 2.4 .2 • 4 • 6 . 

— ^ ^ 

3 3-5 3-5-7 

2 .4 (2« + 2) ^ 

"^■^7.3 ... (2I» + 1) 


is equal to 

(ii) Given that 




+ 3 


2n + l 


Hence prove that, if 


simplify the value of the expression <7„+, - 2<7„ 
n is a positive integer, a„ is divisible by 7. 

$. (i) Prove that 

(a+^+y)3-3(«+^+y)(^y+ya+a^) = a"+^+>^-3^^y- 

(ii) Prove that, if a+^+y = o. <x^^P~+y\= 9 ’ ^ 

then «. P, y are the roots of the equation x- - ^Qx + -o. 

Find, in terms of and/^, the values of -♦-*-y andoia +P +y^. 


6. Show that if id s 


then the value of the determinant 


abb 
p a b 

formed by adding x to all the elements of ^ is of the form .1 + Bx when 
A=^ and bli = id -(u - b^. 

D.in 

I. Write down the expansion for e* in ascending powers of .v giving the 
general term. For what values of x is the expansion valid. 

The first three terms in the expansion of {a ^ bx +- cx-)e are 

2 - 5X + 6x-. 

Find a. b, c and show that the coefheient of w' in this expansion is 

( - i)'(2r*+r + 2)/rl (L.) 
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2. Obtain the expansion for log^ in ascending powers of x, and 

deduce that, if y is positive, 

y- 


v + 




By use of this expansion obtain the value of 

4- log^ 11 - log, 3 

to six places of decimals. ^L.) 

3. In the binomial expansion for (i +x)" prove that the coefficients of a:* 
and .t”-' are equal, s being less than « and both of them positive 
integers. 

In the expansion of (i +.v)“" show that the sum of the last n coeffi- 
„„ , (in - i)! 

(«-!)!«! 

4. If a, are the roots of the equation 

ax- +bx +c = o, 

find in terms of a, b, c, the values of (i) 0^+^, (ii) a*+^. 

Prove also that if a’’ +^'' is denoted by Sr and if r is a positive integer 
then 

+ 65 ^- 1 +c 5 ,. = o. (L.) 

5» If <?'>6>o, prove that the arithmetic mean of a and b is greater than 
tlieir geometric mean. 

Also show + b) 4>the harmonic mean of a and b. 

6. 11 b is small compared with a, show that 

I 

/ a -6 \" ^ na -b 
\a+bj na-¥b 

approximat'Oy. 

Ovducc th , if the difference between p and q is small in comparison 
With their sum, 

I 

//’N “ n ^ (K+l) />+(/|-t)^ 

\q) («-i)/>+(« + i)^ 

approNinintely. 

1 sv tins to evaluate to three places of decimals, the fourth root of 

(L.) 

D.IV 

I. (a) If ^ + +v'>+^-/.,v + 25 is the square of x^+px+q, find the 
possible values of a, h, p, q. ^ 

(b) Eliminate x and y from the equations 
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2. Show that the reciprocals of the roots of the equation 

ax* + cx- + dx + e^o 

are given by the equation ex* + + cx^ +bx + <2 = 0. 

Solve the equation 

15X* — 16x® — 56X® + 64Je —16=0 

given that its roots are in harmonic progression. (L.) 

3. Prove that (ax^+bx + c)/(a'x^+b'x + c') (where all the symbols denote 

real numbers) can take all values if 

^'2>4aV and (a’c ~ ac')-<(bc’-b'c)(ab'- a'b). (L.) 

4. Prove that in general there are two distinct values of A which allow 
ax^ + 2bx + c + X {a'sr + zb'x + c') to be expressed in the form (x + v-)*. 

When only one value is possible, prove that 

(ac' -a'c)~ = ^{a'b-ab'){b'c-bc'). (L.) 

5. (i) Prove without expanding the determinants that 

X p a =‘ P r q ; 

y q b X z y 

z r c a c b 

(ii) Solve completely the equation 


X + 2 


X = O. 


6 . Sum the infinite series : 

(i) i + 

' ' 6 6.9 


o 6 




7- 9 
9 . 12 


9 


(L) 


(L.) 


D.V 

1. If + s^jX* + 3a2X + ^3 = o is such that 

OqO^ = Oi“ and ^1^3 = <22". 

prove that either the equation has three equal roots or it has roots 
proportional to i, w, ct>*, the cube roots of unity. 

. . ir (2+3«)(3-4») . 

*• (j) Find the modulus of Hr) ’ 

(ii) Show that the modulus of ae*o + when a, b, 0 . 4 > are real is 

+ 6* + zab cos {0 - 

3. Show from a graph that the equation x^ - 3x2 + x - 4 = o has only one 

real root and that this root is near to .v = 3. 

By substituting x==3+€ and by successive approximation to the 
value of c (or otherwise) find this root to 3 decimal places. (B.) 



362 TEST PAPERS 

4. If a and h are positive, expand log* ajb 

(i) in ascending powers of {a - b)jb, 

(ii) in ascending powers of {a - b)la, 

obtaining the conditions under which the Uvo series are valid. 

Deduce, or prove otherwise, that, if powers of a-b above the fourth 
can be neglected in comparison with a or b, 

, fl a^-b^r {a-b)n 

2ab\j 6 ab J* 

5. (i) Prove that (i - 5A: + 4:e^)i = i -fx - +... and find the coefficient 

of .v^. 

[Assume | x I<J.] 

(ii) Use the binomial theorem to calculate the fifth root of 1*002 
correct to 8 decimal places. (N.) 

6. Express 

-1 

-i 


(a - aO-® 

(a - < 7 ,)”' 


(a - rt2)-2 

(a-flj)-* 

as 



<h 


as a fraction in which both numerator and denominator are resolved 
into factors. 


D.VI 

1. (rt) ^^’hich is ercator, 2-‘ or 4® ? Give reasons for your answer. 

(/)) It a, b, c, are unequal prove that a^+b’ + cr can never be equal to 
be - eu + lib. (L.) 

2. W hat is meant by ih*' statement “ The series is convergent ”? 

is a series o! positive terms. Prove that the series is convergent 

. p.irticular term) ""—<.k where k is a fixed number less 

1 

than I. 

Stale ami prove a corresponding divergency test. 

1 cst f.ir convvi ijency the series whose «th terms are 

(i)'/O; 4 i);« + 2),2'’; (ii) i!{an+b). (L.) 

3. Dotk-rmino h and c so that the coefficients of and x* in the expansion 
ot (1 -* />.v ’ r.v-) loLV (I + a ) may vanish. 

Prcnc thai v. uli tltese values ot b and c the error in taking 

•Y 4- \x - 


1 +bx -r cx- 

for log* (i +x) is , neglecting powers of x higher than the fifth. 
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4. If a, / 5 . y are the roots of - 2 i.v + 35 =0. write down the values of 
a+/ 3 +y and a/S+ay+/ 9 y and deduce that the product 

(a2+2a-i4-^)(«^ + 2«- *4-y) 

has a® —2ia + 35 as a factor and so is zero. 

Hence, given a is a root of the equation, what are the other two 

roots in terms of a? 

5. Expand . / x x^- a-® 

as far as x«, showing that the terms in a-^ and >4 disappear. 

6. Show that —-- is a function whose value does not alter if the 

I — e"* 2 

sign of X is changed. _ . . 

[This shows tl.at in the expansion of the previous example all the 

odd powers of .v disappear except for 2^. 

The expansion is usually written 


X 

1 + - 
2 


6! 


2 


-■4! 


2 « 


where B,. B,, B, are the 6rst t'hree of a set of numbers called hcrnoulli’s 
numbers, which occur in the expansion ot various other functions.] 
From the result of Example 5 give the values ol LS.^, 

D.vn 

I. The first two terms of a geometric progression are n ami * A being 
less than a. If the sum of the first n terms is equal to the sum to 

infinity of the remaining terms, prove that - 2 ) . 

In this case prove that if a new series is formed liy ' 

„ terms of the original series, tl.e sum of the l.rst „ terms ol tins new 

scries is again equal to the sum of the remaining terms. , j 

If ^ is positive show that «A'^+A.v+r is positive- tor all ealues ol x 
unless at^+bt+c^o has real roots and a- lies between them. 

o, , L ■ all real values and 

Show that the expression ^ iXv-i-So 

find for what values of a the expression is negative. 

3. (i) Write down the exponential senes tor a'. 

(ii) By using the logarithmic senes show that when n is large 

4, Show that if - where a- is a real variable, the series 

« (4«-i)A'‘jJ 

„ti «(«+>) 

is convergent. , 

Assuming that a has a value in this range, sum the senes. 


(L.) 


(L.) 


(L.) 
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5. Factorise the determinant 

1 a 

I b b- 
1 c er . 

a polynomial of degree less than three, prove that 

x-a 

. t M 

x-^o 

. . m 

x-c 

6. Define the functions sinh .v, cosh x and show that 

sin /.V = 1 sinh x, cos w: = cosh x 
If .V +iy = a tan (« + tv), show that 

•V V a 

sin 211 sinh 2v cos zu +cosh zv 

If .r. y are the rectangular cartesian co-ordinates of a point P in a 
plane, show that, for any given value of v, P lies on the circle 

X- +y2 _2ay coth 2v + a- = o. (L.) 




D.vm 

1. A vertical blackboard is divided into squares by w equally spaced 
horixontal lines and n equally spaced vertical lines, where w<n. 
Pro\ e that the total number of squares so formed is 

. mini - i)(3w -m - 1). 

2. (i) It \ bR\ where a, b, R are positive and prove that 

-V 

(ii) It a, b, c, ii are all greater than i, prove that 

S(ahcd +1) .(rt + i){/> + i)(c+:)(</+ i). 

(iii) Bv considering the sequence I, 5, ?. ~ — - and another sequence, 

n 

prove that, if// ■ z, 

‘ , _i_ 

>i(n i- !)'• - ,!■ I + J + J + . 

3. (i) 3/).v- 4 yjx 4- r « o has three real roots aj, a,, ag ; x^ + 2kx + l=o 

has two real roots, and S.,. If 


prove that 2pk>g + i, 
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(ii) In X® + +3^AJ-J-r = 0 we can put x=y+a and have as a 

result + 3/>'y^ + 3^'^+ r'=0. Prove that, if a is a real root for -v, we 

/ 

can find a unique real value for a such that a-a = —, unless a =» - p'. 

4. If a, b, c are three consecutive integers, prove that 


b = l log^ a + \ log, c + 


1 

+ - 


2ac +1 3(2flc+i)^ 5(2ac+i)* 

Use this to express log 41 in terms of log 2, log 3, log 5 and log 7. 

5. Assuming j* —-- Fsin~^ jr~| = ~ , show by expanding (1 - x-)~^ 

JoVi-JC^L Job 

by the Binomial Theorem and integrating term by term that 


TT 


* ^ • 3 

—5 +- - 


b 2 2 3.2-* 2.4 5.2“ 

Find the value this gives to n, using the first 3 terms. 

6. If 4- + 302^ + A {z -p)^ + B(z -gy hy equating coefficients 

of the powers of z show that a^p+a^, a^p + a.^ and i72/>+a3 can be 
expressed in terms of B, p and g, and deduce that 

{QqP + a,) (^2/) + 03) = (a, p + a^)^. 

Show also that p may be replaced by g in this relation. 

Write the quadratic equation determining p and ^ as a two-ro%v 
determinant equated to zero. 


D.IX 

I. If a, b, c are real constants, find the conditions that the expression 
ax^ +A.V + C may be positive for all real values of the \ ariahle .v. 

If p is a real constant and x a real variable, find the ranges of values 
which can be assumed by the expressions 


2 . 




Prove that the arithmetic mean of n positive quantities is greater than 
or equal to their geometric mean. 

The equation 

- flix"-* + ...+(- I + ( - I }"a„ = o, 

in which all the a’s are positive, has all its roots positive. 


Show that 




(I ■) 


Find the values of a,h, c so that the coefficient of .v" in the expansion 
of {a +bx +cx^)e' in ascending powers of a: shall be (« + i)-,h! (L.) 
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4. If * = a? =fc, - + - = c, and ar are all real, prove 

^ y X s y X z 

(i) a-, b-, cr, are each not less than 4. 

(ii) If two of fl, 6, c, are equal to - 2 the other must be + 2. 

(iii) (a ± Va- - 4) ib ± (c ± - 4) = 8 where one of the am- 

bigiious signs is opposite to the other two, (L») 

5, Sum to infinity the series : 

.... 3 8 n; 24 


2 ! 


(iii) 


+ 




^ 


I .2 2.3 3.4 4.5 

.r being chosen so that the series is convergent. (L.) 

6. If^'{.v), fix) are two polynomials in a:, the degree n of/(x) being greater 
than that of g(.v), and if fix) has n distinct factors ... (x-a„), 

find constants Ai ... A„ so that 

/(-V) 


+ + 


A- - 


How is the result modified if <2j =<12? 

I fin 


If 


+ 


x-a^ .v-ti, (x-aj)(A--<73) 

fin 


4 - 




B4 


(x - a^) {x - a.f) {.V - <13) (x - a^) (x - a^) (x - a^) (x - ^4) 


find fij, fia) ^4* 


(L.) 
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CHAPTER 1 (pp. I to 19) 


Examples i : 

1 . 24. 

5 - 17I 


2 . - 6 . 

O. 77 


9. (i)a+2b; (ii) abl{a+b). 
Examples z : 


■* -t 

v“ “ 

7- (') *‘3 : O') ‘3 
10. (b + +c). 


11. 


8. (i) 7 ; (ii) - i 


2. I, - I. 

6- 43 . 33 - 

xo. 32, -i 
14. 10, 2. 


3 * - 5 . -2 

7. 12. 6. 

II. I, ■ 4 - 
IS- 2 . I' 3 - 


4. 2 | 4 . 

8 1 I 

• J . 3 • 

12 . 2-43, I. 

16. a -i-b, c. 




2. 5:2. 

7. 100 lb. 


3. 8. 

8. 15 mi. 


4 

9 


660 yd. 5. 14. 
z!i mi., 9.35 A..M, 


(>v) 2. 5. 


1. 4‘ 

5. 5. 2. 

9. 8, X. 

13- *8, 4. 

17. c-6, <1. 

Examples 3 : 

1. 42. 

6. 4. 3 i- 

Examples 4: 

*• (>) 7 ; (») -6 ; (iii) 2 ; (iv) 4. 

2. (i) 17, I ; (ii) r, - i ; (iii) SV. A 

3. (i)3^-2y; (u)o; (iii)Ar^+y^ 

4 . X : y : z =biC^ ~ 

5. : jc: I in same ratios as a- : c in No. 4. 

6 . -}J. H- 7- 51. 5?- *' 

Examples 5: 

I. ii)xy = ab-, (it) x^/a^+y-!b^ = i. 2. (i) V ; (ii) +14. 

3. (i) !=«;/-iar*; (ii) = 201. 5. 13>-- - 66>-r 1 = o. 

* 3 ^- 35 A- = 68 . 7 . p=+y'*=a-. 

8. (36c-4ai/)* = 4{a*-^>®) {4^£^ - 3"^)’ 

9. aic + zfgh - aP - bg ^ - dt ^. 

IX. i45a^ +636® — igzab - i6a + 24/* - 80 =0. 

Examples 6: 

X. 3, 4, I. 2. 4, 5, 4. 3 " 8, -6, 4. 4. 8.J. 

5. - I, 2, 5. 6. 6i, - 5, - 2J, 13. 7 * - 0 , 12, 2 

8. 2, 4J, 3J. 9. 9, 21, -4. 10. 7, 5, 8. 

Examples 7: 

(>) 25. 5 iV ; (») V. - V : O '") 4. 4 - 3 - 3rd. 

4 . (i) Circumference from diameter ; (ii) cm. from inches. 

5. Join (o, 63) to (100, 12O) ; 38. 

367 
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Examples 8: 

1. (i)2; y- 2 x=i; (ii) ? ; y = lx + 6 , 

2. No. (ii) is 2.v-33’+i~o. 3. -4, §. 4. 15C/19. 

5. (i) 1+3/, -1 + 4/; (ii) 2 + /, I - 2Z; (iii) i + 4Z, - 2 + yt, 

6. li)yx+y = 2 l\ (ii) 2 x- 2 y = 2 y. 

y. (i) x{d-b)-y{c - a) = ad-bc ; (ii) dx-by = ad ~bc. 

8. 2a;-33'+13=0. 9. 5. 

11. x = 2 j(io + a),y= -(20 + 2 o)j'(io+a) i£ a -10 \ a=-8. 

12. A = - 3. 

Examples 9: 

1. From left to right Ar = 6o, 105 ; v = 42, 133, 175. 

2. (i) 11,7,42; (ii) 28. 24, 14, iS; (Hi) 2c + d; f-e. 

5. 15 : 9 : 4. 7. 6, 10, 14. 8. j-J, 

Examples 10: 

1. (i) 72 ; (ii) i2fl; (iii) 6c^//(c-A). 2. tilza, u!a, 

3. (i) S, 3 ; (ii) 6, 6. 4. (i) (a"^+b-+c~)/(a+b+ c). 

5- 1. -2. 6. (i) -1; (ii)b{a~^c)la{2c-i). 

7 * (i) 3. 5 ; ('0 h 2^. 9 - (») >5 ; (“) 4 - *o- 17.8. 

II. (i) 13 : (ii) 11. 12. (i) (2, 9) ; (ii) ( - 5 , 3) ; (iii) (?. 7 -). 

13- (i) 3 i (») -20. 

* 5 * {') “ 7 i (ii) 64 ; (iii) 2 < 7 -. 16. 3.v + 2,v=i7; -0- 

17. (So, 40), (-So, -40). 18. {a{2b - a)j^b, (a+ b)l;^}. 

19, 10, 3, lb. 


CHAPTER II (pp. 20 to 52) 


Examples 11: 


(A- 5 )(A-h). 


2. (.V - i2)(a: + i). 3. (;ic-2i)(.v+10). 

5 * ( 3 ''' + 7)('-‘-2). 6. (3.v + 5)(.v-i). 

3 ^)- 8. (i + is.v)(i - I5X*). 

10. (.V + 7)(2.V-5). II. (3>' + 2)(>>-2). 

* 3 - ( 5 ^- 0 (^- 50 - 14- ( 2 -S>’)(J- 7 >’)' 

16. (a+b + c){a+b - c). 

18. (9+8.v)(8-9A:). 

(ii)(2.v + .^/ii)(2.v-^/ii); 

(11!) (.V ^ 3\ 5)(.v-v^'O- 

20 . (i)(.v-I+^ 3 )(.V-I-^’ 3 ); (ii)(2.t-5+^/7)(2.v-5-./7). 


4 - 

( 2 .V 

^ 1 )KV • 2). 

•a 

/• 

( 1 

' -* 13/j)(l2« - 

9 - 

(3 + 

.V-)(I - 2 V-). 

12. 

(2 - 

CO 

J. 

1 

15- 

(2- 

yx)[z +yx). 

17- 

( 5 ~- 

-2<0(3~ + 0 ). 

19, 

(i) (- 

3 )(-v-s 


Examples 12: 

I- (i) 49 ; (ii)^S-: (iii) 25. 


2- (i) 4 *^ ; (ii) 121&V4 J 
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Examples 13: 

(>) 3^ 4 ; C") -1 ; (iii) 2 . 5; (i^ ) 7 . o- 

2. (1)1-72, --39; (ii)8-i2, --12; (iii)-i4, --So; (iv) 1-74, -674. 

3. (i) 1-65, -3*45; (ii) -3I. 4 * 0 ) Identity; (ii) i, -2. 

5. (i) 2-28, -4-19; (ii) 2-94. -10-22. 

6- (0 * 35 . -1-63 ; (>i) i, --i 7 - (») J- 

8- (i) - 4 * 3 . - 57 ‘ 9 ; (ii) No roots. 9. (i) 3. 

(>) S. - I ; (“) 6-46, - -46. 

(0 4 • 3. 7 • 2 ; (ii) 2:1, -4:1. 12. (i) 5. 

>3- (i) 8, -5; (ii) -192, -5-192- 14* (') (") 5. -2. 

15. (i) 24, -20; (ii) 2, -ty- *6. (i) o. - i; (ii) -618, -i-6i8. 

*7* 37. 38. 18. 60, 62. 19. 39, 41- 20. 8, 10. 21. 12, 15. 

22. 42 ft. 


1 

tt 


(ii) 5-21, 288. 

(ii) 9-33. •67- 


> 


(ii) -i. -I-. 


Examples 14: 

2* (i) 25 ; (ii) 165; (iii) 529A-; (iv)36rtVj-; (i) and (iv). 2. -4, -4. 

3* (i) rational ; (ii) irrational ; (iii) none ; (i\) ctjual. 

4 . (i) 14 ; (ii) 24. There is a factor 2. 

5 * (i) a:-4±.y7 ; (ii)A- + 2 ±V 5 . 

7. (i) X + ^ ± ^ ; (ii) none ; (iii) none ; (iv) x - I . 

9 - (i) -io±V5o; (ii)(x- 4 -io) 2 = -50. ^ 

(i) - I, -56, 113, 225 ; (ii) 4, 2, 12, 8 ; (ni) - i. 2, , 4 ; 

(iv) - I, - 3, 7 . * 3 - 

XI. (i) (9*2 - 8flc)/fl2 ; (9*2-i6ar)'a2 ; (ii) o. 

12. (i) 4/>2 - 29 ; (ii) 16/)^ - i6/)vy 4 39-. 

* 3 - (i) -/>; (ii) 9 ; (iii)/>^- 37 i (iv)- 4p-9-* 29-. 

x6. p, -9, + 292. 

Examples 15; 

X. (i) 6*2 + 5x - 50 = o ; (ii) .v® -4 12x + 13 - o. 

2. (i) jc* - (3a + 2b)x + bah = o ; (ii) a* - lax a- - p ~ o. 

3 * - 12A- + 4 = o. 4- 9' - -♦ /> v H I = o. 

5. (i)A4-(;.-^-29).v+9- = o; (ii) 9-^‘' (/>'- 29 )a- 1 9 = o. 

6. AT* - 40* 4-3«--= O. 7. rtCA-^ 4 A(o + t)A 4 (« O. 

8. A* + (p - 2)Ar+9-/>-f I = o. 

9 - (i) 4. 64 ; (ii)6, 216; (iii) iv. iVs./> = ~ 5 ^®- 
10, (i) - 2 px + 49 = o ; (ii) 4.V- - zpx (9 = 0; 

(iii) qx'^ - (p'^ - 2g)x +9 = 0; (iv) a- - (p 1 9 )a t pq - o. 

Examples x6: 

2 - 2(g)* = 2(S-:])-•! + 1 . 4. -lJ- 5 - 3 - 
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Examples 17: 

1. Vertex at (i) (|. ; (ii) (I, - ¥); (Hi) ( -f> - nf); 

(iv) ( -2, 10); (v) ( -i 6^): (vi) (|, 15-5). 

2. -•j<k<7. 3. 5- 2<x<5. 6. 3< a ;<4. 


Examples 18: 

1. (.V + 2)- + 3 ; min. 3 if .v = - 2. 

2. (x-4)-“i5; min. -i5ifA: = 4. 

3. -(A:“i)- + !1; max. 4 if a: = |. 

4. (.V - i-)^ + 2f ; min. 2J if x- = i. 

5. - 4(x + •’)■ +9 ; max. 9 if x= - 

6. 2(x-3)“ + 5; min. 5 if .v = 3. 

7. 3(.v+i)--4; min. -4ifx=-i. 

8. (.V + /;)“ -^k -Ir \ min. k - h- if .v = - h. 

h\- ac-b“ . ac -b~ . 


9. I .V I + 
^ ' a 


; a>o, mm. 


if x= - - . 
a 


10. Each is 5. 


a a 

II. 3<.v<7; max. 4ifx = 5. 12. k> 

Examples 19: 

2. 4. 4. 4S. 5. pizhx •^h-)-¥qh. 6. (i) even ; (ii) odd. 

7. 2{(ix- -^c), zbx. 9. 6x-+ iox>'+ 4>’-+ 10 ; I4x+i8>'. 

Examples 20: 

I. -4. 5.-2: (3, o) and (o, 6). 6. * ; - i and +1. 

7. 100 ft. ; 2\ see. ; upward velocity. 8. 10. 3 ft. 

Examples 21: 

I. (ji- -b). 2. (px + qy){rx - sy). 3. (6+n)(x-<2). 

5. (3.v-t-,v)(.r + 2). 

7. {a-b){a +b - 2). 

9. (.v + v)(->^-v-2). 

II. (.V + e)(.v +b -c). 

13. (.Y-+a--6")(.v^ - fl”+6"). 

* 5 * (•v->’- + 4 )(^-y- 4 )- 


4. {f// • ii)'J tn). 

6. (<i ■» + i)|<i i). 

8 . (2\ • 2 ). 

10. l.v • • (•'). 

12. (,/ • /- /■>■ , (■ 3/.). 

14. ■ •■1,,/ • \i). 

Ii?;aninlcs 22 

I. 11 ( V • , vv • V- 


’ ' ! I 


fii' (v - 2ji')(.v- + 2.VV +4.V-); 

• i-a</ T {n) {^ah-r ^c){2$a-h~ - 20abc + i 6 (~) i 

• c-l. 

3 * (i) ‘ ..'i; (ii) (.V+«)(.v - a)(.Y^+«'.v-+ (j^) : 

(iii) 4r'i.v :• ,.a ' - jw - y-). 

4. (i) 2a{<i- ,ii; v. 

5. (7V1 v)(.Y 5 f,. 7. (a^h)ic- + d"). 

8. {a -b){c ~ d)[L- • cJ • , 9. (.v+c)(x+A - c). 
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II. { i ){ 2 . a + bf \ (ii) ( 2 x- 3 >')^ 


xo. {x+b - c){x-b+ c). 

12 . C\) {a^ •‘r ob ■^b^){a'- ab-^b-). ^ 

14. (i) + : (»)(«"+* -. ab ){ a ~^ b ~ ab ). 


Examples 23: 

I* (3. 6), ( -2, i) 

3 * (S> 3). (*» i)- 
6 . (4. i), (3, - 0- 

8 - (3. i 4 )(-W.- 

> 3 - 37 ft. 

Examples 24: 

!• 5, 3. 

4 - -¥2*. iV 799 - 


2. (-23, - *0). (46. - 6)- ^ X / , 

4. (14. 9 ). (- 5 . - 2 ). 5 - (”* - tO. (-3. 3) 

7. (20. 7), ( - 6, - i). 

II. 121, 40 yd. 12. 15, 8 yd. 

14. 6, 8, 10 yd. 


2. 11 , 9 - 
5. 42 ; 6, 7 


3. 7, 4 or -7, -4. 
6. 2, I or - 2, -1 


- I. -s). 


Examples 25: 

I. ( 2 , 1), (- 2 , - 1), ± "^^5 0 * 

' A/28 ./20\ 

4 . ±( 372 . i- 372 )- 3 ■ 3 / 

6. ±(4ii). 7* ±(2-058.; 4 « 7 )- 8. (5, i), ( 

10. ( 7 * - 63 ')'“ - jy*; (s^*-- 7>)" + (3V2)^' 

Examples 26: 

I. (i)s/i 8 ; (»)Vt47; (»‘)^/ 6 o; (iv)V»50. 

2* (>) 3n/3 ■* (“) 9^2 ; (in) 2>/2i ; (iv) > 2 v' 3 - / x _o 

3- (i) 3-58 ; (") 3-22 ; (iii) S'*® ; (iv) i' 9 > 1 f'') *30 ; ('0 78. 

6. '.^432. 8. ^a^-^ab + i^-b^. 

Examples 27: 

X. (i)-4,i; (li)(iv)3P+?.3P-?- 
*• (i)i( 5 ±.y 53 ): (n)i(-7i-./33)^^^ (.v) V, V 

(v)i (-6±V37): (vOg^. 

3. (|)*2-4a:+i=o; (ii)Jc* + 5 A- + 3 =o. . 

I (i)(^ -2); (n)(^ -V); (»>)( . frrVhTns 

10. 4-19, -1-19. II. (0 (4. - 0 . {- ‘. 4 ); (“) (4. - 0 . (-It. A)- 
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12. ^7 los., £3 I2S. 13. (i) 3 a-“-ioa:-8=o; (ii) (a)-^, |. (b) 2, f. 

14. 60, 40 ch. 

15. i2-(3-.v)-; 3,12; -6 + (3 +x) 2; -3, - 6 least value. 

16. 2-6 c.c. ; 6*2. 17. 84. 18. (i) 5 'o 6 ; (ii) 1-41 or -3-91. 

19. 240 mi. 20. (i) 2Ar“ + 5A-33 =0 ; jc^-4a:+i=o; (ii) 2 or i^. 

21. (i) (.v-a)(73'-i-4A) ; (ii) (2a-+3^--4^zA)(2a2+ 36^+4^/,), 

22. {ab+bc-ac):{a+c-b). 23. 40,60. 24. ?. 

26. {a.b + 2 + 2b af. 27. 8, 6 or 12, 5. 29. Sa^ + zEbc. 

30. Product =4(a+i)c. ; zkc. 31. 89. 32. 45. 33. 5,41. 

34* 7. 8. 9. or 2, 3, 4. 35. 972 sq. in. (sides 36, 27 in.). 36. 4. 

37. 2, 1,6. 39. (ii)A=-4; (-i.-J). 40. 3, —2,5; (a-43)- 

41. (3,'2a, 9 V). 42. (56, 22), (265, o). 43. (8, 7), ( -7, -8). 

44 * (8» 10). { “ ’a*t «)• 45 * ( 5 » 3)* ( ~ st, -43)- 

46- {5. 4 ). ( - ^ • 47 - (t. 6). ( 2 i, - 5,-). 

48. ( ± S, ± 3).' 49. (8, 3). ( - 8. - 3). (8, - 3), ( - 8, 3). 

50- (S. 3). (3. S). (S, -3). (-3. S). 

51. (i) A'- i6a'+ 25 =0 ; (ii) 5.V"-2.r - I =0 ; (lii) 5.1:^ + i6.v + 5 =0. 

52* :!■ 53 * +"'■)• 56. s/3 + s/5 : V7 + 1. 

57 * (0 s'/ +v '4 5 (•>) 3 “v^ i (iii) J"? -Jz or minus these. 


-. 6 |. 4 . 
j 65 . Soo. 
69 . S. 


62. 5. 
66 . 8 . 
70. 8. 


63* 13. 5* 

67. 5. 

71. J (4a -6), 1(4* - a). 


64. 10. 

68 . 4 S 1 . 

72* 7 ; 7. 3 


74. .V + - 5s - 2 repeated ; a = - i. 
76. .v + - ^2 ; .v=i. 


75* h 2 


77. .T ^ - 3 or - I ; A = lf 3 -t 7 i 3 ) or K - I ± Vs)* 

78- (h. 1). (1.6) ■ ■. -2). 

79 * /> - 7. </ i .i' (5, 2) or (2, 5); 

/>= - 4 . '/■= - I givint; - 2 ±^/ 5 , -2 7^5* 

00. /) -6, (/= I divine 3 - ^'S, 37^8 ; 

^ -6 giving {2, -3), (-3,2). 

81. If/jc.v-/then; «*/• must be positive. 

82. -V’V’ i.(/. !./),^=Ti 9 e(p-i 9 )- 

03. A- t A f 1 must he 4 -. 

84. a = 3 or - J ; in 2nJ case, square/2. 

85. = 86. A '.I. 

87. flC.V- + 6 (u a ) .r f (« + zc)- = o. 

90. ■V = '^or(4- 3 <')(J- 2 U/. 91. .v=-(;. + 6).r + 37,+9 + 9 = o, 

92. = 2x=-6.v + 9 = o. 
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CHAPTER III (pp. 53 to 8i) 


Examples 28 

x.{\)V = aiy^\ in) A=bMM'ID'^\ = {{w) R = a+bV^~\ 

(v) R = aljd^ ; (vi) S =br{r +h). 

2. (i)a = '524; (iv) a= 1200, 6 = -i ; (vi)6=6-28. 

3. 3; = ^*2 ; 54. 4- ■^> 4 - 

5. (i) multiply by ; (ii) divide by J2. 

6. (i) FocA ; (ii) Focr 2 ; (iii) /oc- . 7. Change 42 to 45. 

8 . 3»oCA** ; x<x.Jy\ x = 2j$. 9- (*) 25 m. ; (ii) ^2/10 mm. 

xo. w — kd '^; (a) (i) 27 oz., (ii) 36*75 oz. ; {b) (i) 5 in., (ii) 6*3 in. 

XI. (a) (i) 6*37 kg. ; (ii) *71 kg. ; (b) 2*83 mm. 

12. 12. *4; 12 gm. 13. IV'ccZ^. 14. 20obcl{b+c)-. 

16. (i) 54 gm. ; (ii) 3 cm. ; (iii) i‘6 cm. 


Examples 29: 

X. (ii) w* against r, or log v against log r; 

(iii) n® against ^ , or log n against log r ; 

(iv) S against 1/(3 +a:), or log 5 against log (3 +x) ; 
{^) (5 ~ y ) against or log (5 ->') against log x ; 
(vi) against x^, or log y against log x. 

2. (i)_y = 2.v2; (iiiA^^ioo; 


[io 


(iv)>^ 


(v)>-= IO(J)' 


4. 3' = 64(J)*. 

5. r=i-8<*. 8. rcc/2. 

12. ;? = 9-5+ 037’. 13. *=13, « = a- 

14. <2= 130, A*335» 

Examples 30: 

3 - x = l{p+q + r). 4. No (i). 


(iii) y= 10' ; 

(vi) y~ — io,ooo/.\ 4 . 

ji. D = *2 + -os^lV. 


5 . r = {b^-3<Jc)/za. 


Examples 31 

t. y = X-l,X^Z-, l^2j2. 

2. x=i, x +2y = 2 > rnax. -(^/3 - i). tnin. (^3 + i). 

3. X + 2 = 0 , 2y ~x = 2 i max. — ./z + J, min. ^2 H- g. 

4. Jc + I a= o, X +y -2=0; no max. or min. 

5. a:-i=o, ; max. o, min. 4. 

6. a:=»o, a:+3' + i«=o; no max. or min. 


Examples 32: 

*o- .**• ^■'3* 

13. If A is negative, y^ ia max. If A is positive, yi is max. 
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Examples 33: 
6. q~0. 

Examples 34: 
4. 2*8i. 

7 - 3 ‘”S- 


5. -69; -1-17. 6. 273. 

8. 1*17. 9. *1603 radians (9® ii')« 




CHAPTER IV 

(pp. 82 to 96) 


Examples 35: 




(vi) -h ; 

I. 

(O2; 

(ii) 5 ; (iii) 2 ; 

(iv) 3; 

(V) 1 ; 


(vii) 1 ; 

(viii) i ; (ix) i ; 

(x)2; 

(xi) i ; 

(xii) i 

2. 

(>) 4 ; 

(ii) 1 ; (iiO ; 

(iv) i: 

(v) 1000 ; 

(vi) 32; 


(vii) 32 ; 

; (viii) 64; (ix)64: 

(x) 32; 

(xi) 3^5 ; 

(xii) iV- 

3 - 

(i) a^x‘ 

' i (>0 ^4 i (■“) ^ - 

(iv) 8a®. 


(vi) 27*^; 


(vii) 3; 

(vin) ; (ix) ; 

, .60^ 

W-T’ 

(xi) ^ ; 

.. 23 ^ 

(xu) -y 


Examples 36: 

1. (i) 

(iv) 

2. (i) 5 = io«^"'>; 

3. (i) i-6 = log 39-81 ; 


(ii) 

(v) IO-2M1; 

(ii) 6-31 = ID'S; 

(ii) 2-902 = log 798; 


(iii) io-««; 

(vi) 

(iii) 20 = 10 l' 3 «tt. 
(iii) log 4 = 2 log 2. 


Examples 37: 

I. 2 ’; 2^ 2. 20 = antilog 1-3010= 10*'®®^®. 

3- (') 3 = l‘'’Po ^25 or log 125 = 3 -og 5 base); 

(ii) log 81 = 5 log 27 ; (iii) If log^ ^ = 4, then log^ P= 12. 

4. (i) 13" : (ii) 64=16*; (iii) = (a=)®. 5. 4-8. 

b- <0-3939: (ii) 300. 7. 2.v = 3v. 8. (i)x = v'3i (ii)-s=i25. 

9. -75 • 1C 10. (i)i-S; (ii) --4192. 


Examples 38; 

1. Jt A log, p, v= log,, 7, 5: = loga r, then x+3’-a = loga(/>9-r-r). 

2. (i)2\ ; fii) v-(>A-. 3. 1-465, *6825. 

4. {i'S:i% Soo-;-32 =■ 5-; (ii) 10* = 75 x 40-i-3. If r.h.s.=a,-®, then 

A ic. 

5. ICO. 6. 12. 7. o. 9. (\)d~=bcjd\ {\\)£^ = dlb\ 

10. liii a'-'' {zu)'^. 


Examples 39: 

I. 9X io “ gni. 3. 2-3 X 10^® miles. 4. 7-020. 

5 - -19^’^- 6. --769. 7..v^-ior2(i-995)- 

8. A-ii: 1 -829 o;- (,^0. 9. A-=2:I-35, J:£SI-7I. 

10. X = 7-08, 3'-3-98. 
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Examples 40: 


1, — 

4 


z. 


9 x- 


27JC*. 


A # 

'9 rr 9 


5. 6. (1)4'; (ii) 1/320. 

7. (i) - a*-®!'; (ii) a+6+.y(fl6). 

8. (i) 4-^5 ; (ii) gx’ —4>’5 + - i6c^. 


9- -5- 
*3- (iv) - 3 ; 
16. 19-94. 

20. 0-01047. 

Examples 41: 
5- I-585- 


10. 2 iV- II* 7 * 
(V) -3; (Vi) -3 

17. 0-836. 

21. 3-817. 


7. (2, -i). 


13- (») 3 ^ (ii) 4 
14. -8260. 15. 
18. 1-107. 19. 




(iii) 3. 

4-292. 

2-838. 


22. (3-V+7)-; 1 or iC^-. 


8. x^i-55. 10. x-^1-46. 


Examples 42: 

I. I, 2, 8 ; 5-66. 2. (4. 2). 

4. a —-*3-. O between Q and R with 07 ?^- 6 ; -iS, 6|. 

5. o, I, =^4-25 ; o<x<i and j;>4-25. 


Examples 43: 

t, (iv) 1-099; ('') 1*609. 

2. (i) at (o, i) ; at right angles, (ii) -693, 1-386 ; 1-099, 3*297* 
4. Equal and opposite (±-69). 6. -62. 7. -24. 


Examples 44: 


X. 6. 2. (i) 2 ; (ii) 5. 3. ar = 3y. 4. (i) 9. 4 ; (ii) 9. 4, a 

5. (1)2-578; (ii) -5544. 6. (i) Ordinates to line y = 4 ; (ii) 

7* 5-623 ; 5-624 by log’s, 5-623 by antilog’s. 

(iii) 5^ = 625 ; (iv)8*=32; (v) (a^)^ = a-®. g. iO“^ secs. 

10. 1-2,3. IX* (i) ^c^y** = 17-06 ; (ii) -.1, -131. 

*3* ’599* 14* 2-2, 4-1. 15. (i)«=io; (ii)««ioo. 16. 2. 

* 7 * (OSn/So; (ii)2; (iii) *06577. 18. 5-065. xg. x=si-58. 

20. \{z + io). 21. (b) ^^1229. 22. 35,000; 190,100. 

23. 167. 24. 26, 15. 25. 35,007,000; 1905-2. 26. 126. 


*7- (i) 2**, 2“^" ; 2-« 2-i^, 2^. (ii) 167. 29. zafx, - i^ 


CHAPTER V (pp. 9710117) 

Examples 45: 

1. (i) X* + 5*’+ 5x< 4 2SX-® 4 i5x^ - 5x® 4 x* 44 ; 

(ii) ax* 4 i8x’ 431X* 4 igx-® - 3x-^ 4 7X-® 4 2ix- - x - 3. 

2. 18981 ; 103121. 

3 . 44 n+l ffin+l J jp 2 n+l _ 2ax^'* 4 ZOPC^'*'^ — 4 ... 4 2a^’*x - a*'’**. 
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4. Coefficients: (1) i, 5 * 5 * ^ » (^) 3 » 7 * 3 > 

(iii) + 4a®6 + ioa-6® + + 9^. 

5. 112+122=1332-132^ 

6. (i) 6 a-2 + i5a:“' + 38 * + 52 j:^ + 32 ; 

(ii) 20^-3*“-*‘^ + 2*-4x^+2^^-I- 

Examples 46: 

I. Coefficients are i, 12, 66, 220,495, 792, 924, 792, 495, 220, 66, 12,1. 
Coefficient is 78. 

3. (l + l)" = 2". 

4. (i) Six*+ io8x®y+ 54x^2+ i2A^+y; 

(ii) I - lox+ 40x2-80x2 +Sox* -32X® ; 

(iii) 64a* + 576a2J + 2i6oa*62 +432oa262 +486002^ + 2916ai>® +7296®. 

5. 1 + 63x2 + 315X* + 189x2 + (7X + 105x2 + 189x2 + 27 x’)V 3 - 

7. 2 + 42x2 + 7ox* + 14 x®. 8 . {(i+x)2-(i- x)2}2 = 36x2 + 24v* + 4 x«. 

Examples 47: 

I. Quotient 3X+ 4 ; Remainder -6X-13. 

3. (i) x 2 + ax + a-y Remainder 2a2 ; 

(ii) X® + ax-* + a 2 x -2 + cfix- + a-’x + a® ; Remainder aa®. 

A - v 2 4. 6fi v 3 

6. I - 2 X + 3 x 2 _ ^3 ^ ^ ^ 

Remainder -i ox®-9x^2. 

7. a--ai6* +6^. 

8. (a) i+x + x^ + x®; Remainder x*. 

(/)) I + 2X+ 3X-2+4x2 ; Remainder 5X'* - 4X*. 

12. 6 x 5 _ I i.vi _ 7. 


Examples 48: 

I. (x+i)(x'f4). 2. x(x-2)(x + 3)(x + 4). 

3. (x i- 2 )ix 2 -+v- 3 )or(x- 2 ±v' 7 ); (x + 5 )(x + 2)(x-2). 

4. (i) (x -t- i)(x'- i)(x-6)(x + 2) ; (ii) (x+ i)(x- i)(x - 2)(x - 7). 

S' {'•’ - I. 3. 4 ; (ii) - I, 3. -5 ; (iii) ±s^ 3 . ±2 ; (.Q - i, 0. 2, 5. 
6. ■! ‘(7; ( v -f i)(x- +i). y. p = 2; (x-2)-(x + 6). 

(0 ‘ 37 ; (ii) 47 - 9 - 


E:ianjplos 49: 

(*) - : (ii) - ; (iii) 0. 2. (i) -15 ; (ii) “ -S ; (iii) 

(i)‘4; (ii)i;; (iii) 64 l; (iv) 6 j. 

(il;: : (ii)- C; (iiijVV^; (iv) i. 

(i) .r* +Y- - 20X - 48 = o ; (ii) 24X* + 14x2 - 2x + 3 = o. 

o,/>, ~ij. 8 . y‘+^-— 6 v =0. 

9 * (0 (-^^''1/ ' “ 3 -'-; 

(ii) - 2 .V<;,^'t 7 j< 7^,<73 + s-Taia^aga^. 

10 . (ii) + 


5 - 

6 . 
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Examoles 50: ,, , 

1. - 2^263 _ 3U2V + 26V, a*+b*+c*- - 2a-c- + zb^c-. 

2. (\) (a + b +c){a + b - c) ; (ii) (a - b + c)(a - b - c) ; 

(iii) (3a + 56-2c)(3a-56+2r). 3. ^I^a^-z^ab. 

4. (i) ^3+^2 _2^26 - 2flir 4-2ic ; 

(ii) a 3 - 63 - _ 2^2^ + 30^,2 _ 3^2^ + ,^^3 - 363^ - ^bc^ + 

5 . a3+^,3 + ^ + 2 (a 2 ft + fl2^+62^+i2^+<:2rt+c36) + 3 a 6 c. 6 . 

8. (i) (a- 6 +i:)(a 3 + 62 +c 2 + 6 c-ca+a 6 ); 

(ii) (a-b-c){a~+b^+c^-bc+ca+ab ); 

(iii) (a + 26 + 30 (a 3 + 46^ + 9^* - 66f - 3<-a - zab) ; 

(iv) (4a - 26 + 3c) (16«3 + 462 + 66c - 12f« + 8fi6). 

13. ii)ib-c)(c-a){a-b)-, (ii) -{b-c){c - a){a-b){bc+ca+ab). 


Examples 51: 

1. (i) {x^-yz){x*-^x^-yz+y^z-) \ (ii) (-V'- i 4 )(-t-+ >); 

(iii) (x + •2)(.v - •2)(a-3 + -04); (iv) (.v + 3)(x - 3)( v- + 9) ; 
(v)(x 3 +:y 3 +^^)(;,. 2 +_y 2 _x 3 -); (vi)(A- + |.) ^ 

(vii) {x + a)(x - af ; (viii) (a- + 2.v - 4){.v3 - 2,v - 4). 

2. (i) (3x-2jy + 5)(4v + 3>>-2); (ii) (3-v - 4V + 4){2 v+>- - 1); 

(iii) (x-3>-- i)(.v-j>+ 1); (iv) (a-+>'+ 3)(-v->'+ 3 ) i 
(v) (3-w + 2>» - 2)(2X - 3^ + 0- 

3. (i) -{b - c){c ~ a)(o -h){fi \ h s-c) \ 

(ii) _ (6 _ c) (c - a) (a - 6) + b- + be + ca + ab ); 

(iii) as for (i) ; 

iv) 3(y + a)(s 4 *x)(.r+>'); 

(v) s(>' -a)(3r -x)(x ->')i-v- +>-* + if' -ys sx A V). 

5. (i) -2, -1,3; (") “2, - i,z\ (ill) 6. i. I . 

(iv) I, -i ± '^yI 3 . 

6. (i)(x-2)(* + 2 ){2 x-i)(2 .v + i); (ii) (A-i)3(3a-+a-I); 

(iii) (3x + 2y-2)(2x-4>’ + 3); (•'■) 3(" ■^-b-^c){bc \ co i oh). 

7. a = 7.6=i7, c=i7. 9- (x - a)(x + «)(a +2a)(.v^ + xa 1 a-). 

XI. I, -i±W 5 - 22 - 5(6+c){c + a){a+6)(a^+6-+c-+6r wa nth) 

«3- (i)(6+0(c+«)(a+0; (ii) (a-- 4 )( 2 v- 9 )( 2 a'- 23 .v + 3 ^;) 


14. II, -235. 


15. a=i,6-7, c-6, J 


I. 


16. -4, -3,2; R = a*PQ + <t^Pi-‘roPt^-pi- 

a^l{c-¥^),b = H.(>c-d) 22. /' »-sr* + 57 - 

23. 24. 2a- 2: x- + A->. + xV^ ^A■y--x-y*-A:y*-y. 


Examples 52: 


CHAPTER VI (pp. iiS >36) 


I. (i) 


2X - 17 


(x - 3y(X - 2) (X + 2) ’ 


(ii) o- 


M2 


T.A.A* 
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- 3 a; + 4 

(.V + 2 )(a;-i)(x-- 2 ) * 

I 

4 * “ a “~ • 

^ X®- I 

X- - 2^-5* - 2t*xr + 3C- 

Exercises 53^ 


_ 9 ^ 

^ (^+i)(2A: 


2 a^x 

.v«^' 


- l)(j^-2)* 

. 2a*x 

O- 'Ji - s ♦ 

x^-a'^ 


8 . a+b + c. 


12 . 


2(a^ -1) 


1 1 

I 

I 

2 

•v -^5 ^- + 3 ' 

A-f-7 

A-J-9 * 

3 -v “ 

1 

1 


4 1 3 

r * 

A - 5 A - I ‘ 

^ A-2 

A - 3 ' A - 4 • 

0*- 

x-a 


7 . - 3 - - 
' A- - 3 .V - 2 

2 3 .V + I 

lo. - - - . 

.V A- + 4 


8. I-^ + . 

A --2 A -3 

3 X 

II. -^. 

A + I A- + I 


9. 2 + 

X 

12 . — 


^ I I I 3 2A 

•*'4(^--0 (.v-ip 4(-v + i)' 


-H-. 

x-a x+a 

a a 

2+-. 

x-a A* + a 

A + I I 

2(a- + 1) 2(a + i) 


icr. 4__3:1+4_ 

^ A A- + A + I ’ 

19. -L.+ ._4 . .,2-^ 

^ 1 -A (I -A)- l+X^' 

2 I 

21 .- - 

2 -f A- I r A“ 

Examples 54: 

I. (i) - 1 -. /;|\ 3 

4 (V- 2 )’ ^“^4- 


/■ X I 

16. -. 

A' - A + 1 A + I 

j8 4 _2_ i_^ 

2A + 3 A + 2 (a + 2)® ’ 
7 7X-1 


20 . 


5o(^'-7J 5o(-v- + i) 


♦ T’ 


(a - /)) (a -c)- x-a’ (a ~b){a - c) ' x + a' 


3. - __ L_4._ i 1 

i) 71 V- 2 ) i6(a-3) 336(a + 5)- 

4 - - “ ■+ -- _ 

A- .V-2 (A-2)^ (.V- 2 ) 3 - 

5. I _\ _ _ _I_ I 

8(a j) K.a+i) 4(.v hT)-"^A+iP* 

6 . '--r_, 

3--V {3-A)-* /• - ^ - I. 8. 2, 

I ^ g i6 

3(1 +.v;-‘ 9(1 ^^iTa)'*'^(i _2.v) * 


“ 3 . 0 . 2- 


9 
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lo. 6, 12, 8. ir. 3>^ —37y*+i7i>’*-35i>’ + 275 where >-= ;c'. 
12. ajy® + I ijV* + 23>'+ 17 ; 22^ — 5j-+ 32: — i. 

* 3 - - I. i. I» * 4 - i. - i- 

27 11 2 10 32 

x-^ X—I (x - l)~ X-2 (jc - 2)* ’ 

r A (x-b)(x-c) (.v-rf) 

yx(x-i)(x-2) . 9(a;+i)(a:- i)(jc-2) 

xy. —-^- 

6 2 

5(Ar + - 2) , (x + i)x(x + t) 


x8. 


A- - I 


2 (x-i )3 2(a--i) 2 4(Jf-0 4(^“+i)’ 


19 


(2 + .v)'* ^ 3 (2 + a)® 9(2 + A-)“ ^9 (2+ a) ^9(1— a) ^9(1- a)* * 


+ 


8 


+ 


4 + 


+ 


, 116 , 114. 99 

20. -, </ = —2 e = ^ . 

71 71 71 


Examples 55: 

*• (") 15772. 12663; (*) 1233322, 1112303. 

2. looiiii. 3. 255 lb. ; 128, 32. 4, I lb. 4. 10112, 12002. 

6. 140+1+3 + 27 + 81=9 + 243; 3641b.; 

182 lb. with I + 9+81 lb. balances 3 lb., 27 Ib. and 243 lb. 

7. 34/. le/e. 

8. The terms give 2000, 3100, 1420, 201 ; divide repeatedly by 7; 

5500 scale of 9. 

9. (i) -24042 ; use in scale 5 = 1 ; (ii) -loii. 
ro. -440140...; -962643125. 


Examples 56: 

2. - (zbc - opb)y + c® — ape + qa-} 'a^. 

4. (i) A=_y = 0 or 5 ; (ii) a = 2_>' = o or 1. 


3. 3 and 9. 


I. 


Examples 57; 

4A-* 4 90 A^ + 55OA + 750 
a(-v + 5 J(a+ ioJ(a+ 15 )* 

1 _ 4 _ . 9 

A + 2 

1 

3 


If A 


2. (i) 


(i) 


2(a + 1) 

* + 3 


2(a + 3) ’ 


A^ - A + I A -* I 


_*_ 

'a. b.e {a - b){a - c){i +«a) * 

6. 3j/“ + I ly^ + 6^^ + 3. 


10, this 
(ii) I - 


= 59250 
75000 * 

I 8 

—-— _ 

2 (a- + 1 ) A* h 2 


27 

2 (X + 3) • 


(ii) _5_^3_ 

^•'(a+i)2 (a+i)3‘ 

5. a = 6, i=7, c= 1, t/=o. 
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7. (i)/ + i2/ + 54j2 + io8>' + 93 ; (ii)y*-i2y^ + 5 ^y^-io 8 y + gz- 

8. (i) 222132 ; (ii) ■75. 

9. 100 lb.a= 64 + 32+ 4 lb.; 100 lb. = 81 + 27-9 +1 lb. 

10. -2, *361,-136. II. -2.V-3j-24 = 0 ; >> = 5 ; A;=3' = 8or -3. 


TEST PAPERS A (pp. 13710 143) 


A.I: 


I. 25. 2. (Ar + 2v + 32:)(.t= + 4v-+9ir2-6j5-32-A;-2.\^-)* 

3. {*) 279. -179; 52 + W21—779- 

4- Vo, -5- Vo-, min. ; a-<i. 5. 3-41, -59. 

6. (7, 12) or ( - 10, 29). 

7. •1505, -6090, 2-2094, i'b8i9 ; 2 {I not possible). 


A.II: 

I. (rt) 2(.V- i)(2.v-3), (.v-2)(.v-rtA-3 -2a); (*) (j: -2)(.v-3)(.v+ 5). 

2 .Y - 7 


2. («) 9- (^) 5. n. (0 

1 


(.V- i)(a -2){.v-3) ■ 

3. (a) .x"' + 2.V + - I. 

•X 

4. (a) (3, 1) or ( - 5I. - 5 t/h) : (b) .r = 4 (15 unsuitable). 

5. {-1*5. -4). ( 3 i. (4. -'oi)- 6. 1-856. 

7. o<.v<4 ; o<j>'<4 ; --646, 1, 3, 4-646. 


A.III: 


a 


1. , . - ,s . a hour. 

2 A{,V--j) 

2. (i) I, (.V - 2); (ii) (<7 4 bx - 3Av/2)(« ~bx-by'2). 

3. (i) 27 or - 14 ; (ii) {3, 2) or (13, 2|;); (iii) 9, 8, 3 or o, 

4. (i)5-.v; (ii).x--i. 5. i2\vhcreA = a; 1-6201 --62. 

6- (i) 11 : (ii) £274-8. 7. -41. 


-I, 0 . 


A.IV: 


I. (i) .V - ; (ii) -1003, 1-107. 

2- (i) .3 f v - 3) (A- ^ 3A- t 9), (.V- + 2a.t 4- 4/7=) (x- 
3. (i) (ii)(2, 3)or{-J, ?.). 

5 - (i) 3 - 6- ijb. 7 - -?-A 


2a.v + 4a=); (ii) 5. 
4- (i) o J (ii) 3- 


A.V: 


1. (,;U;. - 2)^/) 44), (/) + 4)(7>-2)(/) +1)-; (6)3, -24,(a+4), 

2. (<7 5 ; i- J Lv 2) or (14, -7). 3. (ii) i. 5. 48-9 ohnxs. 


6 . 


2.V A 4 I 2 (a + 2) * 


7. - 3a, O, b. 
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A.Vl! 

1. ri) ia^-¥b'^-\-^ + 2bc){a^+b^+c--2bc)\ 

(ii) (fl2 + *2 + abjz) («= + 62 - abjz). 

2. 5‘'S^ 8"“', 3““. 3. p = o. 4. (i) - 2, 7 ; (ii) -z- 

5. (i)(x + 2 )(.t:+!)(:*:-i); ^ 3 + 2 (x + 1) ' 

6. £123. 7. *69. 


A.Vn: 

1. (i) -a, -6 ; (ii) 9, SJ. 

4. (i) For xd - 3 * y= - a: - IJ ; 

>'> * 2 - 

4. (ii) 3; = ± .r and x-2+>-2 =8. 

6. § ; p= - 171, ?= IIS' 


3. - /> (<7 + I )-v + («? + t)- = ( 

for -3-:;A<ii, >-= lA : for .V 

5. (6) 2A. 

7- - -077. •>92; *. ± s^ 3 - 


A.Vni: 

1. (i)(i, -i)or(-i22. l5); (ii) («-6)(6-f)(c 

2. 9a;2 + lox + 3 = 0. 3. - 6, 4, 2, 2i ; — 1 o- 

2 1 .... 4 3 *_. 

; ('») 


a)(a +h v<r) 

•|» u — ^ * 


5 - (0 


X - 2 X - 1 


X - 2 .V - 1 (.V - I )- 

(iii) I +-^ + /—72 + ?^rv»‘ 

' ' X - I (x - i)2 (x - 1 )’ 


6. .76^2-45. 


7. 160501, 2001314. 


CHAPTER VII (pp. 144 176) 


Examples 58: 

X. (i) 39 ; 2n - I ; (ii) 20* ; ; 

(iv) -56; 4-3«; (v) 2 i 2> ; (« + i)'’' ; 

*• *23. 3. 5, 8, 11, 14 ; 5« * *• 29, 83. 

5. I, -1,1, -1,1; the sum is i. 

6. 6n + 6. 8. 6561. 10. The 7ih. 


(iii) - 20 ; ( - 0" 
(vi)i,2‘"; 1/2"-8, 


Examples 59: 

X. (a) (i) 34 ; (ii) 3 «+ 4 ; (iii) 205 ; (iv) (3^2 f r i«). 

(6) 63 ; (ii) 83 - 2« ; (iii) 720 ; (iv) 82« - 
2. 48, 300, 5. 3. 2550, 50. 4. 9 - 

5 - (i) i + S 3 «) ; (“) 9 . * 4 . > 9 . 24: '> 30 - 6. 34 tl‘ ;^ 43 - 

7. 314, 5140. 8. 13. XO. « = 20. II. "n . 

X 2 . (1)150; (ii)a®+6'*; (iii) 2rt6 ; (iv) + 3^/6^. 13. ‘ 7 ' 30 . 

x6. 2, 4, 6 in. 17. 400 ft. *8. i(«" + 13")* 
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Examples 60: 

1. (i) 2 ; (fl) 5 . 22 ^ (b) 5.2"-*, {c) s (2“ - i). (d) s (2" - i) ; 

(ii) § ; (a) 2^Vz-\{b) 2"+2/3"""»(^)2*6{i -(§r},(^)2i6{i -(!)'•}; 

(in) I ; («) (ir. ip) a)^-\ (c) §{i -(?n. -(s)'-}. 

2. (i) 18 ; (ii) I‘I ; (iii) ar ~; (iv) x^-y^. 

3 - (■) 4 ^ 0 "^ ^ ^ • 

(iv) 


2 H-X 


4. 36or -36. 5. Vi'^or -V^ 6. 2{i-(i)"}; l{i-(-\)"]- 

8. (i) 1-056 X io-‘® ; (ii) 3^ X lo'-*” ; (iii) 3-105 x 10"^“. 

12. Same statement. 13. 2. 14. 6, 12, 24, .... 

17. /!£). AB, CA. 

Examples 61: 


X. 


- _ i -2 . 

2 . A 


3 

7- (i) 6, : (ii) p, -g% ---— . 


2. (i) 22; (ii) 7. 


Examples 62: 

I. 2*““ IO^'-'^I-27 X 10“^®, 5-44 X 10“^. 

3. 3-25 X io‘"; 8-5 X 10 ®. 

4 - 32(1 (O32: (ii)i'i024. 5. 5-9XI038; 162. 

6. 'I'hev are appro\imatcly 6-3 x io*‘ and 3-8 x 10*-. 


2 i> :\ 


i f>.i 


IMI IP « (iii) 


7 * (') 'iii; (‘0 

8. 11 terms ; no, tiu- sum to infinity is 2-5. 9 

Xi. : Sa • 10*®. 12. —- ;-. 




8 r, t 

•3V-2-- ^ 


1 - .V 


I - a: 


Examples 63: 

/.>’55'• -fin- 2. 3-1'';. 3. £3684. 

4. 2400;- 1-05’*, 3-4014, -0212, 3-5802 + •0212n. 

Examples 64: 

I. 7-.142, 8-930. 

Ex.amplcs 65; 

3. ’w ^v t-y). 


2. 7-84, 8-58. 

4. .i(A- + v): (px+gyyip-hg). 

9* ^5- 

Examples 66: 

I. 5, 8, 11. 14. 17. 20. 2. 4, 8, 16. 32. 64. 

4. l(^u + 2b), Uvi + '^b). 1(20 +^b), i(« + 5 ^)* 

5. aP, ah\ 6. V. -V-- 


7. J in. 


8. 5,. 


S* O' T* 
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Examples 67: 

I. 5'8-424'’. 2. 2S. iifd. 

5- 5 ft. 7-3 in. 

Examples 68: 

4. a-\-{n — i)d, a •¥ nd, 4 -(n + i)</, a + (« + 2) 


3. 13 yr. 7-68 m. 4. 47-4, 47 5 


5 - " = 13 


7. G.M. = 1 — X* ; I 


•2 ±2x^+ xK 


(D’’}; 16. 


(iii){« X 23-2323 ... (2« placcs)j;99. 

12 * 4: I* 13* Any one witli a~d. 

^ ■ ( ^°ioo 0 ’ *' 

17. - 1)6 - in(n - 3)a ; (i) 11369. 

18. n( 27 l + i) — 2W(« + i) = — «. 

19. (a+b + c)uvwj{avw+i>zca + cuv). 20. 2±^/^: r. 

21. 189-4 yd. 22. 51-25. 23. 0(1 

24. 166J ; 18. 25. 6r-3; 3; 6417. 

26. 279/28(1 : 184th. 

^ {' - (^)"} = '■ 

29. ;(|io99. 30. 2''+n-+«-i; 1133- 

31. a(i ~x'>)/(t -x) ; ^175. 33. 22. 

35 - 63077. 36. 2430. 

37- . 4 (y?'* — i)//?'*(/^ — i) where/? = I-♦ r/100 ; /^i023. 

38. 9217. 40. 65% ; 59. 


28. £136. 


34. (1 -.v’')/(i -x). 


CHAPTKK VIII (pp. 17710209) 

Examples 69: 

*• (i) 5 ! = 120 ; (ii) 6! =720 ; (iii) 7! = 5040 ; (iv) 9! = 362880. 

2 . 61 = 720 . 3. (i) : (»•) « 32 ; (iii) «(«-!); (iv)(« M);i. 

4. 111 = 39,916,800. 5. 96. 

6. (i) 9; (ii) «(7i -1)(«-2); (iii) («-3)J'> (•') ^^064; (v) 2-1 

(vi) -0045. 

Examples 70: 

I. (1)360; (ii) 180; (111)30240; (iv) 34650. 2. 792. 

3 * 27720. 

Examples 71: 

1. ’rotaI = 243. 2. 2’® - I = 1023. 

S‘ 32*62. 6. 3^*-=531,44** 


3 - 42. 


4. 20. 
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Examples 72: 

2. n(w-i)(M-2)(«-3)(n-4) = « 7 (”“ 5 )-> 3 * 20^3 360. 

4. lol/y!; 5I; 20I/13!; i8!/9!. 6. 4. 7. 6720; 600. 

8. 10! 6! si 5! 4L 9. 28 . (29!). 10. 1680, 840, 1440. II. 36, 48. 


Examples 73; 

I. Combinations abc, abd, acd, bed ; Permutations of bed are bed, 
bde, cdb, cbd, dbc, deb. 

3. 190, 120, 55, 364. 4. (i) 14^3 = 3^4 i (“) $<^3 = 20. 

5. (i)56; (ii)2s; (m)io. ,00 -r • 

6. (i) 7, 21, 35, 35, 21, 7 ; (ii) 8, 28, 56, 70, 56, 28, 8 ; one if n is even, 

2 if n is odd. 

7- A; 455- 9- Putr«2, „Ci = n. 10. ^Cb=i26. 

12. (i) 18; (ii) 16 or 5. 13. isQx 3 oQ= ^^ 473 °°* 

14. ijCg . 30^3 +15C3 . 29^*2 + 1403.29C’3. 15* 


Examples 74: 

2. 2^”^. 3- 32 = 2^ 4*32. 6. II. 

8. There are 21 ways of choosing 5 in block P and only ii of these 

are covered. 

9. 90. 


Examples 75: 

2. 21600. 3. 720. 4. (i) 60; (ii) 120; (Hi) 20; (vi) 325. 

5. 6, 6. 6. 2, 4, 8, 16. 7. 2880, 576. 8. (i) 19!; (ii) iS. 19!* 

9. 9. 10. (ii) 136 ; (Hi) 151. 


Examples 76: 

I. (i) 16! ; (ii) 12 . II . 14!. 2. 10®. 3. 179. 4 * 53 > 284 * 

5. (1)5880; (11)1560. 6. nI-2(«-i)!. 7. 10. 8. 60. 

9. o«(« + i). 10. 6720. II. 10. 12. 10640. 

13. i«(«-3); i(«^ - 9/r + 2o«). 14. (<3)192; (4)72000. 

15. Red balls alike, white balls alike (i) 175 ; (H) 2. 

16. Tiljnil ^3! 313! ... . 


Examples 77; 

1. (i) o'* - 6 ( 3^4 + is< 3 ^A- - 2 o< 3 ^ 4 ® + i 5 a“ 4 * - 6 ab^ + 4 ®; 

(ii) 2A® + i20a4+ 480A;-+128 ; 

(iii) 32rt® -240<z^4 + 720<7^4- - io 8 o< 3 - 4 ® + 8 io< 34 ® - 2434®. 

2. (i) I b-x** - 32.v^>' + 24.v^- - 8.v)^ +y* ; 

(ii) 24.V- + 2I6/.V- ; (iii) ai:® + 4.r® + 6.ir+4/^; + i/.v^. 

3. (i) 220.v^<i® ; (ii) -issbo.x'®; (iii) 226So.v‘’<i® ; 

(iv) -30.v^; (v) -61236*^; (vi) 2 oi6x®. 
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4. (ii) -20;.-: (m)i 75 :^; (iv) 5376-^ 5 - 

6. (i) -80a*; (ii) -loa’. 7 - (0 3 J (»>) 46. 8. 280x6,81. 

9. 23 i.xV/i6. 10. 70. II. -JSn . 12. 2x« + eox-* + 120X- + 16. 

15. n = 8. 17. (i) o; (ii) 243 ; (iii) i. 

Exampies 78: 

21 ~n 18 18 . 17 . 18 . 17 • 16 

I- • 2. I + y + -^2- + — 6T55 • 

3, (i)5th; (ii) 4th. 4. 5th. 

5 * (») leC"? . 3’ • S“ 5 (‘0 * 6 th term ; igCs . 4'®* 

6. (i) 5th ; (ii) 2nd ; (iii) 3rd. 

7. (i) Of 3rd or 4th terms (equal) ; (n) of (« + i )th term. 

8. (w + i)th; 9th. 10. 2 <|'^ 1 < 3 * 

Examples 79: 

1, 1-0936, 1-06165, 142-0448; tables give 1-093. * 42 -r. 

2. By -000003. 4- 1+- ^ -1 * 5 - ’868643. 


Examples 80 

X. I 



100 1040000 


I + 2 X -f 3x2 + 4 X® -t- 


1.2 1-2 

3 . (i) I + §x - hx^ + yW ; (") » + 

...2.5.8.11. 2«X« , J * * ^ 

4 * (0 36 -76I-= ^ ^ j! 6^ ■ 

. e .’t . 7 . II ••• ( 4 ''- ^3) . 

5. (t)(-i)^-^^^(r-i)!V-‘ ’ 

(ii) p(p+ !)(/>-«-2)...(/>+r- OxVr! ; 

(iii) p(p +q)ip + 2q)...{p + {n - i)q}x"/(r - «!• 

6. (i) 10-0498^10-050; (ii) lo-oi ; (--00001); (iti) i’ 995 * 

7. I — first 4 terms of series to be summed. 

S.rk, differ by ^ ^ ; Vff iffrri y-. ^0 ? . rl.r 


Examples 8x: 

!• '1%. 39’* I *’8 inin. 

6 . - 6 %. 

Examples 82: 


4. In excess. 5. Increase -2% 


2 . . 


3 * (i) 3 *tf I (") f 


n(ti - 
~ 7 ^ 


" • ( 0 " • 
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A 

4 * 3 9 


r ^ 


A -Z- 

U. 20* 

7. 3 ways for 10, 6 ways for 7. 8* (i) 1/3^^ ; (ii) 20/3®* 

n Tft 

y* 0* 6U. yy2* 

Examples 83: 

I. (i) ^ ; (ii) L 2. (i) A- ; (ii) 

3. (i) ^ ; (ii) ^ ; (iii) 4. (i) ; (ii) ; (iii) 

5 * (i) » (ii) Tou"* 

Examples 84: 


I- 9 - 2. (i) 20/9<; (ii) 375/9^- 3- iV 


5 * 81 


6 . I 


7 * 7 ^* 


4 * 8^3 • 

Examples 85: 

I. (i) 8. 2. (i) 42, S40 ; (ii) 30, 360 ; (in) 56, 16S0. 

3. 8! . 7!, 5.8! 7!. 4. ijQX J2C3 = 660660. 

S- iiQ • 6. gC^. 253*. 7, 27, ,,.r, . 38. 

8. (ii)(«- 3 )/ 4 ' 9 - leCg-12870. 10. 19. 

II. (ii) 190, use (i +.v)-°V®. 


* I o «; 

12. I + - .r - - 

3 9 Si 

M- -aio- 


■ 10 (3;/-4).r /1\\ .. 

- -.v‘ ; - ^; I - ( ) =i-3o66. 

^ 243 3« V3/ 


i5‘ iV 


CHAPTER IX (pp. 210 to 226) 


Examples 86: 

I- 2n. 2. 2{n~i). 3. 477-1. 4. 37/(77+1). 

5.67/(77 + 2). 6. 47/(7/+ i)(n + 2) ; in Nos. 1 to 6, =//,. 

8. (i) 3 oSo; ^7/(77 + i)( 7 /+ 2); (ii) 3290 ; i//( 7 /+ i)( 27 /+ 7}; 

(iii) 12740; H/(7/ + i)(47/ + ii); 

(iv) 14100; ^/( 27 / + 5 )( 27 /+ 7 ); 

(v) 56210 ; i'-^ 7 /( 7 / + i)( 7 / + 2)(3//+ 13); 

(vi) 59290; -i'-,.//f 7 /i)( 7 / + 2 )( 37 i +17). 

9. (1)42.925; (ii) 85,320; (iii) 171,700; (iv) 112,761. 
10.216.225; (1)1,729,800; (ii) 5.83S.075. 

n. (i) »)(''- 2 )( 3 « < 5); (ii){ 4 ("-i)«}^- 

12. 107.745. 13. :l(7/ + i)( 7 / + 2 )( 7 /+ 3 )( 7 /+ 4 )- 6 . 

14- (i) A 1(3"- 2) ( 3 '' ^ J+ 4)( 3 « + 7) + 56}- 

(ii) -I ^211 (zn + 2) ( 27 / + 4) ( 27 / + 6 )( 27 / + 8). 



I 

TTTi' 


limiting sum= i. 
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Examples 87: 


I. — 


4 2(n + i){n + 2) ’ 

II 1 


4 2 \m 4- 1 n + 2/ 


I / I J_ _ 

• 4 ‘ . 1 ■*’ 


168 6(3n+4)(3n+7) ■ **■ 4 l^o 99 («- 0(«+0 

2 "{2 “ (n + i)(m + a)} + 2 )(h + 3 )}’ 

6. a = 3,i«i ; 




3 ” +4 


3 (2n + t)(2n +2)‘ 


7. 1 - 


(«+ i)l 


8. ToS* ISiob??' 1»<T» :*• 


C 2 K + i)%n+ 3 )"’ ( 5 « + 2 )( 5 «- 3 )' 


— I IQ I 

xo. —~; - I + 7-Ti 

5! («+0! 


Examples 88: 

6. p +1, i(p + i){p + 2), i(/> + o(/> + 2)(/> + 3). ... 


8. Use -a"+^ =x(a:" - a") +«" (-v - «). 


rl 


{p i i)ip + 2) ... (/) + r) 


Examples 89: 

1. {i-(« + O.ic" 4-nA-'*^^}/(i -a-)2. 

2. {l +X-~( 2 tt + i)a'* + (2H - O-V" "} (l - a)-. 

3. {l +( - + 1)A" +( - I)"'»«A’' ‘},(l ' .v) 2 . 

5 


4 \ 3 " 3 '‘"‘/ 


1 2 


(A*o( r 


6. {l +X-A-"(w+ I)2+A""(2«2 f 2 ;/ - I) -A"^= . .V)'. 

7. (i) Write - a'^ for x in answer to No. 0 ; 

(ii) (i+A-)^S„ 

= i-4 a- + a 2 + (-i)"+'{(«+ t-3(«'' * 2^1-+ 4)'”“ 

4 ( 3 «-' 4 - 3 «* - 3 « ♦ i)a’“ " ’ 

8. Subtract ~—— from answer to No. 6. 

9. (l -A)W„- 2 A^(n“ 4 -n)A" -( (2«'*‘ -2)A" + ' («"- 

10. (i - xyS „ = 2 - X - a2 - («2 4 4« 4- 2) A" 

+ ( 2 / 1-4 6//- i)a'* “ -(/»2 + 2 //- i)a"*2. 

Examples 90: 

I. 40«2~39*'2. *• 205"2+2®4"i- 3’ 5> 7- *•' *9* 

4. 2.3"+(-!)'•. 4". S- f>-2"-5- 

6 . u„ = 2.3"-4" ; =3(3’'- 0 - * 4 ” - 0- 

7. {a - ( - l)'-[(2''^^ - i)a"‘ 4-(2'+‘ - 2)A*-^-^Jj/(l 4- 3 A + 2A-). 
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8. Scale is i - x~ 2x^ ; 

(i -a:- 2 jc 2 ) 5 „ = i+7 a;-3. 2 "x ’‘-{3 . 2 "+ 4 ( 

9. w^-5M^j + 6Mr_2='0 ; 0 + 6 + 30+114+...; 

6 x 6 

* I - 5.11; + 6a^ ” 1 - 3a: 

10. 2 + 3( - 2)’' - 2’’; scale is i - * - 4^® + 4^; 

. 4-10X 

Generating function, * 

Examples 91: 

(i) 6 + 8+ 10 + 12 + ... + (2r+4) +; 


6 

l- 2 X' 


(ii) a - 3 “ 12 


■3V 


- (r-i)r(r+i) 

(iii) I + 7 + 19 + 37 + ...+( 3 ^'- 3^+0 + — • 

2- (0 3025 ; 5 S^“ 45 "i (»i) {"«(« + 

3. 662-15-. 4. («-2)3 + («-i)® + n 3 + (« + if + (« + 2)®; 8® + 9 *. 




.... I f I 


4 \i 5 { 2 « + 3 )( 2 « + 5 ) 


5 )} 


6 . (« + i)! - I. 


7. I -r . 

' 20 


8 . 20100 . 

10. + 


9. 6r-3; 3; 4100 + 2842-525=6417. 

11. i. H. I, O ; 3 + (2« - 1)2". 

12. -3(2» - 1), 3w2-3H +I ; n(n + i)(2n+i)/6. 

13. 627,500. 14. IS’ 

16. -.1. 

19- ')» -iVi 2, 2. 


17. I (2« - l)(2« + l)(2« +3)(2« + 5). 
20. 1, 8, 8. 21. J. 

22. (i) 5 . 2" + 3(-3)’*; (ii) 5 . 3 '‘+ 7 {- 2 )"- 

23. {m, +{»a-t/i)x-(«., + M„_i)A-"+» - 

24. i)( 3 "- 0 -«- 25- (7- 5 ""^-0/2. 


CHAPTER X (pp. 227 to 255) 

Examples 92 

2. (l - .v)“- = I + 2.V + 3.V' +4.X'® + ... , 


1.3.5 A”* 


1 10.1 •* 

2 . I + ...V - i.V- + .. . -•,-+ ... 

j - a -2'^ 41 2-* 

. X , I . 3 • S ••• ( 2 « 

6. T + 6.1: + 15.V- + 2o.v^ + 1 5 a 4 + 6x® + X*. 

2 . a 2 I .T- I I 

7 . ^ (I + X) T - o • T + 


3 ) i!: 
* 2 " 


2*2 8*3 16* 4 128 5 


♦ — + • 


• • • 
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8. (i) n . 2"-i ; (ii) 


(2'»+» - l). 


n + 1 

10. I+6.X- + 2IA:-+ 56X® + 126.V*. 

. 1+^ 99 ^: ^ . after the 9th term. 


XI. - , . „ 

2 o 

12. 1 + + 


128 

..2 • n{n-^i)(n + 2) 


2! 


16 

3,2 + 


3 ' 


y. 


. 3 . (_.)t(L±i^).,t. 

p(p+q) 


15. I +px + 


2 ! 


™ . PiP+^)(P + 2<l) 

-»l 


4 - *«• 


p(p i-q) ...(p + ng-q) , 

nl 


• « » 


16. I + ix+ix* - + ••♦ 


Examples 93: 

1. 3-3x + 9x2; I+( - i)’'2’'^-M I-vKS- 

2. 3+x + 3x^; 2+(-!)'■; \x\ci. 

3. - I 4-i 6 x- 40 x 2 ; 2’’+l + ( - . 3. 4 ’’; 

I 19X 21 ix^ . _y__y_. \x\<-- 

216 ’ 2--^» ' ' 3 

5. I+2X + 2X®; i+(-i)’-*; \x\<i. 

6 . {a+b)+(2a-b)x+ +h)x^ ; <2 . 2'"+A( - i)’’; |x|<*. 

7. 3*0366. 8. 1 + ^x-+-P-iX* + •••*> 0 ' 33437 * 

9. (i -x)-2 ; *99. 

KZ. See Nos. I» 3; < 2 rt ^ ^ ^ + 2<7„ -I • 

13. (r + i)i^i + 2«6,-(r-i)^^-i = o. ^ 

14. 2"+* - 3"/2”+* ; |x|<i. i5-l'*l'--a> 


Examples 94: 


2"X" 


1. I + 2x + 2x* + 3 x^ ; — r 

n! 


a , _ 9 ^ ■ ( - 0 ” 3 ::£: . 

*• * 3 *+ 2 - 2 » «! 


p />* 

3. I -^ + ^ 
9 29 


4 * 2 + I + -3^ + -3^ ; 


p^ ^ ( -i)"r . 
«! 9 
2 


2 6^ * «I ,.n 


( 2 «)! 

x"(w+ i) 


n! 


5. X +2x + |x 2 + |x® : 

- ^ - n'‘(2« + i)x'‘ 

6. i-3* + tx»-S^: '—^- 7 ,! - —■ 

7. 2*7x83. 8. 1*105,170,918,076. 


9. 3*762. 
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10. (log^2)"-V(«“l)h 2. 

11. (i) 

(ii) 4 + 4 Je + + l.r*; x'. 


ri 


12 




13. loth. 


14. 23rd. 


Examples 95: 

*0004 -000008 

I. (1) -02 -H-...; 

( -oooi -oooooi 
(h) -foi+—- + —:— + 


(iii) J.V” - + ... . 


1. 
••• r » 


2. (i) 1-0986; (ii) -2231, 1-6094. 

3. 2 3025 [2-3026]; loplo2 = lop^2-^lo^, I0«-30T. 

A • 3 ."i ^ 5 V — _— — 4 « ( — I V* ” 1 —- 4 - 

4 * 3 > 4 * ti* 5 * ^ 2 ” 

0. 2.V- - -...+(- l)"“*-+ ... , 

3 ^ ’ n 

»r> y.Zn 

7. .V^-* -...+(-1)"-^—+.... 

' 2 3 w 

_ ,, “A'^ .v" ( / V I 

8. - X - 3.V- - -... - - -! ( - l)"!- + ... , 

2Sv* .v” 

9. 4.V-5.V-+ ^ - ...+( - i)"-* — (3" + i) +... . 

% 

10. -717S. 13. •C0531. 

14. 0-6931, i-09>(», [ '(1094, 2*3026 are the logs, to base e . 




2 ^v 3 


Examples 96: 

1. I - + 3.\^ - t- ... . 

2. (i)-099,833.42 : (ii) ■3403- 3 - 2.V- 

I'ln 77 

4* Imvc terms civc ^ - *004. 

7 T 

t. + " -f . 

^ 3 •.'i 

6. 3rd terni:i^-oocoo3 ; 2 terms give -1045. 

, I A-‘ I . 3 1.3.!; a’ 

sin-‘.v = A:-i--. -r - . •—+ 


2!*>vS 2^.v’ 




2 • 4 ’ 5 2.4-67 


71 


; same 


10- 


. *• • 
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1^39 ' 3 ( 4 )’ 


yd /5 

tj. = -+ • 

6 '^ 

13. uine^e+~ + — . 

3 15 

Bzamples 97: 

4 . 1 + * log^ a + (log, a)- + '4 (log, af + ..., 

5. *-*2 + ^ 5 c 3 + — A,-*+_ 

3 30 


6 . L.H.S.= 


9 AT* 

I +2X +X^ — -zr + ... , 


} 


B.I: 

1. 

3- 

B.n: 

X. 

4 - 

B.nij 

X. 


TEST PAPERS B (pp. 256 to 262) 

161. 2. £46^0 (£46^0 with 4-rigurc tables) 

3 figs. ('994793). 4. 216; tl- 6. Less. 


^=“ ± 3 . >*= =F I or .v= ± 1 , y= T j. 

(i) -4, -4,5; (ii) (a:- i)=(->^-3)' 


(0 (o. 2 ). (- 3 . 4 ) ; (”) *734- 

_4 V 

4 2 \7i + I « +2/ ’ 4 


2. 13. 
5 . 66 . 


B.IV: 

X. 

4 - 

5 - 
6 . 

B.V: 

X. 

2. 

2 . 

4 - 

6 . 


Yes. 

I 


'807* 


+ 


1 AT + I , 

+-- ; zrt{ 2 n 

AT + I X- + 1 


AT-I 

-«(2«+l); (2W - l)/(2/? + 2). 
(ii)i (651+4^2). 


-*) 


2. (ii) 11 




6. I, J 


A.M., H.M.; the first. 

(0 (x+y)ix-y)(x^ + xy+y^)(x* -Ar>-+>’*). 

(ii) (2Jf+>»-i)(A--jy + 2). 3. A —8-25 ; 1-3222 

0) -3. («•)(-I. Ih 5- 5- 

2 6 24 
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B.VI: 

I. £P(i - ifqY. 3 - (i) -2, 5 : (ii) 3 . 6. 

4. I, 6, 15, 20, 15, 6, I ; 40: 3. 5. 0-45, 3-52. 

B.vn: 

4. n — -1 (not a positive integer). 

B.VIII: 

1. 2. 2, -3, -2. 

2 . (fl) Jc-2a(i±s/3).>' = 2«(i=pV3); 

lh)x = a{c- a)J(c ~b),y=b(c~b)l{c - a). 

3. Exclude -3<r<-2 and 4. -3.3. -i* 

5. 1-2213. (i) «(« + i)(2n + i)/6. 

6. (ii) «(» +i)-(«-f 2)/i2 ; i+(A;+a:2)^. 


CHAPTER XI (pp. 263 to 285) 


Examples 98: 

I. 194/. 2. 34, 65, a-+6-. 3. 5 ±71. 

4. (6) {ac+bd + i{bc-ad)}({(^-\-d-). 

5 - ( 5 - 60(3 + 20; 71 - + 43 ": 1S2 + 42; 292 + 14*. 

6 . ac-bd-¥i{bc + ad); ac+bd + i{bc-ad). 

7 . i, - I, - I, -I, 1 . 8 . cos (6+ <!>)+i sin (9 + if>). 

9. (i) (.v + (v77)(.v-i>-.y7). 

(ii) (.V + ijv +1 syN/ 3 ) (•'■■ + aA* - 0 >'s/ 3 ); (>») a~lb± i\bj 2 as (ii); 
(iv) a + 4b ± izh ; {v).v- 5 ±/V 5 ; (vi)^/7±^v. 
xo. X- - zax + a" -b~ = o. it. .v*+ 4A-+ 13 =0. 

12. [(rtr -bd)e - {ad + bc)JY + -bd)f +{ad +^00" 2nd others. 

* 3 * 2, i- 

_1I1 I I I III X 

^ 4 X 8 X - 2/ S X + 2/ ^ X 4 X- + 4 



I 2 2 

-h -. + -; 

X -2 X - I - 3/ X - I + 31 


I ^ 4 - V -4 

a:-2 a:*-2.v+io 


Examples 99: 

1. (i) 234, A-*-i4A-^ + 7q.v=-234^ + 338 = 0; 

(ii) 256 ; .V* - i4.v^ + S3.v^ - 256^-* + 406A: - 260 = o. 

2. (1)7; (ii) - 2; (iii)o; i, -1,1, ~i. 

4 * 3: 7: -5; (>) -21; (ii) - 13 . 5 . (i)|; (ii) K ; (“>) 83* 

6. .V- + 2rtA: + 41 *-i-= 0. 7. (i) 5 ^ ; (ii) °* 


Examples 100: 

4. (iii) 2'=r (cos 0 -1 sin (1) ; 2r® cos 30. 
10. (i) circle, centre origin, radius i ; 

(ii) circle, centre (i, o), radius 2 ; 

(iii) circle, centre {a, b), radius c. 
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(iv) line through O at 6o° with jr-axis; 

(v) line through (o, i) at 45*^ with x-axis. 

IX. Two sides of triangle greater than third, or equal if triangle is 
straight line. 

13- (ii) (iii) ar = /e(i+3/). 

Examples xoi: 

3. I, - I. 4 . 2.<r^-(fab-. 

8. 2, 5. 


2. [a* -b-, zaby 
^ ya^-b''- zab 1 

9. [i, o]. 

10. (i) [a* zab^ \ 
(iv) [1,0;] 


7 * 3. '4 


(ii) -zab] ; 

-2 oA-| 

La"+*“’ 


(iii) o]; 


Examples zoz: 

1. 2 sin 6 cos 6 ; cos® A — 3 cos 9 sin® 6 ; 4 (cos® 6 sin 9 — cos 9 sin® 0 ). 

27 r . . 27 r 4rr . . 477 677 677 

2. cos — +1 sm — ; cos — +1 sm — ; cos - +1 sin , 

3 3 3 3 3 3 


or - i + 


*V 3 


-h- 


»V 3 


1. 


. 77 . ■ 5 ”' 

2 . CIS - , CIS 77, CIS - 

3 3 


4. COS® 9 = -aV {cos 6A + 6 cos 4^+15 cos z 9 + 20}. 

5. 2 cos $ 9 , zi sin 5^. 

8. (i) -1; (ii) cos 2^ + * sin 2O ; (iii) cos 20 +1 sin 20 ; 

(iv) cos 80 +i sin 80 . 

Examples Z03: 

3. fl + iA = (-fl+JAV3)a> + ( - fl-SAV3)cu®, 07 being l{-i +iJz)’ 

4. If«7 = i(-i+iV 3 ). 5 + 7 * = 5+^+-‘^3'^^‘^. 

bj% zbJz 

a + tb = a+ + — - 07 . 

3 3 

xo. (i) o ; (ii) 307-3. ii. .. 4 =i? = C*=J; J. 

Examples 104: 

I. (i) i(e®« + e- 2 '<’) ; (ii) ; (iii) 


2X - I 
X* - X + I 


(iv) e 


ipt 


(M) 

3. C= i coscc iO {sin i 9 + sin (n + i) 0 }, 

.V= J coscc 19 {cos fj 9 - cos (w + i) 0}. 

5. cosh 2.x = cosh® .¥ + sinh® x; sinh 2x = 2 sinh x cosh x; 
cosh 3* = 4 cosh® X - 3 cosh x. 



394 


ANSWERS 


Examples 105: 

1. (i)c^(4- + 2*V3)j 
(iii) -e\ 

or (i) 3*6946 + i . 6-398 ; 

(iii) -2-7183. 

2. (i) 1-6094+*. *6435 ; 

(“0 •3465-** 7854- 

3. (i) log2r + logs' = 2 log ar; 

4. cos (r sin ^), ^ = €'■<=030 


(ii) e2(.o7o6 + /. *9975); 

(ii) *5217+*. 7-370; 

(ii) -6931 +*■. 1-0472; 

(ii) log 10 = 2-3026. 
sin {r sin 6). 


Examples 106: 

1. - 2 xy' + i{ 2 xy ~y^) ; cos 3^ + ir^ sin 3^. 

2. a4-(jv+i) 2 + /. 2.t(>' + i); 

r- cos 2^ - 2r sin ^ - I + 1 {r^ cos 26 + zr cos 6). 

3. ax-by + i{ay+bx); if a + tb = p (cos + i sin <f)), 

product = rp cos (6+(f,)+irp sin (6+<f>). 

, x^-y^ . 2XV 1 „ . I . ^ 

4 - - ‘ ^.n 2 $. 

cos 20 +1 ^r- - sin zB. 

r cos (,-!)+,> sin «(.+;') 

7. c'2. 8. 2^. 


10. 


9 - Z 7 * 

II. Change to - 6 x-y-; 12. Change to in denom.; x. 

Examples 107: 

4- (i) unit circle centre (-I, o); (ii) the line tt = o. 

Examples io8; 

t 1 * ' 

I. I. 3. .V- + 2X+ 4 = 0 ; -i-*V3. 

5. (1)13; 22 37'. (ii)^/2; -45'-. (iii)i; (iv)Cio; ,-"49'. 

6. cis4(?. 7. -(sin 30-/cos 30). 8. (i) i0 ; (ii) - ^0. 




. Sab{a^-b"-) 


12. (i) (x + I) ^ v- + 2.r ens ^-V' + 2X cos ; 

(ii) (.V- l)(.Y-(t.)(.v-a> 2 )(.V+l)(.V+a>)(A; + tt*'). 
i6. (i)) bpq, liipY. 
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CHAPTER XII (pp. 286 to 307) 

Examples 109: 

I. ; 250. 2. = + + 

3. Each term of i 7 ^ is less, except the first term ; the second. 

7. (i) Convergent ; (ii) Divergent ; (iii) Divergent ; (iv) Convergent; 
(v) Divergent ; (vi) Convergent; (vii) Convergent ; (viii) Con¬ 
vergent. 


Examples iii: 


X. 

2. 

3- 


4 

5 


1 ..X -t* *i.\ j f 1 .. K.v 


I + S-v + S-v- 


I - 


XJfi 
3 <>Ul a. Jl 1 *• i 4 
« 1 ^24 34 ' 


(i) 


♦- a 

8 


3 ^.2 






,4 


1 




2 


3 ^, [.+l.v-(.+*)!]. 

5 _i 8 ••• . 

3" • 


(io^^r --'1 

3 L2s/2 4 J 


6 . 


7 ••• (.3" 

3” . «! 




Examples zia: 

I. 2e. 2. (.V® + .r + lie'- 1. 3. (.x-* + 3X-+ + 4)4''- 4. 

4. xl(i -x)-2 log (i - .v). 

5. m(m - i).v*(i -f a)"’- 2 + m.v(i + .v)"'-' +(i + .v)’'* - i. 

6. »i(m - i)(ot - 2).v^(i + a)"'"® + 3w(w - i).v-( 1 + .v)"'"- 

+ w.v(i +A}"‘‘'‘4 4(1 +.V)’'’“4. 

8 . £z = 6 , 6 = 7 , c = r ; (.x'”* + 6x~ + yx + i)e^ — i. 

9. 5(e'“ i)-log (1 -a). II. 2-833. 


Examples 114: 

I. -6931. 

4- (0 1 : (ii) h 

Examples 115: 


2. (i) e'; (ii) c'; (iii)c“*; («v) c 


I I x 

S. (1) - H- - 
^ ' A- 2 12 


f ; (") i* 


2. 


(I H 2^a^){l - a 4 ^ 47 ^ 3 ) 


.2 


1 - + 4U 

3. Convergent except for 0 an odd multiple ^>f In. 

4 . — I. 5* (* ” •“'f ^ ^ 

7. (i) (i - 2x cos 0 + .V* cos 2O) (I • 2.r cos 0 i x-J- • 
(ii) (2x bin 0 - sin 20)/(x - 2A' cos U 4 a*-)% 





ANSWERS 


396 

Examples 116: 

I. X< 2 h 

Examples 117: 

7. 8. JzjJZ' Divergent if je=i ; covergent ifx 

zi. log 2. 

12. (i) Convergent if | x I<f ; (ii) convergent if | x |<i ; (1 


= - 1 . 


- 5 -^)' 


TEST PAPERS C (pp. 307 to 315) 


C.I: 


(i)4J:*-i3ar+i=o; (ii) 

I + 3. 1 , I 


- I + 


4. -105, 


C.n: 


2 cis 2) : 2. 


(a) 1365 ; (i) 100 ; (ii) 1360. 

12 I 

- — ■■ + - • 

X X^l X+2 

i(i±iV3). 6(3±4')- 


2. (ii) i/V. -i^r. 
4. (i) 4, 8. 


C.ni: 


i3a;2 + 5x + 3. 

(i) 0 ] (I - >■)] [-- - 4^1 > 

(ii) (s- + I + zjz) (cr^ + I - zjz), 

‘^["*'"3'^ G)'''-] ’ (I -o'c ‘ 

(<2) iS ; (6) .V“4'133'"-*® ; (c) -i or *131. 

(i) o ; (ii) ^2 ; (iii) e +1. 


C.IV: 

2. 

3 - 

4 - 
C.V: 


(lO ^ ( 3 ±V 5 )- 

I + + ^.V® + 


5. ± log, 2. 


(i) 3* 6, 12 ; (ii) a- = 24>= ±4, * = 

1 X 1.3 A" I . 3 . C A^ 

2 3 2.4 3“ 2.4.6 f 

2 i. O — /2 


5 >'=±S- 
_ i 3 i . 

432 


C.VI 


ist term + last term n~ + n—i’, n odd, mid-term «*; 

n even, mid-terms ~i, n- + i. 
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2. Divides line joining a-j to externally, ratio 4 : 3. 

3. I — «>' + cos 6 , cos^ 6 — i, § cos^ ^ -2 cos d. 

* ‘ ■ x \<}; -30 and 15. 


6 . 


2 2 .V + I 

- H- 


I -A* I+ 2 A I+A 


2 » 


C.vn: 


■ (i) 3 : + ^ + + 


2. (i)(7A2 + 2A-3)/(A^+i). 3. 6-164. 

4. (ii) Circle, diameter’s ends dividing Zi to internally and externally 

in ratio 2:1. 

5. -i<x«ri, -i<x-^i. 

6. Put x=-,'-j and add 2 log 6. 

C.VIII: 

I. (a+b)(a + iob){a + oj^b)(a+b + c)(a + uib+<o-c)(a+oj^b + ojc). 

3. «(« - i)... (« - r + t)( - ; 5th, 7.3*-. 2-®. 


S* (‘) 


X - I x* + I 


; (ii) - 3 .v 2 - 10.V® - 285 a-«, (3. 2 ’' - 2.3'‘)/r, - 1 <x<J. 


6. (i) 2 log^ 2 - 1 ; (ii) ^ log^ (2 + V3)- 


CHAPTER XIII (pp. 316 to 329) 


Examples xx8: 


X. (i)2<x<5; (ii)5<x; (iii) x>IS ; (iv) x 


:to 

7 ’ 


2. 


5 -n/»7 


2 and 3<x< 


5 +V '7 


3. (i) None : (ii) —^'^-<x<3 and 4 <a:<?-^^ 


4. x<4 or x>4J. 


S. - 2 >x>- 35 . 


6. — 4 


•A • 


Examples XX9: 

xo. a = 2A = 3c ; impossible, since 2a ^ 36 =* 5<r and a~b —c cannot both 
be true. 

Examples 120: 

2. 12V15. 

Examples X2x: 
z. 324. 

Examples X25: 

I. |<x< 4 . 


4 fl 

o 


4- '2, 13 


8 


5^1 
•> • 


1 4 

4 i 2 


4. - I<x<2 and x>3. 
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CHAPTER XIV (pp. 33010341) 

Examples 126: 

1. (i) 29 ; (ii)i 5 ; (m) o ; (iv) -4; (v) o; (vi) -45; (vii) 36: 

(viii) 39 ; (ix) - 10. 

2. 2. 3. (i) o or 38 ; (ii) 3 or 


Examples 127: 


{») -7; (“) 45 ; (“1)13; (iv)6; (v) -1362; (vi) -210. 

2. a+b + c. 3. (i) o, 2 or -2 ; (ii) 3 or ; (iii) 2 or -3. 
4-(')32; (ii) 12. 5. (i) fl,/>, or -(rt + 6); (ii) 2a, 6, -(a+b). 

9. o, I, - I. II. x- I or <7 or a root of ax“ + a(a + i)x+ 1 =0. 


Examples 128: 

A 1 (1 -^)(i 

X.9,-.6,9. ..- 3 A,-9. 

4. Determinant = 2rtf’f(/7+if+ f) 3 . 5. -550. 

8. (i) ( 2 x + 2^’ - I) (.V - 2V T 3) ; (ii) no factors ; 

(iii) (a- + 23- + s)(4.v + 3 J'+i). 


9. A'= I, 2: = 3. 


10* 

a h g 1 

1 = 0 ; / 1 / Ji g ' + m' 

a 1 p ! + n 1 

' a h 1 


h b f 7n 

I 1 m h f 

h m / 

1 1 

i h b m 

! 

S f c n 

\ f c 

g n c 

1 

\g / « 


1 m u 0 

1 





11. <2^/3/'3r^ + -fl>,<-3+ ffj/for,. An odd number of 

interchanges oJ tiie sutlices from the order i, 2, 3 means the sign 
is minus. 

12. i6.\je^(.v+5-). 


CHAPTER XV (pp. 343 to 357) 

Examples 129: 

6- 41. 43 ; 59. 61 ; 71, 73. 

Examples 130: 

1. (i) 3= . 5- . 19 ; (ii) 3= . 3> . 7 ; (iii) 5= . 7= . ll. 

2. (i) and (ii) 3- : (ii) and (iii) 7 ; (iii) and (i) 5^ 

3- 3" • 5" • 7' • II ■ 19. 4. (i) 135 ; (ii) 9”- 

6. For 2160 ; 40, 7440, 30, 4. For 8505 ; 24, 17472, 12, 4. 

10. 2® . 127. 

Examples 131: 

I. 9, I, 23 . 2. 14. 17. 31, 2II, 2311. 

19. . 3° . 5‘ . 7^. 11 . 13 . 17 . 19. 

20. 2«‘*'. 3=^ . s ^-- 7 ^ • U‘. 13* • ^ 7 ^. 19=. 232.29.31 . 37.41.43 ■ 47 * 
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Examples 132: 

I. (i) 2.9, 3.6, 4.13, 5.7, 8 . 15, 10 . 12, II . 14. 

(ii) 2 . 10, 3 . 13, 4.5, 6 . 16, 7 . II, 8 . 12, 9.17, 14.15. 

Examples 133: 

4. (i) 6 ; (ii) 6, 13 ; (iii) none. 5. 29. 6. 20, 112. 


8. 38. 


9. 27 


3. 5- 
6. 3. 4- 


7. 68. 

12. 47. 

Examples 134: 

*• 3. S- 
5- S- 

Examples 135: 

xo. (a) 129. 14. 41. 

16. It is i8(y*—^). 

( 10 \2 /O \2 /lOf) \2 /0;> \ 

f") -(f") (f") -(f") 


XO. 49 


II. 96. 


3- 2, 7. 

7- 3. S- 

15. 29. 


4. 3, 3, roots equal, 
8. 9, 60. 


D.I: 

1. 

4- 
D.n: 

3- 

5- 

D.m 

X. 

4* 

D.rV; 

X. 

5- 

D.V: 

2. 


TEST PAPERS D (pp. 357 to 366) 

(i) I, 1*58 (approximately) ; 

(ii) (i + AT + + A-^) (I - a: + - AT® + A-^) ; (iii) 7, 

(i) 2". 6. 1-86. 




2, -3, 2. 2. •100335. 

(i) (6* - 2ac)/a* ; (ii) (3aic -6®)/a®. 


6- *995 


14, 20, 2, 5 or -6, -20. 2, -5. 2. -2. 2, f 

(ii) I, - I ±2*. 6 . (i) 3* - 2 : (ii) i ^1 _ - 

(') a\- 3* 3‘094* 
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5* (i) (»i) 1*0039968. 

-a~{a^-a^){a. 2 - a 3){03 - i7i) , 

* a^a^a^ia - a^)-{a - a^y {a - a^f 

D.VI: 

1. (fl) the second. 2. (i) convergent; (ii) divergent. 

3. I, 4. a- + 2a-14, -a 2 - 3 a+I 4 . 

6. wBj = 'J, Bn ~ * 3*0 » ~ 4^* 

D.Vn: 

2. 7<a:<8 and 9<a:<io. 4. ~^(* ”■*)' 

5 . (a-b)ib~c){c-a). 

D.Vm: 

4. I (4 log 2 + log 3 + log 5 + log 7) 

"^3361 '*'3' (3361)^^5 ‘ (3361)^ 

5. 7r*3'i39. 6. Oq-x + Oi flj.v + a., =0. 

flj.v + dg 


D.IX: 

I. a>o, b-<^ac. (i) Range -co to 00 less o to 4 (/»- i); 

(ii) o-:S3'£Si +p*. 

3 - I, 3 . I- S- (0 2'v 3 ; (») ^ + I » +'V) log (I +-V) 

6 * (^1 “* “ ^3) • • • (^1 I 

begin with 

and then 

^ (^^i)/(‘h “ ^^ 3 ) - " 1 ) •■•("!- ««)» 

i?,- I, Bn = o^-ai, 53 = (at-fli)(rt4-flo), 

£4 = («4 - a ^) (^4 - ^2) (^^4 - «8)- 


-A-J/x-a. 



INDEX 

Function* linear graphs, lo 
quadratic, 28 
cubic, 63 
fractional, 67 
Functional notation, 32 


Absolute convergence, 299 
Amplitude, 269 
Approximation, 198 
Argand diagram, 269 
Argument, 269 
Arithmetic progression, 146 
mean, 148 
Averages, 164 


Binomial theorem 

positive integral index, 190 
general case, 196, 228 
difTcrential equation, 228 
Bounded series, 281 

Chance, 201 

Coefficients and roots, 108 
Combinations, 182 
Complex numbers, 263 
scries, 302 

Compound interest, 162 
Congruence, 347 
Congruences, linear, 353 
quadratic, 355 
Conjugate complex, 266 
Convergence, Ch. XI 1 
Ccnivex curve, 327 
Cover-up rule, 124 
Cube roots of unity, 275 
Cubic graphs, 63 
eciuations, 77 

d^Alcmbert’s test, 306 
de Moivre’s theorem, 273 
l^etached coctticienis, 98 
DcrermLnants, 2-row, 5 

3- ro\v. 330 

4- row, etc, 332 
factors, 334 

minors and co-factors, 332 
properties, 331 

Elimination, 7, 336 
Equations, simple, Ch. 1 
quadratic, 2t 
numerical, 76 
symmetric, 39 
with surds, 50 
Eratosthenes, Sieve of, 342 
Exponential functions, 88 
series, 236 

Factorial, 177 
Factor theorem, 105 
Fennat’s theorem, 348 
Fimtc series, Ch* iX 


Generating function, 221 
Geometric progression, 150 
mean, 151 
Gradient, 33 
Gregor>'^s scries, 251 

Harmonic progression, 154 
mean, 154 
II.C.F., 344 

Hyperbolic functions, 241 

Induction, mathematical, 217 
Inequalities, Ch. XIII 
Infinite series, C'hs, X, XII 
Integrals and scries, 290 

Lagrange's theorem, 352 
interpolation fomiula, 127 
Limiting sum, 158 
Logarithms, various bases, 84 
Logarithmic scries, 243 

IMaclaurin's expansion, 253 
Mean, arithmccic, 148 
geometric, 151 
harmonic, 154 
calculation of, 167 
A.M.>G.M., 153, 322 
IModulus, definition, 73 
graphs, 73 
ill congruence, 347 

Newton^s approximation, 78 
Number-scale, change of. 131 
Numerical cciuations, 7O 

One-to-one correspondence, 134 
Ordered pairs, 272 
Oscillation, 158 

Partial fractions, 118 
Pascal's triangle, loo 
Perfect numbers, 347 
Pemiutations, 

mathematical definition, 177 
usage for pools, 185 
Power series, 219, 227 
iVime numbers, 342 
Probability, 201 
Product* CO nsec, integers, 350 
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Quadratic equations, 2i 
simultaneous, 38, 40 
functions, 28 
inequalities, 317 
congruences, 355 

Rational numbers, 2X 
Ratio test, 306 
Reciprocal equations, 50 
Recurrence equations, 220 
Recurring decimals, 159, 160 
Remainder theorem, 105 
Roots and coefiicients, 25, 108 

Scale of relation, 221 
Selections, 182 
Sequences, 144 
Series, A.P., 146 

G. P., ISO 

H. P., IS4 
binomial, 190, 227 
exponential, 236 


Series (cont.) 
finite, 210 

infinite, Chs. X, XII 
logarithmic, 243 
of fractions, 215 
power, 219, 227 
recurring, 220, 234 
trigonometric, 246 
Simpson’s rule, 166 
Sum to infinity, 158 
Surds, 21, 43 

Symmetric functions, 109, 266 

Transformations, 282 
Trinomials, 20 

Undetermined coefficients, I20, 2I2 

Variable, change of, 126 
Variation, 53 

Wilson’s theorem, 351 
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